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INTRODUCTION 

One o f  t h e  ma jo r  problems w i t h  which the  a n a l y t i c a l  chemist  i s  con f ron ted  i s  

how t o  make t h e  b e s t  p o s s i b l e  use o f  t h e  l a r g e  amount o f  i n f o r m a t i o n  on a n a l y t i c a l  

p r i n c i p l e s ,  methods and procedures t h a t  i s  a v a i l a b l e  i n  t h e  a n a l y t i c a l  l i t e r a t u r e .  

As s t a t e d  by L a i t i n e n  and H a r r i s  (1975), an a n a l y t i c a l  chemist  can be judged i n  

p a r t  by h i s  s k i l l  i n  t h e  c r i t i c a l  s e l e c t i o n  o f  methods. Almost d a i l y  t h e  

a n a l y t i c a l  chemis t  i s  con f ron ted  w i t h  problems o f  o p t i m i z i n g  a n a l y t i c a l  procedures 

o r  r e l a t e d  problems such as the  s e l e c t i o n  o f  t he  b e s t  procedure f o r  s o l v i n g  a 

g i ven  problem. 

a n a l y t i c a l  chemis t ry ,  s t a t i n g  t h a t  a n a l y t i c a l  chemists have t o  produce q u a l i f i e d ,  

r e l e v a n t  i n f o r m a t i o n  on m a t e r i a l s  and processes i n  an op t ima l  way (Got tscha l  k ,  

1972 ; Ka ise r ,  1974). It i s  t h e r e f o r e  s u r p r i s i n g  t o  no te  t h a t  a n a l y t i c a l  chemists 

i n  genera l  do n o t  seem t o  have taken pa ins  t o  develop s t r a t e g i e s  f o r  o p t i m i z a t i o n .  

U n t i l  r e c e n t l y  i t  was common f o r  t h e  cho ice  o f  t h e  b e s t  procedure f o r  a g i v e n  

a n a l y t i c a l  problem t o  be made l a r g e l y  i n t u i t i v e l y  and based upon exper ience.  

Recent ly,  a number o f  papers have appeared t h a t  express t h e  concern o f  an 

T h i s  s i t u a t i o n  i s  represented  by t h e  most r e c e n t  d e f i n i t i o n s  o f  

i n c r e a s i n g  number o f  a n a l y t i c a l  chemists w i t h  t h i s  s i t u a t i o n .  

i n t e n t i o n  t o  d iscuss  i n  t h i s  book t h e  fo rmal  methods t h a t  a r e  a v a i l a b l e  a t  p resen t  

f o r  t he  o p t i m i z a t i o n  and s e l e c t i o n  o f  a n a l y t i c a l  methods. 

I t  has been o u r  

Before  i t  i s  p o s s i b l e  t o  make a s e l e c t i o n  o r  t o  c a r r y  o u t  an o p t i m i z a t i o n ,  

one must have c r i t e r i a  accord ing  t o  which t h i s  may be done. Consequently, t h e  

performance o f  a n a l y t i c a l  procedures has t o  be eva lua ted  by de termin ing  one o r  

more performance c h a r a c t e r i s t i c s  o f  t h e  procedure t h a t  i s  t o  be op t im ized  o r  o f  

t he  procedures f rom which t h e  b e s t  one i s  t o  be se lec ted .  

has t o  be d e f i n e d  f o r  each problem and w i l l  i n c l u d e  q u a n t i t i e s  such as p r e c i s i o n ,  

accuracy,  l i m i t s  o f  d e t e c t i o n  and i n t e r f e r e n c e s .  Up t o  now, most o f  these 

c r i t e r i a  have been used i o  q u a n t i t a t i v e  ana lys i s ,  and i t  i s  p robab le  t h a t  

another  s e t  o f  c h a r a c t e r i s t i c s  w i l l  be r e q u i r e d  f o r  q u a l i t a t i v e  a n a l y s i s .  Measures 

o f  i n f o r m a t i o n  may become impor tan t  i n  t h i s  respec t  and, t he re fo re ,  a l a r g e  s e c t i o n  

i s  devoted t o  i n f o r m a t i o n  theo ry .  Performance c h a r a c t e r i s t i c s  a re  d iscussed 

The s e t  o f  c r i t e r i a  
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i n  P a r t  I .  

The n e x t  two p a r t s  o f  t h e  book a r e  devoted t o  t h e  o p t i m i z a t i o n  o f  procedures.  

One can d i s c e r n  d i f f e r e n t  l e v e l s  o f  o p t i m i z a t i o n  (Bever idge and Schechter,  1970),  

and f o r  t he  purpose o f  t h i s  book we cons ider  t h r e e  such l e v e l s  : 

(1) S e l e c t i o n  o f  one e x i s t i n g  procedure f rom severa l  a l t e r n a t i v e s .  Th is  i s  t he  

s imp les t  p o s s i b l e  stage. There a r e  severa l  a l t e r n a t i v e s  ; each o f  these i s  eva lua ted  

and t h e  one which corresponds b e s t  t o  t h e  ex igenc ies  o f  t h e  a p p l i c a t i o n  i s  se lec ted .  

The main problem here  i s  t h e  eva lua t i on  o f  t h e  procedures.  This i s  descr ibed i n  Par t  I .  

( 2 )  Op t im iza t i on  o f  a procedure f o r  which t h e  o u t l i n e  i s  g iven .  F o r  example, 

g i ven  t h a t  t h e  de te rm ina t ion  w i l l  be c a r r i e d  o u t  c o l o r i m e t r i c a l l y  w i t h  d i t h i z o n e ,  

s e l e c t  t h e  op t ima l  wavelength,  t he  bes t  concen t ra t i on  o f  d i t h i z o n e ,  t h e  pH, e t c .  

Th is  k i n d  o f  problem u s u a l l y  c o n s i s t s  i n  t h e  s e l e c t i o n  o f  t h e  op t ima l  va lue  o f  

one o r  more con t inuous ly  a d j u s t a b l e  parameters. 

t o  i n c l u d e  d i s c r e t e  parameters such as the  k i n d  o f  d e t e c t o r  t o  be used. 

problems are  d iscussed i n  P a r t  11. 

Occas iona l l y ,  one may a l s o  have 

These 

( 3 )  O p t i m i z a t i o n  o f  combinat ions o f  a n a l y t i c a l  procedures o r  a t t r i b u t e s  o f  

methods. 

f o r  i n s t a n c e  

There a re  many ins tances  i n  which a n a l y t i c a l  procedures a r e  combined, 

t h e  combina t ion  o f  t e s t s  i n  a c l i n i c a l  l a b o r a t o r y  t o  y i e l d  t h e  op t ima l  

d i a g n o s t i c  o r  d i s c r i m i n a t o r y  power ; 

the  combina t ion  o f  GLC s t a t i o n a r y  phases t o  fo rm a p r e f e r r e d  s e t  ; 

t h e  combina t ion  o f  e lementary s teps  i n  a separa t i on  procedure t o  y i e l d  an 

op t ima l  mu1 t icomponent separa t i on  scheme. 

Such comb ina to r ia l  problems a re  d iscussed i n  P a r t  111. The a n a l y t i c a l  

l a b o r a t o r y  as a whole may be cons idered as a combina t ion  o f  methods, apparatus,  

e t c .  

l a b o r a t o r y  a r e  t h e r e f o r e  a l s o  i n c l u d e d  i n  P a r t  111. 

Some o p t i m i z a t i o n  problems concern ing  t h e  f u n c t i o n i n g  o f  an a n a l y t i c a l  

L a i t i n e n  (1973),  i n  an E d i t o r i a l  i n  AvldegLLccd Chmhxtq,  s t a t e d  t h a t  an 

a n a l y t i c a l  method i s  a means t o  an end, and n o t  an end i n  i t s e l f .  A n a l y t i c a l  

chemists tend t o  ove r look  t h i s  and sometimes develop methods t h a t  a r e  more 

p rec i se ,  fas te r ,  e tc . ,  w h i l e  f o r g e t t i n g  t h e  i n tended  a p p l i c a t i o n s .  I n  such 
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instances ,  one can hardly speak o f  optimization. 

be chosen i n  re la t ion  t o  the goal and questions such as "how useful i s  i t  t o  

increase the  precis ion of a procedure used f o r  a p a r t i c u l a r  purpose" then a r i s e .  

Some problems of this kind a r e  discussed i n  Par t  IV. 

The analyt ical  procedure must 

Problems of optimization i n  analyt ical  chemistry a r e  often re la ted  t o  o ther  

optimization problems. However, such analogies wil l  only be recognized i f  

problems a r e  formulated i n  a more or l e s s  formal and  generalized way. The 

ana ly t ica l  procedure and the analyt ical  laboratory should be considered from the 

point  of view of systems theory. 

a re  discussed i n  Par t  V .  I n  f a c t ,  one observes t h a t  analyt ical  chemists concerned 

with optimization problems i n t u i t i v e l y  follow a systems approach. 

therefore  have been more logical  t o  s t a r t  t h i s  book with a discussion of systems 

theory, b u t  as  y e t  i t  i s  n o t  possible  to  construct  a complete systems theore t ica l  

p ic ture  of the  analyt ical  procedure and the ana ly t ica l  laboratory,  and t o  some 

Some aspects  of such a generalizing approach 

I t  would 

extent  the topic  i s  of academical i n t e r e s t .  Therefore, we have 

discussion with those points which c lear ly  a r e  of d i r e c t  value 

prac t ice .  

The trend towards a more formal approach of the se lec t ion  o f  

s t a r t e d  the 

n analyt ica  

analyt ical  

methods i s  not rea l ly  new, b u t  i t  has d e f i n i t e l y  grown stronger  i n  the l a s t  

years .  I t  i s  one of the principal concerns of the  very recent f i e l d  of 

few 

chemometrics (Kowalski, 1975). I t  i s  not only f e l t  among those who make t h i s  

t h e i r  research f i e l d  i n  general analyt ical  chemistry, b u t  a l so  by ana ly t ica l  

chemists who are  concerned more d i r e c t l y  with ana ly t ica l  p rac t ice ,  such as 

c l i n i c a l  chemists and by those who need the r e s u l t s  of ana ly t ica l  determinations, 

such as  physicians using laboratory tests f o r  medical diagnosis. A t  about the  

same time t h a t  concepts such as information were introduced i n t o  general 

analyt ical  chemistry, c l i n i c a l  chemists began t o  use mult ivar ia te  data analysis  

techniques t o  inves t iga te  which ana ly t ica l  methods y i e l d  the most diagnost ic  

information. 

the c l in ica l  chemists, one f inds t h a t  they c i t e  d i f f e r e n t  l i t e r a t u r e  and  t h a t ,  

I f  one looks a t  the l i t e r a t u r e  c i t e d  by the "genera l i s t s"  and 
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i n  general ,  there  seems to  be very l i t t l e  communication between the two groups. 

In some appl ica t ions ,  formal methods f o r  the invest igat ion of the performance 

o f  analy t ica l  methods were introduced many years  ago. This i s  the case,  for 

example, with o f f i c i a l  analyt ical  chemists, who have developed methods f o r  the 

evaluat ion of er rors  l i k e l y  t o  occur i n  ana ly t ica l  procedures. Many ana ly t ica l  

chemists from other  s p e c i a l i t i e s ,  b u t  who are  a l so  concerned with the  evaluat ion 

of analyt ical  methods, seem, however, t o  ignore the exis tence of such methods. 

We have t r i e d  t o  combine the knowledge s tored  i n  these (and o ther )  d i f f e r e n t  

s p e c i a l i t i e s  i n  the hope of s t imulat ing a more systematic appl icat ion o f  formal 

se lec t ion  methods i n  analyt ical  chemistry. 

book t o  newer methods or concepts, such a s  information theory and operational 

research; b u t  i t  was soon c l e a r  t h a t  i t  would be meaningless t o  t r y  and make a 

synthesis  and not include c lass ica l  s t a t i s t i c a l  concepts. Therefore, a number 

of chapters on c lass ica l  s t a t i s t i c a l  methods were added. Because, o n  the o ther  

hand, we did not want t o  dupl icate  the material already ava i lab le  in  several 

books on s t a t i s t i c s  in  chemical ana lys i s ,  we have t r i e d  t o  e l iminate  s t a t i s t i c a l  

methods designed f o r  the evaluation of r e s u l t s  ra ther  than of procedures, and 

we have not t r i e d  t o  discuss the subject  exhaustively. This i s  a l s o  true f o r  

a l l  o ther  chapters .  Plore special ized knowledge should be sought i n  the or iginal  

l i t e r a t u r e  o r  special ized books and chapters t o  which we r e f e r .  Since t h i s  book 

was wri t ten t o  introduce a number of formal optimization techniques t o  

ana ly t ica l  chemists and not f o r  s p e c i a l i s t s ,  we have not t r i e d  t o  cover the 

ex is t ing  l i t e r a t u r e  exhaustively. 

books, review a r t i c l e s  and a few i l l u s t r a t i v e  a r t i c l e s .  

Our f i r s t  idea was t o  l i m i t  t h i s  

Instead,  we usually have given some references t o  

In wri t ing t h i s  book, we have s t a r t e d  from the  be l ie f  t h a t  some of the newer 

mathematical methods o r  theories  , such as pat tern recogni t ion,  information theory, 

operational research, e t c . ,  a re  re levant  t o  some of the basic  aims of analyt ical  

chemistry, such a s  t h e  evaluat ion,  optimization, s e l e c t i o n ,  c l a s s i f i c a t i o n ,  

combination and assignment of procedures o r  sub-procedures - i n  short a l l  those 

processes t h a t  intervene i n  determining exact ly  which analyt ical  procedure o r  
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programme shou ld  be used. 

t ask  o f  l e a r n i n g  how these mathematical  methods f u n c t i o n  and t h i s  i s  n o t  he lped 

by t h e  d i f f i c u l t y  o f  e s t a b l i s h i n g  a l i n k  between the  fo rmal  mathematics found 

i n  most books on t h i s  s u b j e c t  and a n a l y t i c a l  problems. 

LJe have t r i e d  t o  t r e a t  t h e  mathematical  t o p i c s  as l u c i d l y  as p o s s i b l e  and t o  

Un fo r tuna te l y ,  most chemists a re  daunted by the  

i l l u s t r a t e  t h e  t e x t  w i t h  examples, i n  some ins tances  abandoning a r i g o r o u s  

mathematical  t rea tment .  

i n c l u d i n g  a s e r i e s  o f  mathematical  sec t i ons .  The l e v e l  o f  t h e  mathematics i s  

h i g h e r  i n  Chapters such as 2 ,  3 and 4, where the  s u b j e c t  t r e a t e d  i s  n o t  comple te ly  

u n f a m i l i a r  t o  most a n a l y t i c a l  chemists.  I n  those chapters  where t h e  s u b j e c t  

m a t t e r  i s  p robab ly  new t o  most a n a l y t i c a l  chemists,  o n l y  t h e  most elementary 

exp lana t ions  a re  g iven,  o f t e n  i n  words, because we t h i n k  i t  more impor tan t  t o  

emphasize the  u n d e r l y i n g  ph i l osophy  than t o  e x p l a i n  t h e  mathematics. 

so, we hope we have removed the  b a r r i e r s  o f  a p p l y i n g  fo rmal  methods t o  o p t i m i z a t i o n  

problems i n  a n a l y t i c a l  chemis t ry .  One major  d i f f i c u l t y  encountered when w r i t i n g  

t h i s  book was the  mathematical  symbolism. We have t r i e d  t o  p resen t  a coherent  

s e t  o f  symbols th roughout  the  book b u t ,  because o f  t h e  d i v e r s i t y  o f  t h e  methods 

descr ibed,  we have n o t  been e n t i r e l y  succes fu l  i n  t h i s  respec t .  Never the less ,  

we t h i n k  t h a t  t h e  symbols used shou ld  be s u f f i c i e n t l y  c l e a r .  

However, we have t r i e d  t o  compensate f o r  t h i s  by  

I n  do ing  

Par t s  o f  t h e  d r a f t  o f  t h i s  book were read by E .  Defrise-Gussenhoven ( V r i j e  

U n i v e r s i t e i t  Brusse l  ; Chapters 2 and 3 ) ,  H.C. S m i t  ( U n i v e r s i t y  o f  Amsterdam ; 

Chapter l o ) ,  D. Coomans ( V r i j e  U n i v e r s i t e i t  Brusse l  ; Chapter 2 0 ) ,  G. Kateman 

( C a t h o l i c  U n i v e r s i t y  o f  Nijmegen ; Chapters 26 and 2 7 )  and P.M.E.M. van der  G r i n t e n  

(DSM, Heer len  ; Chapters 26 and 2 7 ) .  

authors  a r e  a l s o  i ndeb ted  t o  S. Peeters,  who t yped  t h e  f i n a l  t e x t ,  

A .  Langlet-De S c h r i j v e r  and L. Maes, who prepared the  f i g u r e s ,  and 

C.  Uyt terhaegen-Hendrickx,  G. De Boeck, A .  Van Gend, F. Gheys and M. Segers-Geeroms 

who t yped  t h e  manuscr ip t .  

was he lped f i n a n c i a l l y  by o r g a n i z a t i o n s  such as t h e  Fonds voor  Geneeskundig 

Wetenschappeli j k  Onderzoek and the  Fonds voo r  K o l l e k t i e f  en Fundamenteel Onderzoek 

and was s t i m u l a t e d  by c o l l a b o r a t i o n  w i t h  members f rom t h e  Stud iegroep voor 

T h e i r  suggest ions were very  va luab le .  The 

The research  l e a d i n g  t o  t h e  i dea  o f  w r i t i n g  t h i s  book 
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Laboratoriumoptimaliseri ng and the Centrum voor S t a t i s t i e k  en Operationeel 

Onderzoek of  the Vri je  Universi t e i  t Brussel, and w i t h  the  following s tudents ,  who 

obtained degrees based on  research on subjects  covered i n  t h i s  book : H .  De Clercq, 

M .  Detaevernier, J .  Smeyers-Verbeke, J.H.W. Bruins S l o t ,  P . F .  Dupuis, G .  van Marlen, 

P. Cley, T. Koppen and A. Eskes. The proofs were read by A.  Kaufman. The 

authors express t h e i r  thanks t o  a l l  of these persons and organizat ions.  

REFERENCES 

G.S.G. Beveridge and R.S.  Schechter, Optimization : Theory and Prac t ice ,  

G .  Gottschalk, Z. anal .  Chem., 258 (1972) 1. 
R .  Kaiser, Z .  anal ,  Chem., 272 (1974) 186. 
B . R .  Kowalski, J .  Chem. Inf .  Computer S c i . ,  15 (1975) 201. 
H . A .  Lai t inen,  Anal. Chem., 45 (1973) 1585. 
H . A .  Laitinen and W.E. Harr is ,  Chemical Analysis, McGraw-Hill, New York, 1975. 

McGraw-Hill , New York, 1970. 

iranchembook.ir/edu

https://iranchembook.ir/edu


3 

Chapter 1 

PERFORMANCE CHARACTERISTICS OF ANALYTICAL PROCEDURES 

The purpose o f  t h i s  book i s  t o  survey methods f o r  the optimal se lec t ion  of an 

analyt ical  procedure o r  a combination of such procedures. The f i r s t  s t e p  t h a t  

has t o  be accomplished i n  order t o  make any se lec t ion  o r  optimization possible  

i s  t o  choose the  c r i t e r i a  according t o  which a procedure wil l  be chosen o r  

optimized. 

se lec t ion  possible .  

c h a r a c t e r i s t i c s " ,  a term l a t e r  adopted by Wilson (1970) and o ther  workers. 

Kaiser (1973) ca l led  them "f igures  of merit" b u t ,  although t h i s  term i s  s u i t a b l e  

f o r  the descr ipt ion of most c r i t e r i a ,  i t  i s  not general ly  useful as some important 

propert ies  (such as  sa fe ty)  cannot be e a s i l y  quant i f ied.  

In o ther  words, procedures must be evaluated in  order  t o  make a 

Garton e t  a l .  (1956) cal led these c r i t e r i a  the "Performance 

The most important ob jec t  in  Par t  I i s  t o  discuss sane of the technical 

c r i t e r i a  according t o  which the performance can be evaluated. 

as  accuracy and precision and the use of t - t e s t s ,  a r e  no doubt fami l ia r  t o  

analyt ical  chemists and are  discussed i n  many books on s t a t i s t i c s ,  including 

those wri t ten espec ia l ly  f o r  chemists, f o r  example the exce l len t  "The Handling 

of Chemical Data" by Lark, Craven and Bosworth (1969) and " S t a t i s t i c a l  Methods 

f o r  Chemists" (Youden, 1951), or f o r  analyt ical  chemists, such as those by 

Gottschal k (1962) and Doerffel (1966). 

Some topics ,  such 

The formal treatment of o ther  c r i t e r i a ,  such as noise ,  d r i f t ,  r e l i a b i l i t y  

and information, i s  probably not so well known t o  most analyt ical  chemists. 

Because, as  f a r  as  we khow, no book has appeared on the  subject  of performance 

c h a r a c t e r i s t i c s ,  i t  seemed useful to  discuss a l l  of these c h a r a c t e r i s t i c s ,  even 

those which should be fami l ia r  t o  every analyt ical  chemist. 

type, we have given only a br ie f  account, s t ress ing  any ambiguities t h a t  e x i s t  

and any l imi ta t ions  i n  p a r t i c u l a r  appl icat ions.  

Several workers have suggested s e t s  of performance c h a r a c t e r i s t i c s  ( f o r  example, 

For the l a t t e r  
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Mor r i son  and Skogerboe, 1965 ; Got tscha lk ,  1962 ; Ka ise r  and Specker, 1956) and, 

accord ing  t o  Wi lson (1970), t hey  can be sumnarized under t h r e e  headings : e r r o r s  

i n  t h e  a n a l y t i c a l  r e s u l t s ,  t he  c a l i b r a t i o n  graph and the  t ime o f  a n a l y s i s .  I f  

we f o l l o w  t h i s  c l a s s i f i c a t i o n ,  Chapters 2, 3, 4, 5 and 7 can be cons idered t o  

f a l l  i n t o  t h e  f i r s t  ca tegory ,  Chapter 6 i n t o  t h e  second and p a r t  o f  Chapter 9 

i n t o  t h e  t h i r d .  Wi lson 's  p roposa l  i s  e x c e l l e n t  f o r  most types  o f  analyses. We 

f e e l  , however, t h a t  two f i e l d s  o f  a n a l y t i c a l  chemis t ry ,  namely q u a l i t a t i v e  

a n a l y s i s  and cont inuous ana lys i s ,  r e q u i r e  d i f f e r e n t  o r  a d d i t i o n a l  performance 

c h a r a c t e r i s t i c s  and Chapters 8 and 10 a re  devoted t o  these sub jec ts .  

I n  genera l ,  performance c h a r a c t e r i s t i c s  can be d i v i d e d  i n t o  two ca tegor ies ,  

economic and t e c h n i c a l .  The most obvious economic c r i t e r i o n  i s  cos t .  The cos t  

o f  a method i s  ex t remely  impor tan t ,  p a r t i c u l a r l y  i n  r o u t i n e  l a b o r a t o r i e s  where 

o f t e n  i t  i s  necessary t o  make a p r o f i t  o r  a t  l e a s t  t o  be s e l f - s u s t a i n i n g .  

c h a r a c t e r i s t i c s ,  such as t ime,  a re  o f t e n  a l s o  used on an economic bas i s .  These 

economic and a few o t h e r  f a c t o r s  t h a t  a re  o f  importance f o r  t h e  s e l e c t i o n  o f  

a n a l y t i c a l  procedures f o r  use i n  a c t u a l  a p p l i c a t i o n s  a re  discussed i n  Chapter 9. 

An impor tan t  ques t ion ,  r e l a t e d  t o  t h e  cho ice  o f  t he  o p t i m i z a t i o n  o r  s e l e c t i o n  

Other 

c r i t e r i o n ,  concerns the  re levance o f  t he  s o l u t i o n  ob ta ined.  

p a r t  o f  t h e  systems a n a l y s i s  approach o f  o p t i m i z a t i o n ,  wh ich  i s  discussed i n  t h e  

l a s t  p a r t  o f  t h i s  book. However, we shou ld  s t a t e  here t h a t  t h e  op t ima l  s o l u t i o n  

ob ta ined  accord ing  t o  a c e r t a i n  o p t i m i z a t i o n  c r i t e r i o n  i s  n o t  always of  p r a c t i c a l  

value, f o r  t h r e e  main reasons : 

T h i s  ques t i on  i s  

( a )  As s t a t e d  by L a i t i n e n  (1973), one may cons ider  t h a t  t h e  neares t  approach 

t o  t h e  i d e a l  method i s  t h a t  which handles t h e  problem i n  t h e  most conven ien t  

way and t h e r e f o r e  takes i n t o  account the  equipment, personnel  and reagents  

a v a i l a b l e .  

a re  n o t  w i t h o u t  c o n s t r a i n t s .  

(1973) a r e  n o t  t h e  o n l y  ones p o s s i b l e  and, as remarked by Bever idge and Schechter 

i n  t h e i r  book "Op t im iza t i on  : Theory and P r a c t i c e "  (1970) ,  i t  i s  uncommon t o  

f i n d u n r e s t  r i  c t e d  o p t  i m i  z a t i  on prob  1 ems. 

Th is  i s  another  way o f  say ing  t h a t  i n  general  o p t i m i z a t i o n  systems 

I n  f a c t ,  t h e  r e s t r i c t i o n s  ment ioned by L a i t i n e n  
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(b )  The o p t i m i z a t i o n  c r i t e r i o n  chosen may appear n o t  t o  be r e l e v a n t  i n  

r e l a t i o n  t o  t h e  problem t h a t  has t o  be so lved.  For  example, as d iscussed i n  

Chapter 2 and P a r t  I V ,  i t  may be o f  no p r a c t i c a l  importance t o  i nc rease  t h e  

p r e c i s i o n  o f  a method, because a l though  a b e t t e r  method i n  t h e  t e c h n i c a l  sense 

w i l l  be ob ta ined  i t  does n o t  have a s i g n i f i c a n t  e f f e c t  on t h e  d i s c r i m i n a t o r y  

power o f  t h e  method. 

( c )  M u l t i p l e  c r i t e r i a .  I n  general ,  c r i t e r i a  a r e  i n t e r r e l a t e d .  Fo r  example, 

a h i g h e r  p r e c i s i o n  w i l l  u s u a l l y  be achieved a t  t h e  c o s t  of  a s lower  speed o f  

ana lys i s .  

c h a r a c t e r i s t i c  may be undes i rab le  f rom t h e  p o i n t  o f  v iew o f  another.  

i s  d iscussed f u r t h e r  i n  s e c t i o n  9.4,and i n  P a r t  I V .  

The op t ima l  procedure f rom t h e  p o i n t  o f  v iew o f  one performance 

T h i s  t o p i c  
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Chapter 2 

P R E C I S I O N  AND ACCURACY * 

2.1.  GENERAL DISCUSSION OF CONCEPTS 

2.1.1. I n t r o d u c t i o n  

The purpose o f  c a r r y i n g  o u t  a de te rm ina t ion  i s  t o  o b t a i n  a v a l i d  es t ima te  o f  

" t r u e "  values. When one cons iders  t h e  c r i t e r i a  accord ing  t o  which an a n a l y t i c a l  

procedure i s  se lec ted ,  p r e c i s i o n  and accuracy a r e  t h e r e f o r e  u s u a l l y  t h e  f i r s t  t o  

be se lec ted ,  and most t e x t  books concerned w i t h  a n a l y t i c a l  chemis t ry  d i scuss  and 

d e f i n e  these terms. 

accepted d e f i n i t i o n s  o f  and methods f o r  de termin ing  these q u a n t i t i e s .  

a b r i e f  s tudy  o f  t h e  l i t e r a t u r e  shows t h a t  t h e  IS0 d e f i n i t i o n  o f  p r e c i s i o n  i s  

n o t  t he  same as t h a t  used by A n d y h i c d  Ckm&hy. 

t h e  con fus ion  t h a t  seems t o  e x i s t  and t h e r e f o r e  a more thorough i n v e s t i g a t i o n  o f  

t he  meanings o f  p r e c i s i o n  and accuracy i s  necessary. 

propose a new d e f i n i t i o n  o f  these concepts, b u t  t o  e s t a b l i s h  t h e  f a c t o r s  t h a t  

govern p r e c i s i o n  and accuracy and how they  shou ld  be determined. 

One would t h e r e f o r e  expec t  t h a t  t h e r e  a re  u n i v e r s a l l y  

However, 

Th i s  i s  o n l y  one example o f  

The purpose i s  n o t  t o  

O f  t h e  many d e f i n i t i o n s  proposed ( o n l y  some o f  which a re  discussed he re ) ,  we 

p r e f e r  t h e  d e f i n i t i o n s  g i ven  i n  A n a t y t i c d  Chemit&ty l l 9 7 S )  , because these seem 

the  most a p p r o p r i a t e  f rom bo th  the  a n a l y t i c a l  and s t a t i s t i c a l  p o i n t s  o f  view. 

2.1.2. Categor ies  o f  e r r o r s  i n  a n a l y t i c a l  chemis t ry  

I n  a n a l y t i c a l  chemis t ry  severa l  t ypes  o f  e r r o r  a r e  encountered. Roughly, t he  

f o l l  owing ca tegor ies  may be cons idered : random ( inde te rm ina te )  e r r o r s  cause 

* 
Pharmaceut ical  I n s t i t u t e ,  V r i j e  U n i v e r s i t e i t  Brusse l ,  Belgium. 

T h i s  chapter  has been w r i t t e n  w i t h  t h e  c o l l a b o r a t i o n  o f  Y .  M icho t te ,  
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imprec i se  measurements and a r e  t h e r e f o r e  assessed by means o f  t h e  p r e c i s i o n  ( o r  

imprec i s ion ,  as p r e f e r r e d  by some workers )  , w h i l e  sys temat i c  e r r o r s  cause inaccu ra te  

( i n c o r r e c t )  r e s u l t s  and are  r e f e r r e d  t o  i n  terms o f  accuracy. 

p r e c i s i o n  i s  s t u d i e d  f i r s t ,  because sys temat ic  e r r o r s  can be de termined o n l y  when 

random e r r o r s  a re  s u f f i c i e n t l y  smal l .  

U s u a l l y  t h e  

When an a n a l y s t  c a r r i e s  o u t  a number o f  r e p l i c a t e  de te rm ina t ions  on t h e  same 

sample w i t h  t h e  same procedure,  apparatus,  reage'nts, e t c . ,  r e s u l t s  t h a t  a re  

s u b j e c t  t o  random and no rma l l y  d i s t r i b u t e d  e r r o r s  a re  ob ta ined.  

r e p l i c a t e  de te rm ina t ions  a re  cons idered t o  be a random sample f rom a normal 

p o p u l a t i o n  o f  r e s u l t s  ob ta ined  i n  t h e  same way. 

d i s t r i b u t i o n  i s  g e n e r a l l y  c a l l e d  t h e  p r e c i s i o n  o f  a procedure.  

o b t a i n e d  under favourab le  c o n d i t i o n s  and i t  i s  u s u a l l y  n o t  what cou ld  be c a l l e d  

t h e  " r e a l - l i f e ' '  p r e c i s i o n .  

method, o t h e r  sources o f  e r r o r  w i l l  be i n t roduced  and the  p r e c i s i o n  w i l l  decrease. 

Fo r  example, i t  i s  o f t e n  observed t h a t  t he  p r e c i s i o n  c a l c u l a t e d  f o r  samples 

analysed i n  seve ra l  batches o r  on severa l  days i s  worse than t h a t  f o r  samples 

analysed i n  one ba tch  o r  on t h e  same day. The l a t t e r  i s  sometimes c a l l e d  t h e  

day-to-day o r  between-days p r e c i s i o n ,  w h i l e  the  fo rmer  i s  t h e  w i th in -day  p r e c i s i o n .  

The r e s u l t s  o f  

The s tandard  d e v i a t i o n  o f  t h i s  

It i s  u s u a l l y  

When t h e  procedure i s  t o  be a p p l i e d  as a r o u t i n e  

These a d d i t i o n a l  sources o f  v a r i a t i o n  a re  n o t  n e c e s s a r i l y  random. When they  

a re  caused by uns tab le  reagents o r  by ageing o f  p a r t s  o f  t h e  apparatus ( f o r  

example, age ing  o f  t he  pump tubes i n  a cont inuous au tomat ic  ana lyse r ) ,  t hey  a re  

sys temat ic .  

d iscussed i n  more d e t a i l  i n  Chapter 5. 

Such a time-dependent e r r o r  i s  sometimes known as d r i f t  and i s  

I n  the  same manner, when a procedure i s  c a r r i e d  o u t  by severa l  l a b o r a t o r i e s ,  

each w i t h  t h e i r  own personnel ,  apparatus,  reagents,  e t c . ,  on t h e  same sample, 

one u s u a l l y  observes a normal d i s t r i b u t i o n  o f  e r r o r s  b roader  than t h a t  ob ta ined  

when a s i n g l e  a n a l y s t  c a r r i e s  o u t  t he  de te rm ina t ions .  Th is  e f f e c t  r e s u l t s  f rom 

t h e  f a c t  t h a t  each l a b o r a t o r y  makes some sys temat ic  e r r o r s  o r  b i a s  owing t o ,  f o r  

example, i m p u r i t y  o f  t h e  reagents o r  incomple te  d i r e c t i o n s  f o r  c a r r y i n g  o u t  t h e  

procedure.  

S t e i n e r ,  1975).  

Labora to ry  b iases  themselves a re  no rma l l y  d i s t r i b u t e d  (Youden and 

Thus, t h e  d i s t r i b u t i o n  ob ta ined  when the  sample i s  ana lysed 

iranchembook.ir/edu

https://iranchembook.ir/edu


9 

w i t h  t h e  same method by severa l  l a b o r a t o r i e s  i s  a l s o  normal. The d i s p e r s i o n  

around t h e  mean can aga in  be cons idered t o  be a measure o f  p r e c i s i o n  and, i n  

o t h e r  d e f i n i t i o n s ,  t h i s  i s  c a l l e d  the  r e p r o d u c i b i l i t y .  Chapters 3 and 4 d iscuss  

how t o  assess t h i s  measure o f  p r e c i s i o n  by  i n t e r - l a b o r a t o r y  comparison. 

Procedures a re  a l s o  s u b j e c t  t o  i n h e r e n t  sys temat ic  (and t h e r e f o r e  n o t  no rma l l y  

d i s t r i b u t e d )  e r r o r s .  

accuracy,  a l t hough  t h e r e  i s  some d ivergence o f  o p i n i o n  and te rm ino logy  on t h i s  

p o i n t  (see s e c t i o n  2 .1 .5 ) .  

Sys temat ic  e r r o r s  a r e  g e n e r a l l y  s a i d  t o  i n f l u e n c e  t h e  

Sys temat ic  e r r o r s  may be cons tan t  (abso lu te )  o r  p r o p o r t i o n a l  ( r e l a t i v e ) .  

A cons tan t  e r r o r  r e f e r s  t o  a sys temat ic  e r r o r  independent o f  t h e  t r u e  c o n c e n t r a t i o n  

o f  t h e  substance t o  be determined and i s  expressed i n  concen t ra t i on  u n i t s .  A 

p r o p o r t i o n a l  e r r o r  i s  a sys temat ic  e r r o r  t h a t  depends on t h e  concen t ra t i on  o f  

t he  a n a l y t e  and i s  expressed i n  r e l a t i v e  u n i t s ,  such as a percentage. 

The main sources o f  cons tan t  e r r o r  a re  : ( a )  i n s u f f i c i e n t  s e l e c t i v i t y ,  which 

i s  caused by another  component t h a t  a l s o  r e a c t s  so t h a t  f a l s e l y  h i g h  va lues  a re  

ob ta ined  ; measures o f  s e l e c t i v i t y  a re  d iscussed i n  Chapter 7 ; ( b )  i n t e r f e r e n c e s  ; 

accord ing  t o  t h e  te rmino logy  o f  B i i t t n e r  e t  a l .  (1976) ,  t h i s  source o f  e r r o r  i s  

due t o  t h e  presence o f  a component, which does n o t  by i t s e l f  produce a read ing  

b u t  which i n h i b i t s  o r  enhances t h e  measurement ( these  i n t e r f e r e n c e s  a l s o  cause 

an i n s u f f i c i e n t  

P r o p o r t i o n a l  

p a r t i c u l a r l y  by 

a n a l y s i s  and ( b  

standard.  

s e l e c t i v i t y )  ; ( c )  inadequate b lank  c o r r e c t i o n s .  

e r r o r s  a r e  caused by e r r o r s  i n  t h e  c a l i b r a t i o n  and more 

( a )  t he  i n c o r r e c t  assumption o f  l i n e a r i t y  ove r  t h e  range o f  

d i f f e r e n t  s lopes o f  t he  c a l i b r a t i o n  l i n e s  f o r  t h e  sample and 

Sys temat ic  e r r o r s  can be s t u d i e d  by a v a r i e t y  o f  methods. Some o f  these 

methods ( s tandard  a d d i t i o n  o r  recovery  exper iments,  l i n e a r i t y  checks) d e t e c t  

o n l y  p r o p o r t i o n a l  e r r o r s  w h i l e  o t h e r  methods ( t - t e s t )  shou ld  n o t  be used when 

a p r o p o r t i o n a l  e r r o r  i s  p resent .  These methods are  discussed i n  Chapter 3. 

There are  o t h e r  sources o f  e r r o r  which cannot be c l a s s i f i e d  e a s i l y  i n  one o f  

these ca tegor ies .  

con taminat ion  caused by p rev ious  samples and i s  c a l l e d  the  ca r ry -ove r  e r r o r ,  

An example i n  au tomat ic  cont inuous  a n a l y s i s  concerns t h e  
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which occurs when successive samples take a common p a t h  i n  an automated system. 

Because o f  i t s  dependence on  the parameters o f  the method, i t  can be considered 

as  a systematic e r r o r .  

as i t  a l so  depends upon the concentration of  the previous sample. 

of a la rge  s e r i e s  i n  a random sequence, t h i s  e r r o r  may be considered par t  of the 

random e r r o r .  

Broughton e t  a1 . (1969). 

On the o ther  hand, t i s  nei ther  constant nor r e l a t i v e  

I n  the  analysis  

Further discussion on t h i s  aspect  can be found i n  an a r t i c l e  by 

2.1.3. Precision and accuracy as c r i t e r i a  

Precision and accuracy together  determine the e r r o r  of an individual determination 

and t h e i r  magnitude i s  one of the most important c r i t e r i a  f o r  judging analyt ical  

procedures by t h e i r  r e s u l t s .  

the s t a t e  of the a r t  and the improvement of these c r i t e r i a  i s  regarded as the 

only possible  aim o f  optimization s tudies .  

f o r  a p a r t i c u l a r  procedure should ask themselves whether an increase i n  the 

precis ion and accuracy of the determination i s  r e a l l y  important 3r even useful .  

All sources o f  variat ion must then be taken i n t o  account. 

sampling i s  t o  be regarded as par t  of the ana lys i s ,  then sampling e r r o r s  must 

a l s o  be considered. 

dominate the t o t a l  e r r o r .  An example i s  a potassium determination car r ied  out 

rout inely in  an agr icu l tura l  laboratory (Vermeulen, pr iva te  communication, see 

a l s o  1957). 

(84% f o r  sampling i n  the  f i e l d  and 3.8% because of laboratory sampling due t o  

inhomogeneity o f  the laboratory sample), 9.4% t o  between-laboratory e r r o r ,  1.4% 

t o  the  sample preparation and only 1.4% t o  the precision of the measurement. 

I t  i s  c l e a r  t h a t  in  t h i s  instance an increase i n  the precision of measurement 

i s  of l i t t l e  i n t e r e s t .  A comparable s i t u a t i o n  i s  found in  c l in ica l  chemistry, 

where the purpose of the analysis  i s  to  inves t iga te  whether the values f a l l  i n  

the normal range o r  n o t .  Because of biological v a r i a b i l i t y ,  t h i s  range can be 

very la rge .  

Many workers consider t h a t  these quant i t ies  describe 

However, analysts  proposing a method 

For example, i f  

In some instances,  these e r r o r s  a re  very la rge  and can 

I t  was found t h a t  87.8% of the e r r o r  was due t o  sampling e r r o r s  

There have been i n t e r e s t i n g  s tudies  of the e f f e c t  of analyt ical  
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e r r o r  on normal values ( the  values considered t o  be normal f o r  a healthy population) 

and c l i n i c a l  usefulness. Whatever the r e s u l t s  of these s tud ies ,  i t  seems evident 

t h a t  there  i s  no sense i n  t rying t o  obtain a method with 0.01% precision and 

accuracy when the normal range i s  of the order  of 20%. 

discussed i n  more de ta i l  i n  Par t  IV, i n  which the re la t ionship  between ana ly t ica l  

chemistry and i t s  environment i s  considered. 

chapters a r e  e s s e n t i a l l y  descr ip t ive  i n  the sense t h a t  the assessment of 

precis ion and accuracy ( o r  t h e i r  components) i s  discussed without considering 

requi rements f o r  t h e i r  magnitude. 

These aspects a r e  

Therefore, t h i s  and the two following 

2.1.4. Defini t ion and measurement of precis ion ( r e p e a t a b i l i t y ,  reproducibi l i ty)  

Different  def in i t ions  of the above three terms have been proposed, and we 

sha l l  r e s t r i c t  ourselves t o  two of them. 

Chwmin-OLg (1975) : "Precision re fers  t o  the reproducibi l i ty  o f  measurement 

within a se t ,  t h a t  i s ,  t o  the s c a t t e r  o r  dispers ion of a set about i t s  central  

value". 

independent rep1 i c a t e  measurements of some property. 

t h i s  def in i t ion  with an understanding of i t s  l imi ta t ions ,  such a s  the f a c t  t h a t  

the  values obtained are  usually based on a small number o f  observations and 

should therefore  be regarded as an est imate  of the parameter. 

comment, the def in i t ion  of A n d y L i c d  ChemhLty conforms with s t a t i s t i c a l  usage. 

S t a t i s t i c i a n s  make a careful d i s t i n c t i o n  between a t rue  quant i ty  ( f o r  example a 

t rue  concentrat ion)  and i t s  estimate ( f o r  example the mean of a number of 

determinations of the concentrat ion) .  

def in i t ions  of precis iok.  

a def in i t ion  o f  bias  by IUPAC (see a l s o  sect ion 2.1.5). 

The f i r s t  was given by A n d y z k c d  

The term " s e t "  i s  defined i t s e l f  as  re fer r ing  t o  a number ( n )  of 

Readers a re  urged t o  use 

By adding t h i s  

This d i s t i n c t i o n  i s  not always found i n  

As remarked by Wilson (1970), t h i s  was the case f o r  

The def in i t ion  of A n d y f i c d  Chemio-OLq i s  (perhaps in ten t iona l ly  and t o  conform 

with current  usage) somewhat ambiguous, as  i t  i s  not spec i f ied  whether o r  n o t  

the  s e t  of measurements i s  car r ied  out by a s ing le  operator .  A s  will  be seen 

l a t e r ,  there  i s  a large pract ical  difference between the two p o s s i b i l i t i e s .  
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On t h e  o t h e r  hand, t h e  I n t e r n a t i o n a l  Organ iza t i on  f o r  S tandard i za t i on  (1966) 

p r e f e r s  t h e  f o l l o w i n g  d e f i n i t i o n s .  RepkR-oducibiLLty : closeness o f  agreement 

between i n d i v i d u a l  r e s u l t s  ob ta ined w i t h  the  same method o r  i d e n t i c a l  t e s t  m a t e r i a l  

b u t  under d i f f e r e n t  c o n d i t i o n s  ( d i f f e r e n t  opera tor ,  d i f f e r e n t  apparatus , d i f f e r e n t  

l a b o r a t o r y  and/or d i f f e r e n t  t ime) .  R e p e a t a b U q  : closeness o f  agreement between 

success ive  r e s u l t s  ob ta ined  w i t h  t h e  same method o r  i d e n t i c a l  t e s t  m a t e r i a l  and 

under t h e  same c o n d i t i o n s  (same opera tor ,  same apparatus,  same l a b o r a t o r y  and 

same t i m e ) .  

According t o  t h e  " S t a t i s t i c a l  Manual o f  t h e  Assoc ia t i on  o f  O f f i c i a l  A n a l y t i c a l  

Chemists" (Youden and S te ine r ,  1975) , the  p r e c i s i o n  i s  composed o f  random 

w i t h i n - l a b o r a t o r y  e r r o r s  and u n i d e n t i f i e d  sys temat i c  e r r o r s  i n  i n d i v i d u a l  

l a b o r a t o r i e s  ( l a b o r a t o r y  b i a s ) .  These e r r o r s  a re  a l s o  no rma l l y  d i s t r i b u t e d .  I n  

t h i s  i ns tance ,  p r e c i s i o n  i s  cons idered t o  be i d e n t i c a l  w i t h  t h e  r e p r o d u c i b i l i t y  

as d e f i n e d  above, w i t h  r e p e a t a b i l i t y  as a component. 

and a n a l y t i c a l  v a r i a b i l i t y  a r e  a l s o  used occas iona l l y .  

te rm i m p r e c i s i o n  t o  p r e c i s i o n  ( B u t t n e r  e t  a l . ,  1976) i n  o r d e r  t o  a v o i d  t h e  

l i n q u i s t i c  d i f f i c u l t y  t h a t  a procedure becomes more p r e c i s e  when i t s  measure, 

t h e  p r e c i s i o n ,  decreases. I n  o u r  view, c o l l a b o r a t i o n  between s t a t i s t i c i a n s  and 

a n a l y t i c a l  chemists i s  so impor tan t  t h a t  no semantic d i f f i c u l t i e s  shou ld  be 

c rea ted  between them. 

imprec i s ion ,  which a r e  n o t  used by s t a t i s t i c i a n s ,  shou ld  n o t  be used except i n  

a c o l l o q u i a l  sense, i .e. ,  when t h e r e  i s  no need t o  a t t a c h  a p r e c i s e  meaning t o  

them. 

Other terms such as s c a t t e r  

Some workers p r e f e r  t h e  

Terms such as reproduc i  b i  1 i ty, repeatab i  1 i ty and 

The f o l l o w i n g  measures o f  p r e c i s i o n  w i t h i n  a s e t  (as de f i ned  above) a re  

proposed by A n d q X i c d  Chmm.inLtq. 

"Standard d e v i a t i o n  i s  t h e  square r o o t  o f  t he  q u a n t i t y  (sum o f  squares o f  

d e v i a t i o n s  o f  i n d i v i d u a l  r e s u l t s  f rom t h e  mean, d i v i d e d  by one l e s s  than 

number o f  r e s u l t s  i n  t h e  s e t ) .  The s tandard  d e v i a t i o n ,  s ,  i s  g i v e n  by 

the  
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Standard d e v i a t i o n  has t h e  same u n i t s  as t h e  p r o p e r t y  be ing  measured. 

a more r e l i a b l e  express ion  o f  p r e c i s i o n  as n becomes la rge .  

a r e  independent and no rma l l y  d i s t r i b u t e d ,  t h e  most u s e f u l  s t a t i s t i c s  a re  t h e  mean 

f o r  t h e  c e n t r a l  va lue  and t h e  s tandard  d e v i a t i o n  f o r  t he  d i spe rs ion " .  

t h a t  t h e  symbol s i s  used f o r  t he  es t ima te  o f  t h e  t r u e  s tandard  d e v i a t i o n ,  u. 

This  i s  c o r r e c t  s t a t i s t i c a l  p r a c t i c e .  Recent r u l e s  approved by I U P A C  (1976),  

s t a t e  t h a t ,  when t h e  number o f  r e p l i c a t e s  i s  sma l le r  than 10, s shou ld  be used 

i n s t e a d  o f  u. 

even a good one, and t o  reserve  u f o r  t he  " t r u e "  value. It shou ld  be no ted  here 

t h a t  s t a t i s t i c i a n s  make a d i s t i n c t i o n  between a b iased  and an unbiased es t ima te .  

The s tandard  d e v i a t i o n  as de f i ned  above i s  an unbiased es t ima te  and shou ld  

t h e r e f o r e  be represented  by ;, where the  "ha t "  on u i n d i c a t e s  t h a t  i t  i s  unbiased 

(see s e c t i o n  2.2) ,  and we would p r e f e r  t o  use t h i s  symbolism th roughout  t h i s  book. 

As  we do n o t  want t o  i n t r o d u c e  o r  c r e a t e  symbolism and te rm ino logy  t h a t  would be 

u n f a m i l i a r  t o  a n a l y t i c a l  chemists,  we s h a l l  r e f r a i n  f rom do ing  so, except  

o c c a s i o n a l l y  when some d i s t i n c t i o n  i s  impor tan t .  

It becomes 

When t h e  measurements 

One observes 

I n  ou r  view, i t  i s  p r e f e r a b l e  always t o  use s f o r  an es t imate ,  

"Var iance, s2, i s  t h e  square o f  t h e  s tandard  d e v i a t i o n " .  

" R e l a t i v e  Standard D e v i a t i o n  i s  t h e  s tandard  d e v i a t i o n  expressed as a f r a c t i o n  

o f  t h e  mean : s/x. 

R e l a t i v e  s tandard  d e v i a t i o n  i s  p r e f e r r e d  over  c o e f f i c i e n t  o f  v a r i a t i o n " .  

I t  i s  sometimes m u l t i p l i e d  by 100 and expressed as a percentage. 

Two o t h e r  q u a n t i t i e s  a r e  de f ined,  a l though they  a r e  n o t  t o  be recommended as 

measures o f  p r e c i s i o n  except  when the  s e t  c o n s i s t s  o f  o n l y  a few measurements. 

These q u a n t i t i e s  a re  t h e  mean ( o r  average) d e v i a t i o n ,  g i ven  by 

n 
1 

i = l  

l a r g e s t  and sma l les t  r e s u l t s  i n  a se t .  

I x i -x l /n ,  and t h e  range, g i ven  by the  d i f f e r e n c e  i n  magnitude between t h e  

One shou ld  a l s o  observe t h a t  t h e  p r e c i s i o n  o f  t h e  mean ( c a l l e d  s tandard  e r r o r  

i n  t h i s  i ns tance )  and equal  t o  s / f i  i s  o f  no i n t e r e s t  i n  e v a l u a t i n g  t h e  p r e c i s  on 

o f  a procedure,  b u t  o n l y  as a measure o f  t h e  conf idence one can have i n  a resu  t 

s t a t e d  as a mean. 

n o t  depend on n, t h e  number o f  r e p l i c a t e  measurements. 

The measure o f  t he  p r e c i s i o n  o f  a procedure shou ld  c l e a r l y  

Th is  i s  n o t  t h e  case 
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f o r  t h e  s tandard  d e v i a t i o n ,  b u t  i t  i s  so f o r  t h e  s tandard  e r r o r .  However, many 

measurements a re  advantageous because s i s  o n l y  an es t ima te  o f  u and t h e  more 

r e p l i c a t e s  one c a r r i e s  ou t ,  t h e  b e t t e r  es t ima te  s g i ves  o f  t h e  " t r u e "  

p r e c i s i o n ,  u. 

2.1.5. D e f i n i t i o n s  o f  b i a s  and accuracy 

When a n a l y t i c a l  de termina t ions  a r e  c a r r i e d  o u t  they  y i e l d  ( h o p e f u l l y  s l i g h t l y )  

d i f f e r e n t  r e s u l t s ,  xi. A r e s u l t  can d i f f e r  f rom t h e  t r u e  va lue ,  p o ,  which  i s  

unknown and i n  s t a t i s t i c a l  t e rm ino logy  t h i s  d i f f e r e n c e  i s  r e f e r r e d  t o  as t h e  e r r o r  : 

e -  1 = xi - 

I f  enough measurements a re  made, a s t a b l e  mean x i s  ob ta ined,  where x i s  an 

es t ima te  o f  t h e  mean, p, o f  an u n l i m i t e d  number o f  de termina t ions .  

d i f f e r e n c e  between p as represented  by x and the  t r u e  value, p o ,  i s  c a l l e d  the  

b i a s  o r  sys temat i c  e r r o r .  

The abso lu te  

I t  shou ld  be no ted  t h a t  t he  b i a s  ob ta ined  by exper imenta t ion  i s  an es t ima te  

o f  t he  t r u e  b ias ,  as i t  i s  c a l c u l a t e d  by us ing  x, which i s  i t s e l f  an es t ima te .  

As  observed by Wi lson (1970), t he  I U P A C  (1969) d e f i n i t i o n  o f  b i a s  ( t h e  d i f f e r e n c e  

between t h e  mean o f  t h e  r e s u l t s  and t h e  t r u e  va lues)  i s  t h e r e f o r e  v a l i d  i n  

p r a c t i c e  b u t  n o t  exac t  f rom t h e  s t a t i s t i c a l  p o i n t  o f  view, as t h e  d i f f e r e n c e  

between t r u e  va lues  and es t imates  ob ta ined  by exper imen ta t i on  i s  n o t  made. 

I t  i s  necessary t o  cons ide r  a t  t h i s  stage the  terms " l a b o r a t o r y  b i a s "  and 

"method b i a s " .  The former,  as seen i n  t h e  preced ing  sec t i on ,  c o n t r i b u t e s  t o  the  

p r e c i s i o n  o f  a method ( i n t e r - l a b o r a t o r y  p r e c i s i o n ) ,  w h i l e  t h e  l a t t e r  c o n s t i t u t e s  

t h e  sys temat i c  e r r o r .  When d e f i n i n g  t h e  accuracy f o r  an i n t e r - l a b o r a t o r y  t r i a l  , 

t h e  accuracy i s  i d e n t i c a l  w i t h  t h e  method b ias .  From t h e  p o i n t  o f  v iew o f  an 

i n d i v i d u a l  l a b o r a t o r y ,  however, t h e  sys temat ic  e r r o r  i s  t h e  sum o f  t h e  method 

b i a s  (common t o  a l l  l a b o r a t o r i e s  u s i n g  t h e  method) and t h e  l a b o r a t o r y  b i a s  ( f o r  

t he  l a b o r a t o r y  i n  ques t i on ) .  Th i s ,  too ,  i s  c a l l e d  t h e  accuracy and t h e  meaning 

o f  t h e  term accuracy i s  t h e r e f o r e  n o t  always c l e a r .  To i l l u s t r a t e  t h i s  confus ion ,  
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i t  i s  i n s t r u c t i v e  t o  read t h e  s e c t i o n  on accuracy i n  t h e  " S t a t i s t i c a l  Manual o f  

t h e  Assoc ia t i on  o f  O f f i c i a l  A n a l y t i c a l  Chemists" (Youden and S t e i n e r ,  1975). 

S t e i n e r  (p.  69) s t a t e s  t h a t  accuracy must be d i s t i n g u i s h e d  f rom p r e c i s i o n .  

"measures b ias ,  t h a t  i s  t o  say t h e  d i f f e r e n c e  between t h e  mean r e s u l t  g i ven  by the  

method and t h e  t r u e  r e s u l t  ( o f t e n  unknown)". 

b i a s  and accuracy t o  be i d e n t i c a l .  

He w r i t e s  (p. 25)  t h a t  he has shunned t h e  word accuracy because t h e r e  a re  d i f f e r e n t  

i n t e r p r e t a t i o n s ,  some o f  them eng lob ing  p r e c i s i o n  and b ias ,  w h i l e  o the rs  r e s t r i c t  

i t  t o  b i a s .  

we a r e  n o t  c r i t i c i z i n g  t h i s  i n t e r e s t i n g  and w e l l  w r i t t e n  gu ide  f o r  t h e  a p p l i c a t i o n  

o f  s t a t i s t i c s  t o  i n t e r - l a b o r a t o r y  t r i a l s ,  b u t  a re  r a t h e r  u n d e r l i n i n g  a semant ic 

d i f f i c u l t y .  

It 

C l e a r l y ,  S t e i n e r  cons iders  method 

The o t h e r  au thor ,  Youden, i s  more prudent .  

We should make i t  c l e a r ,  however, t h a t  i n  c i t i n g  t h i s  d isc repancy ,  

L e t  us t u r n  now t o  the  d e f i n i t i o n  o f  AndeyLLcd CheminiXy (1975).  I t  s t a t e s  t h a t  : 

"Accuracy no rma l l y  r e f e r s  t o  t h e  d i f f e r e n c e  ( e r r o r  o r  b i a s )  between t h e  mean, 
- 
x, o f  t h e  s e t  o f  r e s u l t s  and t h e  value, i ,  which i s  accepted as t h e  t r u e  o r  

c o r r e c t  va lue  f o r  t h e  q u a n t i t y  measured. It i s  a l s o  used as t h e  d i f f e r e n c e  

between an i n d i v i d u a l  va lue  xi and i .  
by 7 - x and o f  an i n d i v i d u a l  va lue  by xi - 

same meaning as t h e  symbol p used by us and i n  most s t a t i s t i c a l  books. The 

d e f i n i t i o n  i s  g i v e n  w i t h  the  same l i m i t a t i o n s  as f o r  t he  p r e c i s i o n  and i t s  

measures (see the  preced ing  sec t i on ) .  

i s  ambiguous because i t  cons is t s ,  i n  f a c t ,  o f  two d i f f e r e n t  s u b - d e f i n i t i o n s .  

The f i r s t  r e l a t e s  t o  t h e  mean ob ta ined  w i t h  a p a r t i c u l a r  method and i s  a synonym 

o f  sys temat i c  e r r o r ,  w h i l e  t h e  o t h e r  r e l a t e s  t o  i n d i v i d u a l  r e s u l t s  and i s  

t h e r e f o r e  made up o f  a combinat ion o f  t he  sys temat ic  e r r o r  and t h e  random e r r o r .  

Th i s  i n t roduces  a new d i f f i c u l t y  as t h i s  d e f i n i t i o n  a l l ows  t h e  use o f  t h e  

word accuracy f o r  t h e  sum o f  t he  e r r o r s  due t o  sys temat ic  and random causes. 

The combinat ion o f  bo th  has been c a l l e d  t o t a l  e r r o r  by some workers (McFarren 

e t  a l . ,  1970, and Westgard e t  a l . ,  1974).  

The abso lu te  accuracy o f  t he  mean i s  g i v e n  

'I. x i n  t h i s  d e f i n i t i o n  has t h e  

The d e f i n i t i o n  by A n d y f i c d e  Chmd,thg 

From t h e  d e f i n i t i o n  g i ven  above, i t  i s  c l e a r  t h a t  t he re  i s  g r e a t  con fus ion  

w i t h  the  term accuracy, which has l e d  us t o  t h r e e  conc lus ions  : 
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(1) Authors p u b l i s h i n g  numerical  values f o r  p r e c i s i o n  and accuracy shou ld  

s t a t e  how t h e  c a l c u l a t i o n  was c a r r i e d  o u t  and t h e  ci rcumstances under which t h e  

r e s u l t s  were obtained. Th is  recommendation, made by Youden and S t e i n e r  (1975) ,  

i s  t h e  b e s t  way o f  d i s p e l l i n g  t h e  confus ion .  

( 2 )  I n  t h i s  book, we s h a l l  use the  word accuracy i n  t h e  general  sense, .e. ,  

i n  a c o l l o q u i a l  way. 

terms : ( i )  ~ a b o h a t a h g  b i a n  (see s e c t i o n  on p r e c i s i o n ) ,  be ing  the  systemat c 

e r r o r  i n t roduced  by a l a b o r a t o r y .  Th i s  b i a s  i s  cons idered t o  be p a r t  o f  t h e  

i n t e r - l a b o r a t o r y  p r e c i s i o n .  

i n t roduced  by the  use o f  a p a r t i c u l a r  method. 

( i i i )  t o Z d  a m ,  f o r  combinat ions o f  e r r o r s  due t o  method b i a s  and random 

e r r o r s  ( i n t e r -  and i n t r a - l a b o r a t o r y  p r e c i s i o n ) .  

When d i s t i n c t i o n s  a re  impor tan t ,  we s h a l l  use t h e  f o  l ow ing  

( i i )  method b i a n ,  be ing  the  sys temat ic  e r r o r  

I t  i s  t h e  same f o r  a l l  l a b o r a t o r i e s .  

( 3 )  Owing t o  the  confus ion  t h a t  a l ready  e x i s t s  w i t h  terms connected w i t h  

accuracy and p r e c i s i o n ,  au tho rs  shou ld  n o t  be encouraged t o  c r e a t e  new terms, 

which c o u l d  inc rease these d i f f i c u l t i e s .  

r e f r a i n  f rom p u b l i s h i n g  t h e i r  own d e f i n i t i o n s .  

I n  the  same way, o r g a n i z a t i o n s  shou ld  

2.1.6.  A demonst ra t ion  o f  t he  importance o f  l a b o r a t o r y  b i a s  

A n a l y t i c a l  chemi s t s  deve lop ing  new methods shou ld  r e a l i z e  t h a t  these methods 

w i l l  be used by chemists i n  o t h e r  a n a l y t i c a l  l a b o r a t o r i e s  who may n o t  have t h e  

same fundamental knowledge o f  t h e  method and may t h e r e f o r e  s imp ly  f o l l o w  t h e  

procedure proposed w i t h  t h e i r  own apparatus,  reagents,  e t c .  

method, when i t  i s  used under ac tua l  work ing  cond i t i ons ,  g i ves  poor  r e s u l t s .  

To desc r ibe  t h i s  f r e q u e n t l y  observed phenomenon i n  terms o f  p r e c i s i o n ,  we have 

s t a t e d  t h a t  t h e  o v e r a l l  p r e c i s i o n  of  a method, s ,  i s  composed o f  two terms, namely 

an i n t r a - l a b o r a t o r y  p r e c i s i o n  ( s r )  and an i n t e r - l a b o r a t o r y  p r e c i s i o n  o r  l a b o r a t o r y  

b ias  ( sb ) .  

Very o f t e n  a new 

I t  i s  known t h a t  sb i s  u s u a l l y  l a r g e r  than sr. 

A t y p i c a l  example was g i v e n  by Wernimont (1951) (see F i g .  2.1) i n  an a r t i c l e  

concerned w i t h  a s tudy  of sources o f  v a r i a t i o n  ( l a b o r a t o r i e s ,  a n a l y s t s  w i t h i n  

l a b o r a t o r i e s ,  d i f f e r e n t  days f o r  t h e  same ana lys t ,  r e p l i c a t e  de te rm ina t ions ) .  
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LABORATORY MEANS 

ANALYSTS WITH I N 

L A B O R A T O R I E S  

SINGLE TEST I N  ANY 
LABORATORY 

F i g .  2.1. r hemical  Soc ie ty .  

A comparison o f  sources o f  v a r i a t i o n  i n  t h e  de te rm ina t ion  o f  a c e t y l  
adapted from Wernimont, 1951). Repr in ted  w i t h  permiss ion .  Copy r igh t  American 

I t  can be seen t h a t  t he  t o t a l  v a r i a t i o n  f o r  s i n g l e  t e s t s  c a r r i e d  o u t  i n  any 

l a b o r a t o r y ,  on any day and by any a n a l y s t  ( s  = 0.27) can be exp la ined  by  t h e  

v a r i a t i o n  among l a b o r a t o r i e s  ( sb  = 0.25).  

l e s s  impor tan t .  

The o t h e r  sources o f  e r r o r  a r e  much 

Many a n a l y t i c a l  chemists cons ide r  t h a t  t h i s  e f f e c t  i s  due t o  i m p e r f e c t  o r  

incomple te  d e s c r i p t i o n s  o f  procedures and t h a t ,  p rov ided  t h a t  procedures a r e  

descr ibed i n  s u f f i c i e n t  d e t a i l ,  every  l a b o r a t o r y  shou ld  o b t a i n  r e s u l t s  w i t h  the  

same p r e c i s i o n  and accuracy. Very i n t e r e s t i n g  work 

i n  t h i s  respec t  has been c a r r i e d  o u t  under t h e  ausp ic ies  o f  t h e  Assoc ia t i on  o f  

O f f i c i a l  A n a l y t i c a l  Chemists and t h e i r  conc lus ions  were g i ven  i n  t h e i r  s t a t i s t i c a l  

I n  f a c t ,  t h i s  i s  n o t  t r u e .  
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manual (Youden and S t e i n e r ,  1975). Th i s  w i l l  be used as the  b a s i s  f o r  a d i scuss ion  

o f  i n t e r -  and i n t r a - l a b o r a t o r y  e r r o r s .  

The o n l y  way o f  reach ing  a conc lus ion  about t h e  p r e c i s i o n  o f  an a n a l y t i c a l  

method under a c t u a l  work ing  c o n d i t i o n s  i s  t o  homogenize a sample and t o  d i s t r i b u t e  

i t  t o  a number o f  l a b o r a t o r i e s  f o r  ana lys i s ,  i .e . ,  t o  c a r r y  o u t  an " in te rcompar ison" .  

In te rcompar isons  a re  c a r r i e d  o u t  i n  two s i t u a t i o n s  : 

(a )  when a method has been t e s t e d  by one o r  a few l a b o r a t o r i e s ,  shown t o  be 

f r e e  o f  method b i a s  and proved s u f f i c i e n t l y  p r e c i s e  i n  t h e  l a b o r a t o r y  o f  t h e  

promotors t o  war ran t  an examinat ion  o f  i t s  genera l  use fu lness .  

( b )  when seve ra l  methods a r e  i n  use f o r  a c e r t a i n  de te rm ina t ion  and one wants 

t o  know whether they  y i e l d  the  same o r  s i g n i f i c a n t l y  d i f f e r e n t  r e s u l t s .  

S i t u a t i o n  ( b )  i s  discussed i n  Chapters 3 and 4. I n  t h i s  sec t i on ,  o n l y  s i t u a t i o n  

(a )  i s  considered, i n  p a r t i c u l a r  when one wants t o  demonstrate t h a t  l a b o r a t o r y  

b iases  a re  present .  

Many in te rcompar isons  o r  c o l l a b o r a t i v e  s tud ies  have been c a r r i e d  o u t  t o  date 

and i t  has been shown t h a t  i n  most i ns tances  t h e  o v e r a l l  p r e c i s i o n ,  s , i s  much 

g r e a t e r  than the  i n t r a - l a b o r a t o r y  p r e c i s i o n ,  because n o t  o n l y  a re  random e r r o r s  

p resen t  b u t  a l s o  each l a b o r a t o r y  o b t a i n s  b iased  r e s u l t s .  

b iases  have been shown t o  be no rma l l y  d i s t r i b u t e d  i n  most ins tances .  

These l a b o r a t o r y  

The genera l  occurrence o f  sys temat ic  e r r o r s  i n  use r  l a b o r a t o r i e s  may appear 

s u r p r i s i n g .  

I f  t h e  c o l l a b o r a t o r s  i n  c o l l a b o r a t i v e  s t u d i e s  a re  asked t o  analyse two samples 

o f  more o r  l e s s  analogous c o n s t i t u t i o n  and t h e r e  a r e  no sys temat ic  l a b o r a t o r y  

( o r  method) b iases ,  t h e  chance o f  f i n d i n g  a h i g h  r e s u l t  (t) shou ld  be equal  t o  

t h e  chance o f  o b t a i n i n g  a low r e s u l t  ( - )  f o r  each p a r t i c i p a t i n g  l a b o r a t o r y .  

T h i s  means a l s o  t h a t  t h e  combina t ion  o f  two h igh  r e s u l t s  (++), two low r e s u l t s  

( - - )  and bo th  p o s s i b i l i t i e s  o f  o b t a i n i n g  one low and one h i g h  r e s u l t  (t- o r  -t) 

a r e  equal .  

No. 2 f o r  each labo ra to ry ,  one shou ld  o b t a i n  a diagram s i m i l a r  t o  F i g .  2.2a. 

I n  f a c t ,  one n e a r l y  always o b t a i n s  a r e s u l t  such as t h a t  shown i n  F i g .  2.2b, i . e . ,  

a s i g n i f i c a n t l y  h i g h  preva lence o f  tt and -- r e s u l t s ,  showing t h a t  more 

However, i t  can be demonstrated e a s i l y  by u s i n g  a two-sample c h a r t .  

By p l o t t i n g  t h e  r e s u l t  f o r  sample No. 1 a g a i n s t  t h e  r e s u l t  f o r  sample 
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l a b o r a t o r i e s  than expected d e l i v e r  e i t h e r  two h i g h  o r  two low r e s u l t s .  

F i g .  2.3 g i v e s  an example o f  t h e  r e s u l t  o f  a c o l l a b o r a t i v e  exper iment f o r  an 

a tomic-absorp t ion  spec t rophotomet r ic  method f o r  t h e  de te rm ina t ion  o f  manganese 

i n  soy meat blends (Formo, 1974). An a p p l i c a t i o n  o f  t h i s  method i n  c l i n i c a l  

chemis t ry  was g i ven  by Tonks (1963) concern ing  the  accuracy and p r e c i s i o n  o f  

170 Canadian 1 a b o r a t o r i  es. 

4 

W 
J 
a. 
I: 
Q 
Y, 

a 
a 

a 
a 

a 

A 
a 

* a  i SAMPLE B 

4 

W 
J 
a. 
I: 
Q 
Y, 

a 
a 

a 

A 
a 

* a  

F i g .  2.2. The two-sample method f o r  d e t e c t i o n  o f  l a b o r a t o r y  b i a s  : (a )  No 
l a b o r a t o r y  b i a s  ; (b)  l a b o r a t o r y  b i a s .  a represents  i n d i v i d u a l  r e s u l t s  and 
x represents  t h e  mean. 

The two-sample c h a r t  procedure has been a p p l i e d  a l s o  t o  i ntercompari  sons o f  

s i t u a t i o n  ( b )  t o  show whether sys temat ic  e r r o r s  a re  predominant. 

f o r  example, by Ekedahl e t  a l .  (1975) f o r  many types  o f  n u t r i e n t  de te rm ina t ions  

i n  water .  d i f f e r e n t  methods were a p p l i e d  t o  t h e  same t ype  of  

de te rm ina t ion  so t h a t  method b iases  a l s o  e x i s t .  

t h a t  i n  a l l  i ns tances  sys temat ic  e r r o r s  ( l a b o r a t o r y  and method b iases )  w i l l  

predominate i n  v iew o f  t h e  f a c t  t h a t  t h i s  i s  u s u a l l y  a l s o  t r u e  when only 

l a b o r a t o r y  b iases  have t o  be taken i n t o  account.  

Th i s  was done, 

I n  t h i s  i ns tance  

I t  i s  t h e r e f o r e  p r e d i c t a b l e  

Fu r the r ,  as Youden and S t e i n e r ' s  two-sample t e s t  does n o t  enable one t o  

d i s t i n g u i s h  between method and l a b o r a t o r y  b ias ,  t h e r e  i s  l i t t l e  reason t o  

c a r r y  o u t  in te rcompar isons  of d i f f e r e n t  methods i n  t h i s  way. 
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F i g .  2.3. Example o f  t h e  occurrence o f  l a b o r a t o r y  b i a s  : de te rm ina t ion  o f  Mn 
i n  soy meat blends (Formono, 1974). 

2 .1.7.  Some s tud ies  on p r e c i s i o n  

Several  workers have i n v e s t i g a t e d  t h e  f a c t o r s  t h a t  govern t h e  magnitude o f  

t h e  p r e c i s i o n  ob ta ined  w i t h  a p a r t i c u l a r  procedure o r  apparatus.  

one can c i t e  a s tudy  on t h e  p r e c i s i o n  c h a r a c t e r i s t i c s  o f  s imp le  spectrophotometers 

by I n g l e  (1977). 

measurement i s  1 i m i  t e d  by i r rep roduc i  b i  1 i ty o f  p o s i t i o n i n g  o f  t h e  c e l l  and no ise  

which i s  independent o f  t h e  photon s i g n a l .  

As an example, 

I n  t h i s  i n s t a n c e  t h e  conc lus ion  was t h a t  t h e  p r e c i s i o n  of  t h e  

An i n t e r e s t i n g  approach t o  t h i s  k i n d  o f  problem was made by Aronsson e t  a l .  

(1974), who s t u d i e d  t h e  e f f e c t  o f  many f a c t o r s  such as the  number and p r e c i s i o n  

o f  c a l i b r a t i o n  samples us ing  a computer s i m u l a t i o n  procedure.  
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Puschel (1968) showed t h a t  t h e r e  i s  a l i n e a r  c o r r e l a t i o n  w i t h  a c o r r e l a t i o n  

c o e f f i c i e n t  o f  n e a r l y  -0.9 i n  t h e  range from 1 ppm t o  100% between t h e  p r e c i s i o n  

and t h e  con ten t  t o  be determined. 

2.1.8. The t o t a l  e r r o r  

Fo r  a n a l y t i c a l  chemists deve lop ing  methods, i t  i s  necessary t o  separa te  t h e  

t o t a l  observed e r r o r  i n t o  i t s  components, p a r t i c u l a r l y  when one wants t o  op t im ize  

a method as i t  perm i t s  a b e t t e r  unders tand ing  o f  t h e  f a c t o r s  t h a t  c o n t r i b u t e  t o  

t h e  e r r o r .  

i n t e r e s t e d  i n  t h e  types  o f  e r r o r s  p resen t  b u t  r a t h e r  i n  t h e  t o t a l  e f f e c t  o f  these 

e r r o r s  on t h e  r e s u l t .  T h i s  f a c t  has l e d  severa l  workers t o  d e f i n e  a t o t a l  e r r o r  

which combines bo th  random and sys temat ic  e r r o r s .  

a1 . (1970) developed a c r i t e r i o n  f o r  j u d g i n g  the  acceptab i  1 i t y  o f  a n a l y t i c a l  

methods. 

seem t o  d e f i n e  i n  t h e  sense o f  t h e  f i r s t  p a r t  o f  t he  d e f i n i t i o n  o f  A n d y f i c d  

Chemi~L ty )  and random e r r o r s  and they  d e f i n e  t h e  te rm t o t a l  e r r o r  as t h e  r e l a t i v e  

e r r o r  ( i . e . ,  mean e r r o r  d i v i d e d  by  t h e  mean) p l u s  t w i c e  t h e  r e l a t i v e  s tandard  

d e v i a t i o n .  Recent ly,  M idg ley  (1977) proposed a s l i g h t l y  d i f f e r e n t  d e f i n i t i o n  

o f  t h e  t o t a l  e r r o r .  

On t h e  o t h e r  hand, t h e  user  o f  an a n a l y t i c a l  method i s  o f t e n  n o t  

As an example, McFarren e t  

They cons ide r  t h a t  t h e  t o t a l  e r r o r  i s  due t o  the  accuracy (wh ich  they  

A much more e l a b o r a t e  s tudy  was c a r r i e d  o u t  by Westgard e t  a l .  (1974), who 

developed c r i t e r i a  f o r  j u d g i n g  p r e c i s i o n  and accuracy i n  method development and 

e v a l u a t i o n  w i t h  s p e c i a l  re fe rence  t o  c l i n i c a l  chemis t ry .  The t o t a l  e r r o r  i s  

d e f i n e d  f o r  a concen t ra t i on  c a l l e d  xc ,  a t  which c r i t i c a l  medical  dec i s ions  a re  

made. 

t h i s  c o n c e n t r a t i o n  as & t ima ted  from reg ress ion  methods (see nex t  chapter )  p l u s  

a te rm c o n t a i n i n g  the  s tandard  d e v i a t i o n  ob ta ined  from r e p l i c a t e  de te rm ina t ions  

( i n t r a - l a b o r a t o r y  p r e c i s i o n )  and t h e  conf idence o f  t h e  e s t i m a t i o n  made by 

reg ress ion  ana lys i s .  

chemis t r y  and i s  a l s o  impor tan t  f o r  those who have a p r a c t i c a l  i n t e r e s t  i n  t h i s  

t o p i c  as i t  con ta ins  some worked examples. Not  everyone agrees w i t h  t h e  use o f  

I t  i s  equal  t o  t h e  sys temat ic  e r r o r  ( l a b o r a t o r y  b i a s  t method b i a s )  a t  

Th i s  paper con ta ins  a l u c i d  ana lys i s  o f  e r r o r s  i n  a n a l y t i c a l  
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terms combining p r e c i s i o n  and b i a s .  

i n  t h e i r  rev iew on s t a t i s t i c a l  and mathematical  methods i n  a n a l y t i c a l  chemis t ry  

t h a t  such a combinat ion can be ve ry  m is lead ing  when t h e  b i a s  has been es t ima ted  

w i t h  g r e a t  imprec i s ion .  

I n  p a r t i c u l a r ,  C u r r i e  e t  a l .  (1972) no ted  

2.2. MATHEMATICAL 

The b a s i c  concepts o f  s t a t i s t i c s  have been discussed i n  many books and i n  

many d i f f e r e n t  ways. 

book. 

(1975) and Mor r i son  (1969) can be mentioned as good i n t r o d u c t i o n s  t o  t h e  sub jec t .  

Fo r  readers  p a r t i c u l a r l y  i n t e r e s t e d  i n  s t a t i s t i c s ,  t h e  t h r e e  volumes by Kendal l  

and S t u a r t  (1969) must be ment ioned as g i v i n g  a complete syn thes i s  o f  modern 

s t a t i s t i c s .  

A complete d i scuss ion  o f  these i s  beyond t h e  scope o f  t h i s  

However, f o r  t h e  purpose o f  reference,the books by Dunn (1964), Cooper 

2.2.1. Frequency d i s t r i b u t i o n s  

When a l a r g e  number o f  measurements must be presented, i t  i s  o f t e n  u s e f u l  t o  

group t h e  da ta  i n t o  c lasses  and t o  c a l c u l a t e  the  number o f  measurements be long ing  

t o  each c lass .  

o f  d e s c r i b i n g  t h e  da ta  r e s u l t s  i n  a f requency d i s t r i b u t i o n .  

Th is  number i s  c a l l e d  the  f requency o f  a c l a s s .  Such a method 

The r e l a t i v e  f requency o f  a c l a s s  o r  o f  t h e  va lue  o f  a measurement i s  i t s  

f requency d i v i d e d  by t h e  t o t a l  number o f  measurements. 

as a percentage. 

I t  can a l s o  be expressed 

An example i s  g i ven  i n  Table 2.1. 

Table 2.1 

Frequency d i s t r i b u t i o n  o f  t h e  concen t ra t i on  i n  a p o p u l a t i o n  o f  100 samples 

Concent ra t ion  (%) Number o f  samples Re1 a ti ve f req  uencv 

0 - 3  4 0.04 
4 - 7  15 0.15 
8 - 11 24 0.24 

12 - 15 30 0.30 
16 - 19 18 0.18 
20 - 23 6 0.06 
24 - 27 3 0.03 

T o t a l  iloo 1 
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The t o t a l  number o f  measurements l e s s  than o r  equal t o  t h e  upper boundary o f  a 

c l a s s  i s  c a l l e d  t h e  cumula t ive  f requency f o r  t h a t  c lass .  For  example, i n  

Table 2.1 t h e  cumula t ive  f requency f o r  t h e  c l a s s  4 - 7 i s  equal t o  4 + 15 = 19, 

which means t h a t  19 samples gave a concen t ra t i on  of  a t  most 7.5%. The o t h e r  

cumula t ive  f requenc ies  can be c a l c u l a t e d  i n  t h e  same way and are  g i ven  i n  

Table 2.11. 

Table 2.11 

Cumulat ive f requency d i s t r i b u t i o n  o f  t h e  concen t ra t i on  i n  a p o p u l a t i o n  o f  
100 samples 

Concent ra t ion  (%) Cumulat ive f requency R e l a t i v e  cumula t ive  f requency 

s 3.5 4 0.04 
< 7.5 19 0.19 
s 11.5 43 0.43 
s 15.5 73 0.73 
s 19.5 91  0.91 
s 23.5 97 0.97 
4 27.5 100 1.00 

I t can be seen f rom Table 2.11 t h a t  i t  i s  a l s o  p o s s i b l e  t o  c a l c u l a t e  r e l a t i v e  

cumula t ive  f requenc ies  by d i v i d i n g  t h e  cumula t ive  f requenc ies  by the  number o f  

observa t ions ,  n.  

d i s t r i b u t i o n s .  

Th is  makes i t  p o s s i b l e  t o  compare cumula t ive  f requency 

The frequency d i s t r i b u t i o n  can a l s o  be descr ibed by a diagram i n  which t h e  

measurements a r e  represented  by rec tang les  

t o  the  ( r e l a t i v e )  f requenc ies  and t h e  w id ths  o f  which rep resen t  the  c l a s s  w id th .  

Such a r e p r e s e n t a t i o n  i s  a l s o  c a l l e d  a h is togram and examples o f  h is tograms a re  

g i ven  i n  F i g .  2.4. 

t h e  h e i g h t s  o f  which a re  p r o p o r t i o n a l  

2.2.2. The mean o f  a f requency d i s t r i b u t i o n  

The a r i t h m e t i c  mean o f  a s e t  o f  n values, xl, x2, x3’ ... xn, i s  d e f i n e d  as 

. n  
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I f  t h e  va lue  

occurs  fi t imes, then t h e  t o t a l  number o f  measurements i s  g i v e n  by 

x1 occurs fl t imes, i f  x2 occurs f2 t imes and i n  genera l  i f  xi 

k 
n = C  fi 

i =1 

The a r i t h m e t i c  mean 

(2 .3 )  

i s  g i v e n  by 

k 
c x . f  

i i  n n i = l  
+ Xkfk - 1 Xlfl t X 2 f 2  + ... - _ -  x =  

When the  da ta  a r e  grouped i n t o  c lasses ,  a l l  measurements o f  a g i ven  c lass  a re  

cons idered t o  be equal  t o  t h e  m idd le  o f  t he  c lass .  

o f  c l a s s  i and i f  n i s  t he  t o t a l  number o f  measurements, eqn. 2.4 g i ves  t h e  

mean o f  t h e  f requency d i s t r i b u t i o n .  

By d e f i n i n g  xi as t h e  m idd le  

2.2.3. The var iance and s tandard  d e v i a t i o n  o f  a f requency d i s t r i b u t i o n  

The mean o f  a f requency d i s t r i b u t i o n  g i ves  a c e n t r a l  va lue  o f  t h e  measurements 

t h a t  i s  r e p r e s e n t a t i v e  o f  t h e  data.  

a l s o  i n t e r e s t i n g  t o  know t h e  e x t e n t  t o  which t h e  d i f f e r e n t  measurements a re  

concen t ra ted  ( o r  spread) around t h e  mean. 

I n  a d d i t i o n  t o  t h i s  c e n t r a l  value, i t  i s  

I n  F ig .  2.4, two frequency d i s t r i b u t i o n s  (h is tograms)  a r e  shown w i t h  the  

same mean va lue  b u t  w i t h  d i f f e r e n t  concen t ra t i ons  around the  mean va lue .  The 

d i s t r i b u t i o n  i n  F ig .  2.4a i s  much l e s s  concent ra ted  around i t s  mean than t h a t  

i n  F ig .  2.4b. 

va lues  o f  t h e  measurements xl, x2  .. . i s ,  on average, l a r g e r  f o r  t h e  d i s t r i b u t i o n  

i n  F i g .  2.4a. 

g i ven  by 

Th is  can be descr ibed by say ing  t h a t  t he  d i s tance  between the  

A mathematical  measure o f  concen t ra t i on  o f  t h e  measurements i s  

k 

i =I  
s 2 -  -; 1 c fi (x.-S;)2 

1 

The squares o f  t h e  d i f f e r e n c e s  a re  taken because i t  i s  necessary t o  p reven t  

d i f f e r e n c e s  w i t h  oppos i te  s igns  f rom be ing  e l im ina ted .  Another measure o f  t h e  
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c o n c e n t r a t i o n  i s  g i v e n  by t h e  var iance d e f i n e d  as 

f 

x x x  x 
1 2 3 4 3 7  

f 

< x x  
7 8 9  

1 r 
x x x  
1 2 3  

F ig .  2.4. Two h is tograms w i t h  d i f f e r e n t  concen t ra t i ons  around t h e  mean va lue .  

The reason f o r  d i v i d i n g  by n-1 i n s t e a d  of  n i n  eqn. 2.6 i s  t h a t  t he  r e s u l t i n g  

va lue  0' represents  a b e t t e r  es t ima te  o f  t h e  var iance o f  t he  e n t i r e  p o p u l a t i o n  

f rom which t h e  sample i s  taken. 

2 no d i f f e r e n c e  between 0' and S . 
square r o o t  o f  t h e  var iance : 

For  l a r g e  values o f  n ( >  25) t h e r e  i s  v i r t u a l l y  

The s tandard  d e v i a t i o n ,  a,  i s  d e f i n e d  as t h e  

2.2.4. D i s c r e t e  and cont inuous  random v a r i a b l e s  

2.2.4.1. o l s c r e t e - e n d _ c o _ n t i n ~ ~ ~ ~ - ~ ~ r ~ ~ ~ ~ ~ ~  

A r e a l  f u n c t i o n  assoc ia tes  a r e a l  number w i t h  each element o f  a s e t  o r  o f  
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a p o p u l a t i o n .  

r e a l  f u n c t i o n  i s  c a l l e d  a v a r i a b l e .  

When cons ide r ing  an unspec i f i ed  element o f  t h e  p o p u l a t i o n  t h e  

I f  t h e  s e t  o r  p o p u l a t i o n  con ta ins  a f i n i t e  number o f  elements, o r  i f  t h e  

elements can be counted ( i n  the  same way as i n t e g e r s )  t h e  v a r i a b l e  i s  c a l l e d  

d i s c r e t e .  I f  t h i s  i s  n o t  t he  case then t h e  v a r i a b l e  i s  c a l l e d  cont inuous .  

When t h e r e  i s  an element o f  chance o r  p r o b a b i l i t y  assoc ia ted  w i t h  a v a r i a b l e  

i t  i s  g e n e r a l l y  c a l l e d  a random v a r i a b l e .  

Very o f t e n  t h e  number o f  elements i n  the  s e t  o r  p o p u l a t i o n  i s  ve ry  l a r g e  and 

then t h e  b e s t  way o f  d e s c r i b i n g  the  random v a r i a b l e  i s  by us ing  a cont inuous  

f u n c t i o n .  

o f  a coun t ry  can be cons idered as a cont inuous random v a r i a b l e .  

Fo r  example t h e  concen t ra t i on  o f  g lucose i n  b lood  f o r  t h e  i n h a b i t a n t s  

I n  o t h e r  cases, when the  number o f  elements i s  smal l  o r  when t h e  values taken 

by t h e  random v a r i a b l e  a re  w e l l  d i f f e r e n t i a t e d  a d i s c r e t e  random v a r i a b l e  i s  

more approp r ia te .  

p r o b a b i l i t i e s  fo rm a d i s c r e t e  random v a r i a b l e .  

i s  drawn f rom a popu la t i on .  

elements o f  t h e  sample i s  a l s o  a d i s c r e t e  random v a r i a b l e .  

An example i s  the  s e t  o f  r e s u l t s  f rom an exper iment,  where t h e  

Another example i s  when a sample 

The s e t  o f  values o f  t h e  random v a r i a b l e  f o r  t h e  

An i n t e r m e d i a t e  case occurs when t h e  sample drawn f rom the  p o p u l a t i o n  i s  

very  l a r g e .  I n  t h i s  case a w ide ly  used techn ique c o n s i s t s  i n  g roup ing  the  values 

o f  t he  random v a r i a b l e  i n t o  subsets and computing t h e  number o f  elements i n  

each subgroup. An example o f  t h i s  techn ique was g i ven  i n  s e c t i o n  2.2.1. 

A cont inuous random v a r i a b l e ,  x, i s  charac te r i zed  by i t s  cumula t ive  p r o b a b i l i t y  

f u n c t i o n ,  F ( x ) .  

take ,  the  p r o b a b i l i t y  t h a t  i t s  va lue  w i l l  be l e s s  than o r  equal t o  x .  Th i s  f u n c t i o n  

corresponds t o  t h e  r e l a t i v e  cumula t ive  f requency d i s t r i b u t i o n  f u n c t i o n  de f i ned  

i n  s e c t i o n  2 .2 .1  and i t  i s  a l s o  c a l l e d  the  d i s t r i b u t i o n  f u n c t i o n .  

Th is  f u n c t i o n  g ives ,  f o r  each va lue  o f  x t h a t  t h e  v a r i a b l e  can 
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The changes o r  v a r i a t i o n s  i n  t h e  cumula t ive  p r o b a b i l i t y  f u n c t i o n  F ( x )  

correspond t o  t h e  p r o b a b i l i t i e s  t h a t  t he  random v a r i a b l e  w i l l  be equal  t o  x.  

They a r e  g i ven  by 

dF(x) f ( x )  = 
dx 

Th is  f u n c t i o n  i s  c a l l e d  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n ,  o r  sometimes 

t h e  ( p r o b a b i l i t y )  d e n s i t y  f u n c t i o n .  

When t h e  v a r i a b l e  i s  d i s c r e t e  these f ( x )  a re  t h e  p r o b a b i l i t i e s  o r  f requenc ies  

of  t h e  d i f f e r e n t  elements.  

t hey  are  c a l l e d  t h e  r e l a t i v e  f requenc ies .  

When t h e  elements a r e  grouped as i n  s e c t i o n  2.1.1, 

(a )  When a v a r i a b l e  x can take  a l l  o f  t h e  values o f  an i n t e r v a l  (a,  b )  w i t h  

equal  p r o b a b i l i t i e s ,  t h e  f o l l o w i n g  p r o b a b i l i t y  f u n c t i o n  i s  ob ta ined  : 

f ( x )  = k a < x < b  

f ( x )  = 0 e l  sewhere 

where k i s  a cons tan t .  Such a f u n c t i o n  i s  c a l l e d  a r e c t a n g u l a r  p r o b a b i l i t y  

F i g .  2.5. A r e c t a n g u l a r  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n .  
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d i s t r i b u t i o n  f u n c t i o n .  A g r a p h i c a l  rep resen ta t i on  o f  t h i s  f u n c t i o n  i s  shown 

i n  F i g .  2.5. 

To c a l c u l a t e  t h e  va lue  o f  k, i t  can be observed t h a t  t h e  t o t a l  p r o b a b i l i t y  

o f  x hav ing  a va lue  between a and b i s  equal  t o  u n i t y .  

con t inuous ,  t h i s  p r o b a b i l i t y  i s  c a l c u l a t e d  by t a k i n g  t h e  i n t e g r a l  o f  f ( x ) ,  

which g i ves  

As t h e  v a r i a b l e  x i s  

b b b 
1 f ( x ) d x  = I kdx = k I dx = k [XI: = k(b-a)  = 1 

a a a 

1 
b-a There fo re  k = - . 

( b )  An example o f  a s i m i l a r  d i s c r e t e  random v a r i a b l e  i s  g i v e n  by the  values 

ob ta ined  on t o s s i n g  a d i e .  

f u n c t i o n  : 

These a r e  g i v e n  by t h e  f o l l o w i n g  p r o b a b i l i t y  

p6’ 
The cont inuous  f u n c t i o n  f ( x )  i s  now rep laced  by p r o b a b i l i t i e s  pl, p2, ... 

The p r o b a b i l i t i e s  pi have t h e  p r o p e r t y  t h a t  t h e i r  sum must be equal  t o  u n i t y ,  

which corresponds t o  t h e  p r o p e r t y  o f  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  t h a t  

i t s  i n t e g r a l  i s  equal  t o  u n i t y .  

2.2.5. Parameters o f  a cont inuous random v a r i a b l e  and t h e i r  e s t i m a t i o n  

The mean va lue  o f  a d i s c r e t e  random v a r i a b l e  i s  g i ven  by 

k 

i =1 

- 
x = c xifi/n 

where t h e  xi values a r e  the  values taken by t h e  v a r i a b l e .  

con t inuous  random va r iab le ,  t h e  sum i s  rep laced  w i t h  an i n t e g r a l  ove r  t h e  range of 

t h e  v a r i a b l e .  The mean va lue  o f  a cont inuous random v a r i a b l e  x i s  denoted by E (x )  

where, i n  general ,  t h e  symbol E (  ) stands f o r  expectancy o f  ( ) : 

When c o n s i d e r i n g  a 
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t m  

E ( x )  = 1 x f ( x )  dx 
-m 

(2.10) 

Th is  va lue  i s  a l s o  c a l l e d  t h e  expected va lue  o f  x. 

j t h  power o f  x i s  c a l l e d  t h e  j t h  moment o f  t h e  v a r i a b l e  : 

The expected va lue  o f  t h e  

+m . 
E(xJ)  = 1 xJ f ( x )  dx (2.11) 

-m 

It i s  a l s o  denoted by p 

u s u a l l y  denoted by u. 

between t h e  v a r i a b l e  and i t s  mean va lue  i s  c a l l e d  t h e  j t h  moment around t h e  

mean : 

The f i r s t  moment, p l ,  i s  t h e  mean value, which i s  

The expected va lue  o f  t h e  j t h  power o f  t h e  d i f f e r e n c e  
j '  

tm 

E [ ( x  - E ( x ) ) j  ] = J ( x  - E ( x ) ) J  f ( x )  dx 
-m 

I t i s  a l s o  denoted by p '  
j *  

The va r iance  o f  a random v a r i a b l e  i s  d e f i n e d  as p i  : 

(2.12) 

I t  can be shown t h a t  

2 The var iance i s  o f t e n  w r i t t e n  as u . 
dev i  a t i  on. 

Example 

L e t  us c o n s i d e r  a random v a r i a b l e  x w i t h  a r e c t a n g u l a r  p r o b a b i l i t y  d i s t r i b u t i o n  

f u n c t i o n  

I t s  square r o o t ,  u,  i s  c a l l e d  t h e  s tandard  

a t x < b  1 
b-a f ( x )  = - 

f ( x )  = 0 x < a  o r  x > b ,  
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The mean va lue  i s  g i v e n  by 

and t h e  va r iance  i s  g i ven  by 

o2 = L ( b 2 t  ab t a 2 ) - (-) a t b 2  = 1 ( b  - a)  2 
3 2 

I t  shou ld  be no ted  t h a t ,  as shown i n  the  examples, t h e  terms s tandard  d e v i a t i o n  

and va r iance  a re  n o t  con f ined  t o  normal d i s t r i b u t i o n s ,  as i s  sometimes be l i eved .  

A t  t h i s  p o i n t  i t  i s  a l s o  necessary t o  make an impor tan t  d i s t i n c t i o n ,  between 

p o p u l a t i o n  parameters and t h e i r  es t ima to rs ,  i . e . ,  t h e  f u n c t i o n s  used t o  es t ima te  

these p o p u l a t i o n  parameters. 

a parameter t o  denote t h e  es t ima to r .  

i s  a f u n c t i o n  o f  measurements, i t  i s  i t s e l f  a random v a r i a b l e  possessing a 

p r o b a b i l i t y  d i s t r i b u t i o n  and i t s  performance can be judged f rom t h e  parameters 

o f  t h i s  d i s t r i b u t i o n .  I f  the  mean va lue  o f  t h e  d i s t r i b u t i o n  o f  t h e  e s t i m a t o r  

i s  equal t o  t h e  parameter which i t  must es t imate ,  i t  i s  c a l l e d  an unbiased 

es t ima to r .  

sample mean 'jY as de f i ned  i n  s e c t i o n  2.2.2. 

expected va lue  o f  'jY i s  t h e  mean p : 

To make t h i s  poss ib le ,  one o f t e n  adds "ha t "  t o  

As t h e  e s t i m a t o r  o f  a p o p u l a t i o n  parameter 

Fo r  example, an unbiased e s t i m a t o r  o f  t h e  p o p u l a t i o n  mean 1-1 i s  t h e  

The e s t i m a t o r  i s  unbiased as t h e  

Th is  can be w r i t t e n  as 
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(2.14) 

The median ( t h e  m idd le  va lue  of  a s e t  o f  numbers arranged i n  o r d e r  o f  magnitude) 

i s  a l s o  an unbiased e s t i m a t o r  o f  t h e  mean p .  

2 The d i s t r i b u t i o n  o f  x values has a var iance o f  0 /n. The d i s t r i b u t i o n  o f  t h e  

median i s  n o t  d e r i v e d  so e a s i l y  bu t ,  i n  any case (except  when t h e  sample s i z e  

i s  2 ) ,  t h e  va r iance  o f  t he  d i s t r i b u t i o n  f o r  t h e  mean i s  sma l le r  than f o r  t h e  

d i s t r i b u t i o n  o f  t h e  median, which i s  why t h e  fo rmer  i s  p r e f e r r e d .  

e s t i m a t o r  o f  t h e  s tandard  d e v i a t i o n  i s  g i ven  by 

An unbiased 

- 2  n 
C (xi - x )  G2 = ii=r i=l 

and a b iased  e s t i m a t o r  i s  g i v e n  by 

2 1 n  2 s = - C (Xi - X) 
i = l  

The fo rmer  exp ress ion  i s  t h e r e f o r e  used i n  most ins tances .  

(2.15) 

(2.16) 

IMPORTANT NOTE : 

There i s  a discrepancy between t h e  n o t a t i o n  used by a n a l y t i c a l  chemists and 

many s t a t i s t i c i a n s ,  t he  fo rmer  us ing  t h e  symbol s where t h e  l a t t e r  use G. 

I n  t h i s  t e x t ,  we s h a l l  n o t  use t h e  b iased e s t i m a t o r  (equa t ion  2.16) w i t h o u t  

exp ress l y  s t a t i n g  so. The symbol s i s  t h e r e f o r e  e q u i v a l e n t  t o  i n  t h i s  

book. The symbol S w i l l  be used t o  r e l a t e  the  s i g n a l  t o  a concen t ra t i on  

(see a l s o  Chaoter 61. 
~~ 

An ex tens ion  o f  t he  n o t i o n  o f  expectancy o r  mathematical  e x p e c t a t i o n  i s  

ob ta ined  when cons ide r ing  f u n c t i o n s  o f  random v a r i a b l e s .  

v a r i a b l e  w i t h  a p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  f ( x )  and g ( x )  i s  a f u n c t i o n  

o f  x, t he  mathematical  expec ta t i on  o f  g (x )  i s  de f ined as t h e  expected va lue  o f  

t h e  f u n c t i o n  and i s  g i v e n  by t h e  eqya t ion  

I f  x i s  a random 
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An impor tan t  case a r i s e s  when cons ide r ing  the  s imp le  l i n e a r  f u n c t i o n  

g ( x )  = ax 

where a i s  cons tan t .  The mathematical  e x p e c t a t i o n  o f  g ( x )  i s  g i v e n  by 

tm 

E(ax) = 1 ax f ( x )  dx = a E(x) 
-m 

I n  t h e  same way, i t  i s  p o s s i b l e  t o  d e f i n e  t h e  var iance o f  a f u n c t i o n  g ( x )  as i t s  

second moment around i t s  mathematical  e x p e c t a t i o n  : 

Tak ing  t h e  l i n e a r  f u n c t i o n  g (x )  = ax, we o b t a i n  

2 2 2 
) = E (a  ( x  - E ( x ) )  Var (ax )  = E ( ( a x  - a E ( x ) )  ) 

Th i s  i s  o f  importance i n  a n a l y t i c a l  chemis t ry  where a s i g n a l  y i s  r e l a t e d  t o  a 

concen t ra t i on  x th rough a cons tan t  S (see Chapter 6 ) .  

f rom t h e  fo rego ing  equa t ion  t h a t  ~ ( y )  = Sp(x )  and a ( y )  = So(x).  

I f  y = Sx, then i t  f o l l o w s  

2.2.6. Some spec ia l  d i s t r i b u t i o n s  

The p r o b a b i l i t y  f u n c t i o n  o f  a normal d i s t r i b u t i o n  i s  g i ven  by 

1 x-u  2 
1 e - l ( $  

f ( x )  = - 
a m  

(2 .17)  
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where 1-1 and a a r e  t h e  mean va lue  and s tandard  d e v i a t i o n ,  r e s p e c t i v e l y ,  o f  t h i s  

p r o b a b i l i t y  f u n c t i o n .  

d i s t r i b u t i o n ,  t h e  cumula t ive  f requency d i s t r i b u t i o n  f u n c t i o n  o f  t h e  normal 

d i s t r i b u t i o n  i s  g i v e n  by 

By analogy w i t h  t h e  r e l a t i v e  cumula t ive  f requency 

2 - 1 (X-lJ) 
F ( x )  = 1 ' 1  - e dx 

-a a m  
(2.18) 

2 When a v a r i a b l e  x has a normal d i s t r i b u t i o n  w i t h  a mean va lue  1-1 and var iance u , 

t h i s  i s  w r i t t e n  as 

An impor tan t  p a r t i c u l a r  case a r i s e s  when t h e  mean va lue  i s  zero  and t h e  va r iance  

i s  u n i t y ,  which i s  c a l l e d  a s tandard  o r  reduced normal v a r i a b l e  

x Q N ( 0 , l )  

I n  t h i s  i n s t a n c e  t h e  p r o b a b i l i t y  f u n c t i o n  i s  g i v e n  by 

2 
X 

' e  -7 f ( x )  = - 
Jz;i 

and i t s  cumula t ive  f requency d i s t r i b u t i o n  f u n c t i o n  i s  g i v e n  by 

2 
X - _  

F ( x )  = 1 x 1  - e 2 d x  
-m /'Z 

(2.19) 

(2.20) 

The f u n c t i o n s  a re  i l l u 9 t r a t e d  i n  F ig .  2.6. 

It can be shown t h a t  i f  a v a r i a b l e  x has an N(u,cr2) d i s t r i b u t i o n ,  t h e  

v a r i a b l e  z = ( x -p ) /a  has an N(0, l )  d i s t r i b u t i o n  ; z i s  c a l l e d  the  reduced 

v a r i a b l e  o f  x.  

Values o f  t h e  cumu la t i ve  d i s t r i b u t i o n  f u n c t i o n  o f  z a re  g i ven  i n  t h e  Appendix. 

iranchembook.ir/edu

https://iranchembook.ir/edu


34 

a 

b 

F ig .  2.6. The normal p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  ( a )  and the  r e s u l t i n g  
cumula t ive  f requency d i s t r i b u t i o n  f u n c t i o n  ( b ) .  

I n  o r d e r  t o  check whether a f requency d i s t r i b u t i o n  can be approximated by a 

normal d i s t r i b u t i o n ,  one can use p r o b a b i l i t y  graph paper. There fore ,  t he  g i ven  

frequency d i s t r i b u t i o n  i s  conver ted  i n t o  a cumula t ive  f requency d i s t r i b u t i o n .  

The cumula t ive  r e l a t i v e  f requencies a re  p l o t t e d  a g a i n s t  t h e  upper c l a s s  

boundar ies on p r o b a b i l i t y  graph paper. I f  a s t r a i g h t  l i n e  i s  ob ta ined,  one can 
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s t a t e  t h a t  a normal d i s t r i b u t i o n  c l o s e l y  f i t s  t he  data.  

z = x-v , t h e r e  i s  a l i n e a r  r e l a t i o n s h i p  between z and x when x i s  no rma l l y  

d i s t r i b u t e d .  

Indeed, as 

U 

cumulat ive relative + frequency 
Z 

I 

F i g .  2.7. 
a g a i n s t  t h e  upper c l a s s  boundar ies.  

P r o b a b i l i t y  graph : % cumula t ive  r e l a t i v e  f requenc ies  p l o t t e d  

I f  xl, x2, . .., xk  a r e  independent normal v a r i a b l e s  w i t h  a mean va lue  

o f  zero  and a s tandard  d e v i a t i o n  o f  u n i t y ,  then t h e  v a r i a b l e  

= .; t x ;  t ... + Xk 2 (2.21) xk 

i s  s a i d  t o  have a ch i -square  d i s t r i b u t i o n  w i t h  k degrees o f  freedom. Values 

f o r  t h e  ch i -square  d i s t r i b u t i o n  a re  g i v e n  i n  Table I1  (Appendix) .  The x 2 

d i s t r i b u t i o n  i s  dep ic ted  i n  F i g .  2.8. 
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::;k . 
k=lO 

0 5 10 15 X 

2 F i g .  2.8. x p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n .  

2 L e t  us cons ide r  an N(0,l) normal v a r i a b l e  z and a xk v a r i a b l e  independent 

o f  z. The v a r i a b l e  tk, g iven  by 

Z tk = - (2.22) 

i s  s a i d  t o  have a t - d i s t r i b u t i o n  w i t h  k degrees o f  freedom. 

a S tuden t ' s  d i s t r i b u t i o n  (see F ig .  2 . 9 ) .  

f u n c t i o n  o f  tk a r e  g i ven  i n  Table I 1 1  (Appendix) .  

I t  i s  a l s o  c a l l e d  

Values o f  t he  cumula t ive  d i s t r i b u t i o n  

The r a t i o  

(2 .23)  

i s  s a i d  t o  have an F o r  Fisher-Snedecor d i s t r i b u t i o n  i f  t h e  two ch i -square  
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2 2 d i s t r i b u t i o n s  xk and x,,, a re  independent. 

which i s  d e p i c t e d  i n  F ig .  2.10, a re  k and m. 

2 t a b u l a t e d  i n  Table I V  (Appendix) .  The normal d i s t r i b u t i o n ,  t he  t, t h e  x and 

t h e  F d i s t r i b u t i o n s  a re  used i n  many ins tances  i n  t h e  f o l l o w i n g  chapters .  

The parameters of  t h i s  d i s t r i b u t i o n ,  

Values o f  t h e  F - d i s t r i b u t i o n  are  

F i g .  2.9. The t - d i s t r i b u t i o n  f o r  k = 3 compared w i t h  N(0,l). 

Fk,m 1 .o t 
0.5 

0 

F i g .  2.10. The F - d i s t r i b u t i o n .  
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Chapter 3 

EVALUATION OF P R E C I S I O N  AND ACCURACY - COMPARISON OF TWO PROCEDURES * 

3.1. GENERAL D I S C U S S I O N  OF METHODS AND CONCEPTS 

3.1.1. I n t r o d u c t i o n  

One o f  t h e  s imp le r  ways o f  o p t i m i z i n g  a p a r t i c u l a r  a n a l y t i c a l  problem i s  t o  

compare seve ra l  methods accord ing  t o  t h e i r  performance c h a r a c t e r i s t i c s  and t o  

s e l e c t  t h e  bes t  one. 

cons ide r  r e p l a c i n g  i t  w i t h  a cheaper o r  f a s t e r  procedure o r ,  i n  genera l ,  w i t h  

a procedure w i t h  more d e s i r a b l e  c h a r a c t e r i s t i c s .  

i s  t h a t  t h e  new method shou ld  be accura te ,  i . e . ,  f r e e  f rom method b ias ,  and t h i s  

aspect i s  t h e  main concern o f  t h i s  chapter .  

The s i m p l e s t  means o f  o b t a i n i n g  some idea  o f  t h e  accuracy o f  a method i s  t o  

use i t  t o  analyse a s tandard  o r  re fe rence  m a t e r i a l  f o r  which the  concen t ra t i on  

o f  t he  a n a l y t e  i s  known w i t h  h i g h  accuracy and p r e c i s i o n .  

t h e  known t r u e  va lue  and t h e  mean o f  r e p l i c a t e  de terminat ions  w i t h  t h e  " t e s t "  

method i s  due t o  t h e  sum o f  method b i a s  and random e r r o r s .  It i s  t h e r e f o r e  

necessary t o  es t ima te  t h e  p r o p o r t i o n  of each t ype  o f  e r r o r ,  and the  s t r a t e g y  

used f o r  t h i s  purpose i s  t o  i n v e s t i g a t e  f i r s t  whether t h e  d e v i a t i o n  can be 

exp la ined  by random e r r o r s  alone. 

answer i s  t h a t  t h e  d e v i a t i o n  can indeed be ass igned t o  random e r r o r s ,  t h e  method 

i s  cons idered t o  be accura te .  I f  not ,  t h e  d e v i a t i o n  i s  cons idered t o  be a 

measure o f  t he  b i a s .  

t he  b i a s ,  whereas i t  i s ,  o f  course, o n l y  an es t ima te  o f  t h e  method b i a s .  

O f ten  one procedure i s  a l ready  be ing  used and one can 

A p r e r e q u i s i t e  f o r  do ing  t h i s  

The d i f f e r e n c e  between 

Th is  i s  done w i t h  a t - t e s t  and, when t h e  

Of ten ,  i t  i s  s imp ly  s t a t e d  t h a t  the  d e v i a t i o n  i s  equal  t o  

Th is  chap te r  has been w r i t t e n  w i t h  t h e  c o l l a b o r a t i o n  of Y .  M icho t te ,  
Pharmaceut ical  I n s t i t u t e ,  V r i  j e  U n i v e r s i t e i t  Brusse l  , Belgium. 

* 
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Th is  procedure o f  i n v e s t i g a t i n g  accuracy has t h e  disadvantage t h a t  t h e  r e s u l t  

i s  v a l i d  o n l y  f o r  t h e  p a r t i c u l a r  re fe rence  m a t e r i a l  used. 

m a t e r i a l  o f  known concen t ra t i on  i s  a v a i l a b l e .  I n  t h i s  ins tance,  one o f t e n  

compares t h e  method be ing  i n v e s t i g a t e d  o r  " t e s t  method" w i t h  an e x i s t i n g  method 

c a l l e d  t h e  " re fe rence  method", f o r  which i t  i s  u s u a l l y  assumed t h a t  t h e r e  i s  no 

method o r  l a b o r a t o r y  b i a s .  

b u t  o f t e n ,  however, t he  person deve lop ing  a new method f o r  a p a r t i c u l a r  

de te rm ina t ion  takes  an e x i s t i n g  method from the  l i t e r a t u r e  as a re fe rence  method. 

I n  view o f  o u r  d i scuss ion  o f  t h e  components o f  i n t e r - l a b o r a t o r y  p r e c i s i o n  i n  t h e  

p rev ious  chapter ,  t h i s  i s  a hazardous assumption and, f o r  t h i s  reason, t h e  f i n a l  

e v a l u a t i o n  o f  a method shou ld  p r e f e r a b l y  be c a r r i e d  o u t  i n  an i n t e r - l a b o r a t o r y  

study. 

O f ten  no s tandard  

There may be s a t i s f a c t o r y  reasons f o r  t h i s  assumption 

When one assumes t h a t  one possesses an accura te  re fe rence  method, t h e  re fe rence 

and t e s t  methods a r e  used t o  c a r r y  o u t  a number o f  de termina t ions .  

one analyses r e p l i c a t e s  f rom t h e  same sample b u t  i n  t h i s  i ns tance  one w i l l  l e a r n  

o n l y  whether t h e  method i s  accu ra te  f o r  t h e  p a r t i c u l a r  m a t e r i a l  be ing  analysed. 

I t  i s  t h e r e f o r e  p r e f e r a b l e  t o  analyse a range o f  samples w i t h  bo th  methods. 

r e s u l t s  ob ta ined  can be used i n  severa l  ways : 

Sometimes 

The 

(1) I d e a l l y  t h e  r e s u l t s  sbu ld  be comple te ly  c o r r e l a t e d ,  i . e . ,  t h e  c o r r e l a t i o n  

The c o r r e l a t i o n  c o e f f i c i e n t ,  however, c o e f f i c i e n t  ( r )  shou ld  be equal  t o  u n i t y .  

cannot be i n t e r p r e t e d  d i r e c t l y  i n  terms o f  accuracy. F o r  example, does r = 0.95 

mean t h a t  t h e  method shou ld  be cons idered accura te  o r  n o t  ? There fore ,  a 

c a l c u l a t i o n  o f  t h e  c o r r e l a t i o n  c o e f f i c i e n t  w i l l  serve o n l y  as a p r e l i m i n a r y  

i n d i c a t i o n  and i t  w i l l  n o t  be d iscussed f u r t h e r .  

(2 )  Tes ts  can be a p p l i e d  t o  i n v e s t i g a t e  whether the  d i f f e r e n c e s  ob ta ined  a re  

Accord ing  t o  whether one assumes a normal d i s t r i b u t i o n  o f  s i g n i f i c a n t  o r  n o t .  

e r r o r s  o r  does n o t  make any assumptions, a t - t e s t  ( s e c t i o n  3.1.2) o r  a 

non-parametr ic t e s t  ( s e c t i o n  3.1.3) w i l l  be c a r r i e d  ou t .  

( 3 )  I f  one p l o t s  t h e  r e s u l t s  f rom one method agains' t  those f rom t h e  o the r ,  

t h e  reg ress ion  l i n e  shou ld  i d e a l l y  pass th rough t h e  o r i g i n  and have a s lope  o f  
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unity. 

while the slope i s  a measure of proportional e r r o r .  

a l so  be calculated and i s  a measure of t h e  precis ion.  

regression analysis  t o  method comparison i s  discussed i n  sect ion 3.1.4. 

sect ion 3.1.5,  the appl icat ion of t h i s  technique t o  recovery experiments 

(standard addi t ion techniques) , used to  de tec t  proportional e r r o r s ,  i s  a l s o  

considered. 

The in te rcept  on the ordinate  i s  therefore  a measure of method b ias ,  

The standard deviation can 

The appl icat ion of 

I n  

( 4 )  The standard deviat ions f o r  the rep l ica te  analysis  of one sample by two 

methods can be compared using the F-test  (sect ion 3.1.6). 

So f a r ,  we have considered a comparison of two methods. More than two methods 

can be invest igated by using the analysis  of variance technique o r  the much 

l e s s  used pr incipal  components method (Carey e t  a l . ,  1975). 

i s  discussed i n  Chapter 19 and the former in  Chapter 4 .  

The l a t t e r  method 

The 1 i t e r a t u r e  abounds with examples of the evaluation of precision and 

accuracy. 

wri t ten f o r  c l i n i c a l  chemists by Barnett and Youden (1970) and f o r  o f f i c i a l  

ana ly t ica l  chemists by Youden and Ste iner  (1975). 

methods f o r  the evaluation o f  precision and accuracy i n  a very simple way b u t  

with l i t t l e  de ta i l  about the underlying mathematics, as they a re  intended f o r  

users with l i t t l e  s t a t i s t i c a l  knowledge. 

cor rec t  and of ten very e f f i c i e n t .  A n  in te res t ing  paper on method comparison 

s tudies  was published by Westgard and H u n t  (1973), and contains a simulation 

study of the e r r o r s  t h a t  have an e f f e c t  on  the precision and accuracy of methods. 

This enables them t o  show c lear ly  the l imi ta t ions  of the d i f f e r e n t  s t a t i s t i c a l  

procedures used f o r  method comparison purposes. A thorough, b u t  unfortunately 

f o r  most users too complex s e r i e s  o f  papers on method evaluation was published 

by Gottschalk (1976). 

a vore fundamental i n t e r e s t  i n  t h i s  topic .  

Extensive schemes have been proposed by some workers, including those 

Both of these schemes include 

The procedures proposed, however, a r e  

They should be read, however, by every worker who has 
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3.1 .2 .  E v a l u a t i o n  o f  method b i a s  u s i n g  t e s t s  on t h e  mean ( t - t e s t )  

When one analyses a s tandard  o r  re fe rence  sample (such as those proposed by 

have t o  o rgan iza t i ons  such as ASTM, NBS and IAEA) w i t h  a new method, one w i l l  

decide whether the  r e s u l t  ob ta ined  d i f f e r s  s i g n i f i c a n t l y  o r  n o t  f rom 

concen t ra t i on .  The s t a t e d  concen t ra t i on  i s  t he  mean ob ta ined  w i t h  a 

o f  c a r e f u l  de termina t ions  by t h e  o r g a n i z a t i o n  i s s u i n g  the  sample, whi 

he s t a t e d  

arge number 

e the  

r e s u l t  ob ta ined  w i t h  t h e  new ( " t e s t " )  method i s  t he  mean o f  a number o f  r e p l i c a t e  

de te rm ina t ions .  S t a t i s t i c a l l y ,  one t h e r e f o r e  compares the  means o f  two popu la t i ons .  

I n  p r a c t i c e ,  i t  i s  o f t e n  imposs ib le  t o  c a r r y  o u t  a meaningful  s t a t i s t i c a l  t e s t  

as t h e  o n l y  p o p u l a t i o n  parameter g i ven  f o r  t h e  re fe rence  m a t e r i a l  i s  t he  mean. 

Of ten  no s tandard  d e v i a t i o n  i s  g iven .  

Reference samples o f  t h i s  type  have r e a l  va lue  o n l y  when they  have been 

c e r t i f i e d  w i t h  s u f f i c i e n t  care.  An example o f  how t h i s  shou ld  be done i s  t he  

c e r t i f i c a t i o n  procedure used by t h e  Na t iona l  Bureau o f  Standards (NBS) ( C a l i ,  

1976).  

measurement w i t h  a method o f  known accuracy,  by a t  l e a s t  two a n a l y s t s  work ing  

The NBS uses t h r e e  p r i n c i p a l  modes o f  measurement o f  re fe rence  samples : 

independent ly  ; measurement w i t h  a t  l e a s t  two independent methods, t h e  es t imated  

accurac ies  o f  which a re  good compared w i t h  the  accuracy r e q u i r e d  f o r  c e r t i f i c a t i o n  ; 

and measurement accord ing  t o  a c o l l a b o r a t i v e  scheme, i n c o r p o r a t i n g  q u a l i f i e d  

1 abo r a t 0  r i  es . 
There fore ,  a l though the re  i s  an obvious need f o r  s tandard  m a t e r i a l s ,  we 

would recommend i n d i v i d u a l  l a b o r a t o r i e s  and o rgan iza t i ons  n o t  t o  i ssue  t h e i r  

own s tandard  m a t e r i a l s  except  when unavoidable,  b u t  t o  leave i t  t o  t h e  few 

o rgan iza t i ons  t h a t  have l o n g  and e s t a b l i s h e d  exper ience i n  t h i s  f i e l d .  

r e s e r v a t i o n s  made i n  t h e  preced ing  paragraphs do n o t  mean t h a t  i n d i v i d u a l  

l a b o r a t o r i e s  shou ld  no t  t e s t  t h e i r  methods by comparison w i t h  a re fe rence  method 

o r  a s tandard  m a t e r i a l  w i t h  incomplete s t a t i s t i c a l  i n fo rma t ion .  I t  i s  obv ious l y  

b e t t e r  t o  make a study o f  t h e  accuracy o f  a method w i t h  t h e  re fe rence  m a t e r i a l s  

t h a t  a re  a v a i l a b l e ,  however i m p e r f e c t  t h e  s t a t i s t i c a l  da ta  may be r a t h e r  than 

make no s tudy  a t  a l l  o f  t h e  accuracy o f  t h e  proposed method. However, i t  i s  

The 
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necessary t h a t  t he  l i m i t a t i o n s  i n  t h e  conc lus ions  t h a t  can be drawn f rom such 

comparisons shou ld  be borne i n  mind. 

A f t e r  these i n t r o d u c t o r y  cau t iona ry  remarks, we can t u r n  t o  the  s t a t i s t i c a l  

methodology. 

between t h e  s t a t e d  va lue  which i s  accepted as the  t r u e  value, u0 ,  and i t s  

exper imenta l  es t ima te ,  x, ob ta ined  w i t h  t h e  t e s t  method. L e t  us i n v e s t i g a t e  

f i r s t  t h e  case where uo has been determined w i t h  h igh  p r e c i s i o n  so t h a t  t h e  

s tandard  d e v i a t i o n  can be cons idered t o  approximate t o  zero.  

symbol p o ,  which we de f ined  as t h e  " t r u e "  va lue  o f  a sample i n  Chapter 2, can 

be c r i t i c i z e d ,  as one has no way o f  be ing  comple te ly  sure about t h i s  t r u e  va lue .  

However, we s t a t e  here t h a t  t h e  va lue  g i ven  f o r  t he  re fe rence  sample i s  by 

d e f i n i t i o n  equal t o  the  t r u e  value. 

take  i n t o  account t h e  d i f f e r e n c e  between x and p o  and t h e  p r e c i s i o n  on t h e  

de te rm ina t ions  o f  x. 
probab le  i t  becomes t h a t  t h e r e  i s  a method b i a s .  

shou ld  c a l c u l a t e  t h e  va lue  

One has t o  decide whether o r  n o t  t h e r e  i s  a s i g n i f i c a n t  d i f f e r e n c e  

- 

The use o f  t h e  

I t i s  i n t u i t i v e l y  c l e a r  t h a t  one has t o  

The sma l le r  t h e  r a t i o  between IT - u o l  and s ,  t h e  l e s s  

Student  has shown t h a t  one 

where n i s  t he  number o f  de termina t ions  w i t h  the  t e s t  method. 

o f  n i n  the  equa t ion  o r i g i n a t e s  f rom t h e  f a c t  t h a t  t he  s tandard  d e v i a t i o n  t h a t  

must be used i s  t h e  s tandard  d e v i a t i o n  o f  t he  p o p u l a t i o n  o f  averages which i s  

equal  t o  s / f i .  

i s  n o t  due t o  random e r r o r s  and i s  t h e r e f o r e  S i g n i f i c a n t .  

can be found i n  s t a t i s t J c a 1  t a b l e s .  

o f  freedom, which i n  t h i s  i ns tance  i s  n - 1. I n  t h e  tab les  f o r  20 degrees o f  

freedom ( i . e .  f o r  an exper imenta l  set-up w i t h  n = 21) and a p r o b a b i l i t y  l e v e l  

o f  99%, t h e  va lue  2.84 i s  found. I f  an exper imenta l  va lue  equal  t o  o r  g r e a t e r  

than 2.84 i s  ob ta ined,  t h i s  means t h a t  the  p r o b a b i l i t y ,  t h a t  t he  observed 

d i f f e r e n c e  i s  due t o  chance i s  1% o r  l e s s .  

The i n c o r p o r a t i o n  

The l a r g e r  t, t h e  h i g h e r  i s  t he  p r o b a b i l i t y  t h a t  t h e  d i f f e r e n c e  

Th is  p r o b a b i l i t y  

I t  i s  a f u n c t i o n  o f  t he  number o f  degrees 
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When t h e  s tandard  d e v i a t i o n  on t h e  re fe rence  sample i s  n o t  n e g l i g i b l e ,  i t  

must be taken  i n t o  account as an a d d i t i o n a l  source o f  v a r i a t i o n .  The mean 

va lue  g i ven  f o r  t h e  re fe rence  sample i s  an es t ima te  o f  i t s  t r u e  va lue  and we 

s h a l l  rep resen t  i t  here  by u .  The te rm t now becomes 

where nl and n2 a r e  t h e  number o f  r e p l i c a t e s  on which t h e  es t imates  s1 ( t e s t  

method) and s2 ( re fe rence  sample) a re  based. 

used when t h e  t e s t  procedure i s  compared w i t h  a re fe rence  procedure by ana lys ing  

the  sample w i t h  bo th  procedures.  

The same equat ion  can a l s o  be 

Then i t  i s  p r e f e r a b l e  t o  r e - w r i t e  eqn. 3 .2  as 

(3 .3  

where s i s  a poo led  es t ima te  o f  the  s tandard  d e v i a t i o n .  

i n  t h e  f o l l o w i n g  way 

I t can be c a l c u  a ted  

- 2  

s2 = i = l  j = l  

n l t n  - 2  2 
( 3 . 4 )  

- - 
where xli , x1 and nl r e f e r  t o  t h e  t e s t  method and x2j, x2  and n 

method. 

p r e c i s i o n s )  o f  bo th  methods a r e  i d e n t i c a l  ( o r  do n o t  d i f f e r  t o o  much). 

t he  p r e c i s i o n s  cannot be cons idered t o  be i d e n t i c a l ,  a more compl ica ted  

c a l c u l a t i o n  i s  necessary (see, f o r  example, Lark  e t  a l . ,  1969).  

t o  t h e  re fe rence  2 

The use of a poo led  var iance assumes t h a t  t he  var iances  ( o r  t h e  

When 

T h i s  e v a l u a t i o n  procedure enables one t o  conclude o n l y  t h a t  t h e  method i s  

accura te  ( o r  n o t )  f o r  t he  a n a l y s i s  of  a sample o f  t h a t  p a r t i c u l a r  concen t ra t i on .  

I n  o r d e r  t o  o b t a i n  more general  conc lus ions ,  one can c a r r y  o u t  one de te rm ina t ion  

w i t h  each method on n d i f f e r e n t  samples, which shou ld  p r e f e r a b l y  i n c l u d e  a 

s u f f i c i e n t  v a r i e t y  of ma t r i ces  and a range o f  concen t ra t i ons .  

be asked now i s  whether t h e  d i f f e r e n c e s ,  di , between t h e  r e s u l t s  o f  t h e  two 

The ques t i on  t o  
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methods a r e  s i g n i f i c a n t l y  d i f f e r e n t  f rom zero.  

w i l l  be cons idered t o  g i v e  t h e  same r e s u l t .  

d i f f e r e n c e s  between di and zero  shou ld  then be due t o  random e r r o r s .  

say t h a t  2,  t he  mean va lue  o f  di , i s  compared w i t h  t h e  re fe rence  va lue  zero.  

I n  s t a t i s t i c a l  te rmino logy ,  one says t h a t  t h e  n u l l  hypothes is  i s  t h a t  t h e  t r u e  

mean o f  t h e  di values i s  zero. Mathemat ica l l y ,  t h i s  i s  analogous t o  t h e  f i r s t  

re fe rence  sample case i n v e s t i g a t e d  i n  t h i s  sec t i on .  

a p p l i e d  w i t h  sd, t h e  s tandard  d e v i a t i o n  on d 

I f  t h i s  i s  n o t  so, t h e  methods 

Another consequence i s  t h a t  t h e  

One cou ld  

The t - t e s t  i s  t h e r e f o r e  

O f  a l l  t h e  e v a l u a t i o n  procedures descr ibed i n  t h i s  sec t i on ,  t h e  l a s t  one i s  t h e  

most d e s i r a b l e .  One shou ld  be aware, however, o f  i t s  l i m i t a t i o n s .  I n  

p a r t i c u l a r ,  t h e  t - t e s t  w i l l  y i e l d  erroneous r e s u l t s  i n  t h e  f o l l o w i n g  cases : 

( a )  i f  a sys temat ic  e r r o r  i s  caused i n  o n l y  one o r  a few o f  t he  samples by 

an i n t e r f e r e n t  p resen t  o n l y  i n  those samples, t h e  random e r r o r  i n  the  samples 

can mask t h e  sys temat i c  e r r o r ,  o r  e l s e  t h e  sys temat ic  e r r o r  i n  one sample may 

l e a d  t o  such a h igh  t - v a l u e  t h a t  i t  i s  concluded t h a t  t h e  method i s  g e n e r a l l y  

i naccu ra te  ; 

( b )  t h e  t - t e s t  i s  v a l i d  f o r  a cons tan t  sys temat ic  e r r o r  o r  p r o p o r t i o n a l  

e r r o r s  i n  a very  r e s t r i c t e d  concen t ra t i on  range b u t  n o t  f o r  p r o p o r t i o n a l  e r r o r s  

ove r  a w i d e r  range, as t h e  research  hypothes is  (see s e c t i o n  3.2) i s  t h a t  t h e  

d i f f e r e n c e  between bo th  procedures (popu la t i ons  i n  s t a t i s t i c a l  t e rm ino logy )  i s  

independent o f  t h e  concen t ra t i on .  P r o p o r t i o n a l  e r r o r s  depend on t h e  concen t ra t i ons  

so t h a t  t h e  t - t e s t  i s  n o t  v a l i d .  

o f  method comparison s t u d i e s  by Westgard and Hunt (1973).  

Th i s  was shown very  e l e g a n t l y  by a s i m u l a t i o n  

As P a r t  I o f  t h i s  book i s  devoted t o  c r i t e r i a ,  i t  should be s t ressed  t h a t  

t he  t - t e s t  enables one t o  i n v e s t i g a t e  o n l y  whether a procedure i s  accura te  o r  n o t  

o r ,  more p r e c i s e l y ,  how l a r g e  t h e  p r o b a b i l i t y  i s  t h a t  i t  i s  accura te .  The 

t - v a l u e  shou ld  n o t  be used, however, as a numerical  c r i t e r i o n .  Westgard and 

Hunt (1973) gave one reason f o r  t h i s  i n  t h e i r  s tudy  : t i s  a r a t i o  o f  cons tan t  
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and random e r r o r s ,  whereas the  q u a n t i t y  o f  importance t o  the  user  i s  t he  t o t a l  

e r r o r .  A l a r g e  d i f f e r e n c e  te rm and a l a r g e  s tandard  d e v i a t i o n  may y i e l d  a low 

t - va lue ,  i n d i c a t i n g  t h a t  t he  method i s  apparen t l y  acceptab le  when i n  f a c t  i t  

i s  n o t .  Another reason i s  t h a t  t h e  t - v a l u e  depends on the  number o f  obse rva t i ons .  

I f  one wants t o  use t h e  r e s u l t  o f  a t - t e s t  as a c r i t e r i o n ,  one shou ld  employ 

t h e  p r o b a b i l i t y  t h a t  t he  t e s t  i s  accura te  ob ta ined  f rom the  t - t a b l e .  

I n  s e c t i o n  3.1.1, i t  was argued t h a t  method comparison s tud ies  shou ld  

p r e f e r a b l y  be c a r r i e d  o u t  on an i n t e r - l a b o r a t o r y  bas is ,  so as t o  take  i n t o  

c o n s i d e r a t i o n  the  e f f e c t  o f  l a b o r a t o r y  b iases  on t e s t  and re fe rence  methods. 

Th is  i s  n o t  t r u e  when l a b o r a t o r y  b iases  a r e  cons idered t o  be o f  l i t t l e  importance. 

One s i t u a t i o n  o f  t h i s  na ture  sometimes occurs i n  c l i n i c a l  l a b o r a t o r i e s .  

C l i n i c a l  chemists a r e  o f t e n  l e s s  concerned w i t h  in te rcompar isons  o f  t h e i r  da ta  

w i t h  those o f  t h e i r  co l leagues from o t h e r  l a b o r a t o r i e s  than w i t h  the  i n t e r n a l  

cons i s tency  o f  t h e i r  data.  

c o n t r o l  w i l l  determine i t s  own normal values f o r  a p a r t i c u l a r  t e s t ,  thereby  

e l i m i n a t i n g  the  importance o f  l a b o r a t o r y  b i a s ,  o r  e l s e  a d j u s t  t h e  values by t h e  

a n a l y s i s  o f  c o n t r o l  sera .  

p r e c i s i o n  o r  l a b o r a t o r y  b i a s  i s  o f  l e s s  importance than i t  i s  t o  o f f i c i a l  

ana lys ts .  To be f a i r ,  i t  shou ld  be no ted  t h a t  t h e r e  i s  a t r e n d  towards more 

i n t e r - l a b o r a t o r y  q u a l i t y  c o n t r o l  - p r o f i c i e n c y  t e s t i n g  - i n  t h e  c l i n i c a l  

1 a bora  t o ry . 

A c l i n i c a l  l a b o r a t o r y  which c a r r i e s  o u t  s t a t i s t i c a l  

There fore ,  a concept such as t h e  i n t e r - l a b o r a t o r y  

On t h e  o t h e r  hand, i t  i s  v i t a l  f o r  t h e  v a l i d i t y  o f  t he  s t a t i s t i c a l  e v a l u a t i o n  

o f  c l i n i c a l  chemis t r y  da ta  t o  take  i n t o  account the  day-to-day p r e c i s i o n ,  as 

c l i n i c a l  l a b o r a t o r i e s  c a r r y  o u t  t he  same t e s t s  d a i l y  f o r  l ong  pe r iods .  

a t - t e s t  between a s tandard  method and a newly eva lua ted  method can be c a r r i e d  

o u t  i n  the  f o l l o w i n g  way ( B a r n e t t  and Youden, 1970). 

o r  l e s s  a r e  c o l l e c t e d  and analysed w i t h  bo th  methods on successive days u n t i l  

a t o t a l  of  40 samples has been analysed. I n  t h i s  way, t he  s tandard  d e v i a t i o n  

used i n  t h e  t - t e s t  w i l l  be r e p r e s e n t a t i v e  f o r  day-to-day p r e c i s i o n ,  which i s  more 

meaningful  than w i th in -day  p r e c i s i o n ,  and i t  w i l l  a l s o  i n c o r p o r a t e  the  e f f e c t  

o f  i n t e r f e r i n g  substances (such as drugs! which a f f e c t  p a t i e n t  values. 

There fore ,  

Samples f rom f i v e  p a t i e n t s  
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3.1.3. Non-parametr ic t e s t s  f o r  t h e  comparison of methods 

I n  t h e  p rev ious  sec t i ons ,  t h e  comparison o f  methods by us ing  the  t - t e s t  was 

When us ing  such t e s t s ,  one i m p l i c i t l y  accepts t h a t  t h e  r e s u l t s  f o r  d iscussed. 

each method a re  no rma l l y  d i s t r i b u t e d ,  b u t  o f t e n  t h i s  i s  n o t  so o r  a t  l e a s t  i t  

cannot be proved c o n c l u s i v e l y .  I n  f a c t ,  accord ing  t o  some s tud ies ,  i t  seems 

t h a t  normal d i s t r i b u t i o n s  are  ob ta ined  i n  few ins tances .  Clancey (1947) 

examined approx imate ly  250 d i s t r i b u t i o n s  f o r  a t o t a l  o f  50,000 de te rm ina t ions  

o f  samples such as meta ls  and a l l o y s .  According t o  h i s  r e s u l t s ,  o n l y  10-15% 

o f  t h e  d i s t r i b u t i o n s  were normal, 15% were t r u n c a t e d  normal curves, 10% were 

symmetr ical  b u t  high-peaked ( l e p t o k u r t i c )  compared w i t h  normal, 20-25% were 

skewed, 20-25% were J-shaped and a few were bimodal.  

non-gaussian d i s t r i b u t i o n s  a re  ob ta ined  were g i ven  by Thompson and Howarth 

(1976).  These inc lude ,  f o r  example, he te rogene i t y  o f  samples, round ing  o f f  

(p roduc ing  a d iscont inuous  d i s t r i b u t i o n )  and measurements near  t h e  d e t e c t i o n  

limit ( w i t h  sub-zero readings s e t  t o  zero) .  

A number o f  reasons why 

The use o f  t e s t s  based on a normal d i s t r i b u t i o n  can then l e a d  t o  erroneous 

conc lus ions .  

o b t a i n  the  normal d i s t r i b u t i o n .  A d e t a i l e d  d i scuss ion  o f  such t rans fo rma t ions  

f o r  use i n  c l i n i c a l  chemis t ry  was g i ven  by M a r t i n  e t  a l .  (1975),  t he  most common 

b e i n g  t h e  log-nonnal  d i s t r i b u t i o n .  

one can use methods t h a t  a re  n o t  based on a p a r t i c u l a r  d i s t r i b u t i o n  ( s o - c a l l e d  

d i s t r i b u t i o n - f r e e  methods). 

usual  parameters such as the  mean o r  s tandard  d e v i a t i o n  and a re  t h e r e f o r e  a l s o  

c a l l e d  non-paramet r ic .  They can a l s o  be used f o r  s o - c a l l e d  o r d i n a l  sca les  and 

a re  d iscussed under t h i s  heading i n  the  mathematical  sec t i on .  

have t h e  advantage o f  be ing  always v a l i d  and they  r e q u i r e  o n l y  ve ry  s imp le  

c a l c u l a t i o n s .  

them on every  occasion. 

e f f i c i e n t  and r e q u i r e  more r e p l i c a t e  measurements than t h e  "normal"  methods. 

A t y p i c a l  and ve ry  s imp le  non-parametr ic method i s  t he  s o - c a l l e d  s i g n - t e s t .  

Sometimes a t rans fo rma t ion  o f  v a r i a b l e s  makes i t  p o s s i b l e  t o  

When no gaussian d i s t r i b u t i o n  can be ob ta ined,  

These methods do n o t  r e q u i r e  c a l c u l a t i o n s  o f  t h e  

These methods 

There fore ,  once one knows these methods, one i s  tempted t o  use 

However, i t  shou ld  be s t ressed  t h a t  they  a re  l e s s  
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Suppose t h a t  two methods a r e  compared and t h a t  measurements a r e  c a r r i e d  o u t  on 

n samples w i t h  bo th .  

method B, i t  i s  p robab le  t h a t  A and B d i f f e r  s i g n i f i c a n t l y .  

n/2 r e s u l t s  ob ta ined  a r e  h i g h e r  when A i s  used and lower  f o r  t he  o t h e r  n/2 

samples, then i t  i s  probab le  t h a t  A and B do n o t  y i e l d  s i g n i f i c a n t l y  d i f f e r e n t  

r e s u l t s .  

then t h e  chances o f  o b t a i n i n g  h i g h e r  r e s u l t s  f rom method A (which we w i l l  c a l l  

p o s i t i v e  d i f f e r e n c e s  D) and h i g h e r  r e s u l t s  f rom method B (nega t i ve  d i f f e r e n c e s )  

a re  the  same. 

bo th  1/2. 

nega t i ve .  

chance i s  

I f  i n  a l l  n cases method A y i e l d s  a h i g h e r  r e s u l t  than 

I f  on t h e  con t ra ry ,  

To p u t  t h i s  i n  p r o b a b i l i s t i c  terms, i f  t h e  two methods a r e  equ iva len t ,  

I n  o t h e r  words, t h e  p r o b a b i l i t i e s  f o r  D > 0 and f o r  D < 0 a r e  

L e t  us suppose t h e r e  a r e  e i g h t  measurements and t h a t  o n l y  one i s  

The p r o b a b i l i t y  t h a t  a t  most one nega t i ve  va lue  would occu r  by 

p = p r o b a b i l i t y  f o r  0 negat ives  t prob;.bi l i ty  f o r  1 nega t i ve  

= (1 /2 )8  t 8(1 /2)8  = 9(1 /2)8  = 0.035 

One i s  then ab le  t o  r e j e c t  t h e  nu l l -hypo thes i s  t h a t  bo th  methods a re  e q u i v a l e n t  

w i t h  a 3.5% p r o b a b i l i t y  o f  e r r o r .  

Wi lcoxon 's  matched-pair  t e s t  takes  i n t o  account t h e  values o f  t h e  d i f f e r e n c e s  

observed by c a r r y i n g  o u t  two methods on t h e  same n samples. 

v e r s i o n  f o r  k methods, t he  K ruska l -Wa l l i s  t e s t ,  a l s o  e x i s t s .  I n  Wi l coxon ' s  

t e s t ,  one c a l c u l a t e s  t h e  d i f f e r e n c e s  ob ta ined  f o r  each sample by  s u b t r a c t i o n  

o f  t he  r e s u l t  ob ta ined  w i t h  method B f rom t h a t  ob ta ined  w i t h  method A. I f ,  f o r  

example, method A y i e l d s  s i g n i f i c a n t l y  h ighe r  r e s u l t s  than method B, then the re  

w i l l  be more p o s i t i v e  d i f f e r e n c e s  than nega t i ve  and t h e  p o s i t i v e  d i f f e r e n c e s  

w i l l  be l a r g e r .  

value, w i t h  rank 1 f o r  the  sma l les t  d i f f e r e n c e .  

r e s u l t s  a r e  ob ta ined  

A genera l i zed  

The d i f f e r e n c e s  a re  t h e r e f o r e  ranked accord ing  t o  abso lu te  

Suppose t h e  f o l l o w i n g  
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Sample A 

1 11.2 
2 13.7 
3 14.8 
4 11.1 
5 15.0 
6 16.1 
7 17.3 
8 10.9 
9 10.8 

10 11.7 

B C Rank 

10.9 
11.2 
12.1 
12.4 
15.6 
14.6 
13.5 
10.8 
11.2 
11.2 

t 0.3 2 
t 2.5 8 
t 2.7 9 
- 1.3 6 
- 0.5 5 
t 1.5 7 
t 3.8 10 
t 0.1 1 
- 0.4 3 
t 0.5 4 

One then ob ta ins  t h e  sum o f  t h e  ranks o f  p o s i t i v e  (T') and nega t i ve  (T-) 

d i  f f e r e  n ces . 

Tt = 1 t 2 t 4 t 7 t 8 t 9 t 10 = 41 

T- = 3 t 5 t 6 = 14 

One compares t h e  va lue  o f  Tt ( o r  T-) w i t h  t h e  values i n  t a b l e s  t o  conclude 

whether o r  n o t  t h e r e  i s  a r e a l  d i f f e r e n c e .  Th is  method i s  discussed i n  more 

d e t a i l  i n  s e c t i o n  3.2.3, t oge the r  w i t h  another  comnonly used non-parametr ic 

t e s t ,  t h e  Ko lmogoro f f -Smi rno f f  t e s t .  

Non-parametr ic t e s t s  have n o t  been used v e r y  o f t e n  i n  a n a l y t i c a l  chemis t r y .  

G i n d l e r  (1975) d iscussed non-parametr ic t e s t s  a p p l i e d  i n  t h e  c l i n i c a l  l a b o r a t o r y .  

3.1.4. Comparison o f  two methods by leas t -squares  f i t t i n g  

When t h e  r e s u l t s  ob ta ined  f o r  a number o f  samples w i t h  t h e  t e s t  procedure 

a r e  p l o t t e d  a g a i n s t  those ob ta ined  w i t h  t h e  re fe rence  procedure,  a s t r a i g h t  

reg ress ion  l i n e  should be ob ta ined.  

have a s lope,  b, o f  e x a c t l y  u n i t y  and an i n t e r c e p t  on t h e  o rd ina te ,  a, o f  zero, 

and a l l  p o i n t s  shou ld  f a l l  on t h e  l i n e .  I n  t h i s  book, we have adopted t h e  

convent ion  t h a t  x values r e l a t e  t o  concen t ra t i ons  o f  a sample and y values t o  

s i g n a l s  used t o  d e r i v e  these concen t ra t i ons .  

leas t -squares  techniques, we shou ld  t h e r e f o r e  use t h e  symbols x1 and x2. 

I n  t h e  absence o f  e r r o r ,  t h i s  l i n e  shou ld  

I n  comparing two procedures by 

Fo r  
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ease of notat ion,  i n  t h i s  sect ion a n d  i n  sect ion 3.2.8 we shal l  represent the 

concentration obtained with one o f  these procedures by y and the o ther  by x .  

Let us now consider the  e f f e c t s  of d i f f e r e n t  kinds of e r r o r  ( see  Fig. 3 .1 ) .  

The presence of random e r r o r s  leads t o  a s c a t t e r  of the points around the 

least-squares  l i n e  and a s l i g h t  deviation of the calculated slope and in te rcept  

from unity and zero, respect ively.  The random e r r o r  can be estimated from the 

ca lcu la t ion  of the standard deviation in  the y-d i rec t ion ,  s 

standard deviation of the est imate  o f  y on x ) .  

( a l s o  ca l led  the 
Y 

X 
a 

X 
b 

* 
X 

d 
X 

C 
F i g .  3.1.  
e r rors .  ( a )  Ideal behaviour ; (b)  accurate method with low precision ; 
( c )  e f f e c t  of proportional e r r o r  ; ( d )  e f f e c t  of constant e r r o r .  

Use of the regression method in  the  determination of systematic 

A proportional systematic e r r o r  leads t o  a change in  b so t h a t  the difference 

between b and unity gives an estimate o f  the proportional e r r o r .  

systematic e r r o r  shows u p  i n  a value of the in te rcept  d i f fe ren t  from zero. 

A constant 
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The study of the regression l i n e  leads therefore  t o  es t imates  of the  three types 

o f  e r r o r  (random, proportional and cons tan t ) ,  which enables one t o  conclude 

( see  a l s o  Westgard and H u n t ,  1973) t h a t  least-squares analysis  i s  po ten t ia l ly  

the most useful s t a t i s t i c a l  technique f o r  the comparison of two methods. The 

least-squares  method i s  a very general technique which enables one t o  f i t  data  

t o  a theore t ica l  function. One can inves t iga te  whether t h i s  function does rea l ly  

describe the experimental observations by carrying o u t  a goodness-of-fit t e s t .  

I n  the  present  case, the equation i s  

y = x  

where y = r e s u l t  of the tes t  method and x 

E q n .  3 .6  i s  a p a r t i c u l a r  case o f  

y = a + B x  

(3.6)  

r e s u l t  of the reference method. 

(3 .7)  

I f  the  experimental estimate a f o r  a i s  close enough t o  zero and the est imate  b 

f o r  6 i s  c lose enough t o  uni ty ,  i t  wi l l  be concluded t h a t  eqn. 3.6 i s  t rue  and 

t h a t  there  are  no systematic e r r o r s .  This ca lcu la t ion  requires  two s teps  : 

(1) the determination of a and b from the experimental data ; according t o  

the  s t a t i s t i c a l  p rac t ice  f o r  symbolizing a n  unbiased est imate ,  these should, 

i n  f a c t ,  be ca l led  6. and ^o, b u t  following the prac t ice  i n  ana ly t ica l  chemistry 

we sha l l  use a and b ; 

( 2 )  a t e s t  t o  inves t iga te  whether a and b d i f f e r  s i g n i f i c a n t l y  from zero and 

uni ty ,  respect ively.  These two s teps  wil l  be described in  the next sec t ion  and 

i n  sec t ion  3.2.8. 

curve f i t t i n g .  

somewhat a r b i t r a r y .  

y and x a r e  both independent methods. 

assuming t h a t  x depends on  y .  

discussed in  more de ta i l  a t  t h e  end of sect ion 3.1.4.2. 

These sect ions closely follow Cooper's (1969) treatment of 

I t  should be noted t h a t  the regression model as  applied here i s  

The assumption i s  made t h a t  y depends on x ,  when i n  f a c t  

One could a l s o  make regression calculat ions 

This question a n d  a n  a l t e r n a t i v e  model a re  
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The a v a i l a b l e  da ta  c o n s i s t  o f  n p a i r s  o f  values (xi, yi) where t h e  xi values 

a r e  ob ta ined  w i t h  t h e  t e s t  method and the  yi values w i t h  t h e  re fe rence  method. 

The genera l  s i t u a t i o n ,  where the  t r u e  r e l a t i o n s h i p  between x and y i s  g i v e n  by 

y = a t Bx, i s  cons idered f i r s t .  

t o  t h e  s t a t i s t i c a l  model 

I n  t h e  presence o f  random e r r o r  t h i s  leads  

y. 1 = cx t Ex. i i  t e (3.8) 

where ei i s  t he  random e r r o r  ( d i s t r i b u t e d  no rma l l y  around zero  and w i t h  

va r iance  u ). Eqn. 3 .8  i s  a p a r t i c u l a r  case o f  t h e  general  l i n e a r  model 

desc r ibed  i n  t h e  mathematical  s e c t i o n  o f  Chapter 4. 

one o b t a i n s  a and b (es t imates  o f  a and 8 ) .  

shown t h a t  

2 

From t h e  (xi, yi) data,  

I n  the  mathematical  s e c t i o n  i t  i s  

n 

b =  . _  

- 2  n 

i =1 
c (xi-x) 

Th is  equa t ion  can be r e - w r i t t e n  i n  the  more p r a c t i c a l  form 

n n n 

n c x f  - (,I xi)L 
i = l  1 =1 

a can be ob ta ined  f rom 

(3.10) 

a = j i - b T  

o r  d i r e c t l y  f rom 

(3.11) 
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n n n 

a =  
n n 1 x: - (.z n 2  xi) 

i =1 1 =1 

(3.12) 

As we have i n t r o d u c e d  a t  t h i s  p o i n t  t h e  use o f  reg ress ion  a n a l y s i s  f o r  

e s t i m a t i n g  t h e  parameters o f  a s t r a i g h t  l i n e ,  we shou ld  comnent here  on the  use 

o f  these methods and, i n  p a r t i c u l a r ,  we w ish  t o  p o i n t  o u t  some o f  t h e  p i t f a l l s  

t h a t  may be encountered i n  t h e  i n d i s c r i m i n a t e  use o f  leas t -squares  s t r a i g h t  

l i n e s .  Four e r r o r s  a r e  comnonly made : 

(a)  t h e  t r u e  r e l a t i o n s h i p  i s  n o t  l i n e a r  ; when i n  doubt one should check 

t h i s ,  f o r  example by ex tend ing  t h e  range over  which the  values a re  ob ta ined.  

Non l i nea r  c a l i b r a t i o n  curves a re  d iscussed i n  a r e c e n t  a r t i c l e  by Schwartz (1976) ; 

( b )  t h e  range o f  values chosen i s  so smal l  t h a t  t he  leas t -squares  es t imates  

become u n r e l i a b l e  ; 

( c )  t h e  genera l  equa t ion  i s  used, a l though i t  i s  known t h a t  t h e  l i n e  must 

pass th rough t h e  o r i g i n  ( f o r  example, t h e  c a l i b r a t i o n  l i n e  o f  a c o l o r i m e t r i c  

method). One shou ld  then use t h e  p a r t i c u l a r  equa t ion  y = ax ; 

( d )  t h e  es t imated  r e l a t i o n s h i p  i s  d i s t o r t e d  by a few d i v e r g i n g  p o i n t s ,  which 

u s u a l l y  happens w i t h  p o i n t s  a t  one of t h e  extremes o f  t h e  measurement range. 

Of ten  t h i s  r e f l e c t s  t h e  f a c t  t h a t  t h e  measurement i s  l e s s  p r e c i s e  a t  t h a t  

concen t ra t i on .  

I n  t h i s  technique, t he  concen t ra t i on  i s  de r i ved  f rom a y -coun t ing  measurement, 

t he  p r e c i s i o n  o f  wh ich  i s  p r o p o r t i o n a l  t o  t h e  square r o o t  o f  t he  number o f  counts .  

As t h e  l a t t e r  i s  d i r e c t l y  r e l a t e d  t o  the  concen t ra t i on ,  t h e  measurement i s  l e s s  

p rec i se  a t  low than  a t  h i g h  concen t ra t i ons .  

by we igh t i ng  t h e  observa t ions .  

v a r i a b l e s  was descr ibed by Cooper (1969).  

Consider,  f o r  example, t h e  case o f  n e u t r o n - a c t i v a t i o n  a n a l y s i s .  

One can cope w i t h  t h i s  s i t u a t i o n  

The f i t t i n g  o f  a s t r a i g h t  l i n e  t o  we igh ted  

A f u r t h e r  remark t h a t  shou ld  be made here  concerns the  model used i n  

reg ress ion  ana lys i s .  Eqns. 3.10 and 3.12 a r e  ob ta ined  by m in im iz ing  the  squares 

o f  t he  d i f f e r e n c e s ,  dl, between exper imenta l  r e s u l t s  and computed r e s u l t s  i n  t h e  
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y - d i r e c t i o n  (see f i g u r e  3 .2 ) .  

t h e  x - d i r e c t i o n .  I n  f a c t ,  some workers p resen t  r e s u l t s  f o r  bo th  k inds  o f  

reg ress ion  l i n e s .  

One cou ld  a l s o  min imize  t h e  d i f f e r e n c e s ,  d2, i n  

The most l o g i c a l  procedure when e r r o r s  occur  i n  bo th  y and 

Y 

- 
X 

F i g u r e  3.2. Models f o r  reg ress ion  a n a l y s i s .  

i n  x, however, i s  t o  min imize  a d i s tance  p measured i n  a d i r e c t i o n  pe rpend icu la r  

t o  a l i n e .  Wakkers e t  a l .  (1975) proposed equat ions  based on such a model, which 

they  a p p l i e d  t o  a comparison o f  c l i n i c a l  a n a l y t i c a l  methods, and they  a l s o  showed 

t h a t  t h i s  model i s  more r e l i a b l e  than t h e  usual  procedure.  

L e t  us r e t u r n  now t o  the  use o f  leas t -squares  l i n e s  f o r  a compar son o f  

methods. 

t h e i r  i d e a l  values, 0 and 1, even when the  r e l a t i o n s h i p  y = x (eqn. 3.6) i s  

t r u e ,  owing t o  the  occurrence o f  random e r r o r s .  

found, t h i s  i s  u s u a l l y  understood as a p r o p o r t i o n a l  e r r o r  o f  5%. I t  shou ld  n o t  

be f o r g o t t e n  t h a t  b i s  an es t ima te  and the re fo re  one shou ld  ask whether the  

observed d i f f e r e n c e  i s  s i g n i f i c a n t  o r ,  t o  p u t  i t  another way, "does t h e  l i n e  

y = x f i t  t h e  da ta  ?". To do t h i s ,  one must c a r r y  o u t  an a n a l y s i s  o f  var iance,  

as proposed f o r  i ns tance  by Cooper (1969),  o r  app ly  a t - t e s t .  

do ing  t h i s  i s  shown i n  s e c t i o n  3.2.8. 

When one has ob ta ined  a and b, i t  w i l l  be found t h a t  they  d i f f e r  f rom 

When a va lue  o f  b = 0.95 i s  

The means o f  
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3.1.5. Recovery exper iments 

P r o p o r t i o n a l  sys temat ic  e r r o r s  a r e  caused by the  f a c t  t h a t  t he  c a l i b r a t i o n  

l i n e  ob ta ined  w i t h  standards does n o t  have the  same s lope as t h e  f u n c t i o n a l  

r e l a t i o n s h i p  between the  measurement r e s u l t  and t h e  concen t ra t i on  i n  t h e  sample 

o r ,  t o  use t h e  te rm ino logy  i n t roduced  i n  Chapter 6, t he  s e n s i t i v i t y  i s  d i f f e r e n t  

f o r  standards and sample. 

Consider,  f o r  example, n e u t r o n - a c t i v a t i o n  ana lys i s .  I n  t h i s  techn ique,  t h e  

, i s  es t ima ted  by comparing t h e  concen t ra t i on  o f  e lement a i n  t h e  unknown, x 

r a d i o a c t i v i t y  A 

x 

a,u 

w i t h  the  a c t i v i t y  A 
a,u a s s  

o f  a s tandard  w i t h  known concen t ra t i on  

o f  a by us ing  t h e  r e l a t i o n s h i p  
a s s  

Aa,u - Aa,s 

a,s 
- - -  

X X 
a,u 

These r a t i o s  a re ,  i n  fac t ,  t he  s e n s i t i v i t i e s  i n  the  samples and f o r  t h e  standards.  

The c a l c u l a t i o n  procedure i m p l i e s  t h a t  they  do n o t  depend on the  compos i t ion  o f  

t h e  m a t r i x ,  b u t  a n a l y t i c a  chemists know t h a t  o f t e n  t h i s  i s  n o t  so. I n  

n e u t r o n - a c t i v a t i o n  ana lys  s, i t  i s  poss ib le ,  f o r  example, t h a t  a s t r o n g l y  

neut ron-absorb ing  i so tope  i s  p resen t  i n  the  sample. The a c t i v i t y  ob ta ined  p e r  

gram o f  substance u w i l l  then  be sma l le r ,  i . e . ,  t he  r a t i o  A, , u / ~ a , u  i s  sma l le r  

than the  r a t i o  Aa,s/xa,s, and a p r o p o r t i o n a l  sys temat ic  e r r o r  i s  ob ta ined.  

such a d i f f i c u l t y  i s  suspected, a n a l y t i c a l  chemists es t ima te  t h e  con ten t  o f  t h e  

unknown by t h e  s tandard  a d d i t i o n  method, which requ i res  t h e  de te rm ina t ion  o f  

a c a l i b r a t i o n  l i n e  i n  t h e  p a r t i c u l a r  sample. 

i s  used s imp ly  t o  o b t a i n  the  a n a l y t i c a l  r e s u l t ,  which i s  o u t s i d e  the  scope o f  

t h i s  book. 

sys temat ic  e r r o r s ,  and such an approach i s  then c a l l e d  a recovery  exper iment.  

I n  i t s  s imp les t  fo rm i t  c o n s i s t s  o f  t h e  a d d i t i o n  o f  a known amount o f  t he  ana ly te ,  

t h e  concen t ra t i on  o f  t he  a n a l y t e  be fo re  and a f t e r  t h e  a d d i t i o n  be ing  determined. 

The d i f f e r e n c e  xD = xbefore - xafter shou ld  i d e a l l y  be i den t i c .a l  w i t h  t h e  known 

When 

Of ten  such an exper imenta l  des ign  

However, i t  can a l s o  serve t o  eva lua te  t h e  occurrence o f  p r o p o r t i o n a l  
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amount added, Ax. Owing t o  the  presence o f  random e r r o r s , i n  genera l  t h i s  does 

n o t  occur .  I f  t h e  s tandard  d e v i a t i o n  a t  bo th  l e v e l s  o f  concen t ra t i on  i s  known, 

one can t e s t  whether o r  n o t  t h e  d i f f e r e n c e  between Ax and xD i s  s i g n i f i c a n t .  

One can s t a t e ,  f o r  example, t h a t  i t  i s  cons idered t o  be s i g n i f i c a n t  when i t  

exceeds t w i c e  the  s tandard  d e v i a t i o n  on xD. 

assumed t o  be t h e  same f o r  bo th  l e v e l s  o f  concen t ra t i on ,  t h e  s tandard  d e v i a t i o n  

on xD i s  equal  t o  s f l a n d ,  t h e r e f o r e  Ax - xD i s  cons idered t o  be s i g n i f i c a n t  

when 

I f  t h e  s tandard  d e v i a t i o n ,  s ,  i s  

One can a l s o  c a r r y  o u t  severa l  a d d i t i o n s  o f  known b u t  d i f f e r e n t  concen t ra t i ons  

i n  such way as t o  a r r i v e  a t  t he  de te rm ina t ion  o f  t h e  s lope o f  a c a l i b r a t i o n  

l i n e  i n  t h e  sample (F ig .  3 .3 ) .  

F i g .  3.3. A s tandard  a d d i t i o n  exper iment.  

T h i s  procedure can be e x p l o i t e d  i n  severa l  ways : 

( a )  One can compare t h e  s lopes  o f  t h e  reg ress ion  l i n e  ob ta ined  i n  t h e  

recove ry  exper iments and o f  t h e  c a l i b r a t i o n  1 i n e  ob ta ined  w i t h  pure standards.  

These s lopes  a re  es t imates  o f  a t r u e  s lope and one shou ld  t h e r e f o r e  c a r r y  o u t  

a t e s t  t o  decide whether o r  n o t  t he  s lopes d i f f e r  s i g n i f i c a n t l y .  

( b )  A second, b u t  more i n d i r e c t  way, i s  t o  compare the  r e s u l t s  ob ta ined  from 
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s tandard  a d d i t i o n s  w i t h  those ob ta ined  by us ing  t h e  d i r e c t  de te rm ina t ion .  

s tandard  a d d i t i o n  r e s u l t  i s  equal  t o  t h e  va lue  measured w i t h o u t  a d d i t i o n  d i v i d e d  

by t h e  recovery  s lope.  I f  one uses t h e  measurement values determined f rom t h e  

reg ress ion  l i n e s  y = a t bx i n s t e a d  o f  t h e  ac tua l  measurement r e s u l t s ,  t h i s  i s  

g i ven  by a/b. 

t o  -a/b, one can determine t h e  s tandard  a d d i t i o n  r e s u l t  g r a p h i c a l l y  by measur ing 

t h i s  i n t e r c e p t .  

concen t ra t i on  determined f rom t h e  d i r e c t  and t h e  recovery  exper iments can be 

ob ta ined  i n  seve ra l  ways. 

c a r r i e d  o u t  one can app ly  a t - t e s t .  

d e v i a t i o n  on a and b (see Youden, 1951 and D o e r f f e l ,  1966) and t h e r e f o r e  on 

t h e  r e s u l t  ob ta ined  by t h e  s tandard  a d d i t i o n  method. 

i n t e r v a l  f o r  t h e  e x t r a p o l a t e d  l i n e  t o  t h e  absc issa  (xo  i n  F i g .  3.2) was g i v e n  

by Larsen e t  a1 . (1973).  

As l i n e a r  reg ress ion  l i n e s  a r e  used, t h e  remarks made i n  s e c t i o n  3.1.4.2 

The 

As t h e  i n t e r c e p t  on the  abscissa, xo (see F ig .  3.2) i s  equal 

A t e s t  o f  t h e  s i g n i f i c a n c e  o f  t h e  d i f f e r e n c e  between t h e  

Fo r  example, i f  r e p l i c a t e s  o f  t h e  de te rm ina t ions  a r e  

One can a l s o  c a l c u l a t e  t h e  s tandard  

An equa t ion  f o r  a conf idence 

shou ld  be borne i n  mind. 

does n o t  correspond w i t h  r e a l i t y .  

(1975) can be c i t e d .  

equa t ion  o f  t h e  type  y = A( l -e-”)  f o r  a s tandard  a d d i t i o n s  procedure f o r  t h e  

de te rm ina t ion  o f  sodium and potassium i n  f i s h  b lood.  

I n  p a r t i c u l a r ,  i t  i s  p o s s i b l e  t h a t  t h e  l i n e a r  model 

As an example, t h e  work o f  Folsom e t  a l .  

They found t h a t  i t  i s  p r e f e r a b l e  t o  use an exponent ia l  

3.1.6. Comparison o f  t h e  p r e c i s i o n  o f  d i f f e r e n t  methods ( F - t e s t )  

It i s  common p r a c t i c e  t o  compare t h e  p r e c i s i o n  o f  two o r  more procedures by 

c a r r y i n g  o u t  m u l t i - r e p l i c a t e  analyses w i t h  each o f  t h e  procedures.  

i n  s tandard  dev ia t i ons ,  which a r e  compared i n  o r d e r  t o  s e l e c t  t h e  most r e p r o d u c i b l e  

procedure.  I t  i s  n o t  always r e a l i z e d  t h a t ,  as s tandard  d e v i a t i o n s  ob ta ined  f rom 

measurements a re  es t imates  , they  are  s u b j e c t  t o  sampl ing e r r o r s .  

s tandard  d e v i a t i o n s  a re  s u b j e c t  t o  a d i s t r i b u t i o n ,  t h e  s tandard  d e v i a t i o n  o f  

which i s  os = u / m ,  where n i s  t h e  number o f  measurements. 

f a c t  t h a t  procedures 1 and 2 y i e l d  r e s u l t s  such t h a t  s1 > s2  does n o t  

T h i s  r e s u l t s  

Es t imated 

There fore  t h e  
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a u t o m a t i c a l l y  mean t h a t  procedure 2 i s  more p rec i se .  

d i f f e r e n c e  i n  s tandard  d e v i a t i o n s  must be tes ted .  

t h a t  i n  the  a n a l y s i s  o f  var iance,  var iances  a re  compared by us ing  t h e  F i s h e r  

F - r a t i o .  

n o t  always apprec ia ted  by a n a l y t i c a l  chemists comparing the  r e p r o d u c i b i l i t y  

o f  methods. 

The s i g n i f i c a n c e  o f  t h e  

Most a n a l y t i c a l  chemists know 

The same r a t i o  can be used t o  compare var iances  i n  genera l ,  which i s  

L e t  us suppose t h a t  one c a r r i e s  o u t  nl r e p l i c a t e  measurements by u s i n g  

procedure 1 and n2 r e p l i c a t e  measurements by us ing  procedure 2, a l l  on t h e  same 

sample. 

es t ima tes  s1 and s2 do n o t  d i f f e r  ve ry  much and t h e i r  r a t i o  shou ld  n o t  d i f f e r  

much from u n i t y .  I n  f a c t ,  one uses the  r a t i o  o f  t h e  var iances 

One asks whether u1 = u2. I f  t h e  n u l l  hypothes is  i s  t r u e ,  then t h e  

Th is  r a t i o  i s  d i s t r i b u t e d  around u n i t y  and i t s  mathematical  p r o p e r t i e s  a re  

discussed i n  s e c t i o n  3.2. A s  t h e r e  i s  no a Yyt iohi  reason why s1 shou ld  be 

sma l le r  o r  l a r g e r  than s t h i s  means t h a t  t h e  r a t i o  can be bo th  s i g n i f i c a n t l y  

s m a l l e r  o r  l a r g e r  than u n i t y .  I f  one se ts  a s i g n i f i c a n c e  l e v e l  o f ,  f o r  example, 

5%, one has t o  compare Fobs, t he  observed F-value, w i t h  

F0.05,(nl-1) ,(np-1) - 

e n t r y  F t a b l e .  

w i t h  95% p r o b a b i l i t y  t h a t  t h e  procedures a re  n o t  s i g n i f i c a n t l y  d i f f e r e n t  i n  

p r e c i s i o n .  

2’ 

Or F0.025,(nl-1),(n2-l) - (1 -s ided)  f rom a double 

I f  Fobs i s  sma l le r  than the  F va lue  f rom t h e  t a b l e ,  one concludes 

3.2. MATHEMATICAL SECTION 

3.2.1. Theory o f  s t a t i s t i c a l  t e s t s  ; s t a t i s t i c a l  dec i s ions  

One o f  t he  most impor tan t  aspects o f  a p p l i e d  sc ience i s  t he  examinat ion  o f  

t h e  a c c e p t a b i l i t y  o f  hypotheses de r i ved  through t h e o r e t i c a l  cons ide ra t i ons ,  and 
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t he  r a t i o n a l i z a t i o n  o f  t h i s  aspect r e q u i r e s  an o b j e c t i v e  techn ique f o r  accep t ing  

o r  r e j e c t i n g  a hypothes is .  

t he  a v a i l a b l e  i n f o r m a t i o n  ; i t  must take  i n t o  account the  r i s k  a s c i e n t i s t  i s  

w i l l i n g  t o  take  o f  making a wrong dec i s ion .  

cons ide r ing  a sample i n s t e a a  o f  t he  e n t i r e  popu la t i on .  

c h a r a c t e r i s t i c s  o f  t h e  sample and those o f  t h e  p o p u l a t i o n  can l e a d  t o  erroneous 

conc lus ions .  The f o l l o w i n g  procedure,  which i s  a model f o r  s t a t i s t i c a l  d e c i s i o n  

making, w i l l  be used th roughout  t h i s  book. 

s teps ,  which a re  cons idered i n  t h e  f o l l o w i n g  sub-sec t ions .  

Such a techn ique must be based on q u a n t i f i c a t i o n  o f  

T h i s  r i s k  i s  t h e  r e s u l t  o f  

The d i f f e r e n c e  between 

The procedure c o n s i s t s  o f  severa l  

Two types  o f  hypotheses w i l l  be encountered i n  s t a t i s t i c s .  The n u l l  hypothes is ,  

Ho, i s  a hypothes is  o f  no d i f f e r e n c e ,  and i s  t h e  negat ion  o f  an e f f e c t  o r  a 

d i f f e r e n c e  which has been measured by t h e  s c i e n t i s t .  The ex i s tence  o f  t h i s  

e f f e c t  o r  d i f f e r e n c e  i s  c a l l e d  t h e  research  hypothes is  and i s  denoted by H1. 

Choosing a s t a t i s t i c a l  t e s t  f o r  t he  examinat ion  o f  a hypothes is  can p resen t  

severa l  d i f f i c u l t i e s .  When severa l  t e s t s  a r e  a v a i l a b l e ,  t h e  c o n d i t i o n s  f o r  

u s i n g  each o f  them must be examined. 

seem t o  g i v e  t h e  b e s t  approach o f  t h e  e x i s t i n g  research  cond i t i ons .  

The t e s t  i s  then se lec ted  f o r  which these 

The d i f f e r e n t  s t a t i s t i c a l  models and sca les  used f o r  c o n s t r u c t i n g  t e s t s  a r e  

cons i dered be 1 ow. 

When a t e s t  i s  se lec ted  i t  must s t i l l  be dec ided which l e v e l  o f  s i g n i f i c a n c e  

w i l l  be g i v e n  t o  i t . 

o f  r e j e c t i n g  t h e  n u l l  hypothes is ,  Ho, when i t  i s  t r u e .  

i s  de f i ned  as a r i s k ,  i n  f a c t  corresponds t o  a smal l  number o f  samples t h a t  

y i e l d  extreme r e s u l t s .  

t ype  and i t  i s  u s u a l l y  g i ven  an u phiohi maximum va lue  o f  1 o r  5%. 

Th is  l e v e l ,  denoted by a ,  i s  de f i ned  as t h e  p r o b a b i l i t y  

Th is  p r o b a b i l i t y ,  which 

The e r r o r  de f i ned  here i s  c a l l e d  t h e  e r r o r  o f  t h e  f i r s t  
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I n  a d d i t i o n  t o  t h i s  e r r o r ,  i t  i s  a l s o  p o s s i b l e  t h a t  t h e  n u l l  hypothes is  shou ld  

be accepted when i t  i s  f a l s e .  

second t ype  and i t s  p r o b a b i l i t y  i s  denoted by 8 .  

o f  t h e  second type,  i t  can be shown t h a t  t he  sample s i z e  i s  comple te ly  determined. 

I n  genera l ,  t h e  sample s i z e  i s  g i ven  toge the r  w i t h  a and t h i s  determines B. 

Th i s  p o s s i b i l i t y  i s  c a l l e d  t h e  e r r o r  o f  t h e  

By g i v i n g  a va lue  t o  the  e r r o r  

I n  general ,  a s t a t i s t i c a l  t e s t  concerns t h e  hypothes is  one makes f o r  t h e  

va lue  o r  values o f  a parameter o f  a popu la t i on .  

upon a sample, one must know how t h e  s e t  o f  samples behaves w i t h  rega rd  t o  t h e  

parameter.  Th i s  behav iour  can u s u a l l y  be descr ibed by mathematical  theorems and, 

i n  t h i s  way, a s t a t i s t i c a l  t e s t  can be s e l e c t e d  f o r  t he  hypothes is .  When severa l  

t e s t s  a r e  a v a i l a b l e ,  one chooses t h a t  t e s t  which, f o r  t h e  same va lue  o f  a and n, 

y i e l d s  a sma l le r  8.  

As t h e  conc lus ions  a r e  based 

The s e t  o f  values o f  t h e  parameter be ing  s t u d i e d  can be d i v i d e d  i n t o  two 

sub-sets,  t h e  r e g i o n  o f  acceptance and t h e  r e g i o n  o f  r e j e c t i o n .  

r e j e c t i o n  i s  d e f i n e d  i n  such a way t h a t  t he  p r o b a b i l i t y  o f  t h e  parameter f a l l i n g  

i n  i t  i f  t h e  n u l l  hypothes is ,  Ho, i s  t r u e  i s  g i v e n  by a. 

acceptance i s  t he  s e t  o f  p o i n t s  o u t s i d e  the  r e g i o n  o f  r e j e c t i o n .  

t he  sample y i e l d s  a va lue  i n  t h e  r e g i o n  o f  r e j e c t i o n  t h e  n u l l  hypothes is ,  Ho, 

i s  r e j e c t e d  and t h e  research  hypothes is  i s  accepted. 

The r e g i o n  o f  

The r e g i o n  o f  

Obv ious ly ,  i f  

When s e l e c t i n g  a t e s t  f o r  s o l v i n g  a s t a t i s t i c a l  problem, va r ious  f a c t o r s  must 

be taken i n t o  account, such as t h e  na tu re  o f  t he  p o p u l a t i o n  be ing  s tud ied ,  t h e  

way t h e  sample was o r  w i l l  be drawn and the  type  o f  t e s t  t o  be used. 

i n  which t h e  measurements a r e  made forms t h e  bas i s  o f  t h e  mathematical  ope ra t i ons  

The way 
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necessary f o r  c a r r y i n g  o u t  a t e s t  and t h e r e f o r e  f o r  t e s t i n g  a hypothes is .  

t ypes  o f  measurements used are  c a l l e d  s t a t i s t i c a l  sca les ,  and f o u r  types  can be 

d i s t i n g u i s h e d  : t h e  nominal, o r d i n a l  , i n t e r v a l  and a r i t h m e t i c a l  sca les .  These 

sca les ,  t o g e t h e r  w i t h  t h e  mathematical  ope ra t i ons  assoc ia ted  w i t h  them, a r e  

discussed below. 

The nominal s c a l e  

The nominal sca le ,  which i s  mathemat ica l l y  t h e  weakest sca le ,  i s  used when 

The 

the  o n l y  i n f o r m a t i o n  known about the  elements o f  a sample i s  i t s  c l a s s i f i c a t i o n  

i n t o  c lasses  o r  groups. 

o f  t h e  c lasses  fo rm t h e  nominal sca le .  Fo r  example, when s tudy ing  t h e  r e s u l t s  

o f  a de te rm ina t ion  o f  g lucose i n  blood, i t  i s  p o s s i b l e  t o  c l a s s i f y  t h e  r e s u l t s  

i n t o  two groups : the  values o u t s i d e  t h e  normal range (abnormal va lues)  and 

those w i t h i n  t h e  normal range (normal va lues ) .  Th i s  c l a s s i f i c a t i o n  c o n s t i t u t e s  

a nominal sca le .  As  t he  names o r  symbols f o r  t h e  d i f f e r e n t  groups o n l y  have 

a c l a s s i f i c a t i o n  purpose, any a r i t h m e t i c a l  ope ra t i on  can be performed on a 

nominal sca le  p rov ided  t h a t  t he  new values ob ta ined  f o r  t he  c lasses  a re  

d i f f e r e n t i a t e d  i n  t h e  same way. 

The o r d i n a l  sca le  

The symbols used f o r  d e s c r i b i n g  t h e  groups o r  t h e  names 

It may be poss ib le ,  i n  a d d i t i o n  t o  t h e  c l a s s i f i c a t i o n  o f  t he  elements o f  

a sample i n t o  c lasses ,  t o  compare t h e  d i f f e r e n t  c lasses  and t o  d e f i n e  an o rde r  

o f  these c lasses .  I f  t h i s  o r d e r  i s  complete, i . e . ,  i f  each p a i r  o f  c lasses  

can be compared, t he  sca le  o f  c l a s s i f i c a t i o n  i s  c a l l e d  an o r d i n a l  sca le .  

I f  one cons iders  aga in  a s e r i e s  o f  g lucose r e s u l t s ,  one can make a c l a s s i f i c a t i o n  

accord ing  t o  whether t h e  r e s u l t s  a re  below the  normal range ( l ow  va lues ) ,  

w i t h i n  t h e  normal range-(normal va lues)  o r  above t h e  normal range ( h i g h  va lues ) ,  

and an o r d i n a l  sca le  i s  de f ined.  

One can observe t h a t  a c l a s s i f i c a t i o n  does n o t  imp ly  a d i s tance  between t h e  

classes b u t  o n l y  a sequence accord ing  t o  which " low va lues"  a re  s i t u a t e d  below 

"normal values" and normal values below "h igh  va lues"  . The a r i t h m e t i c a l  

ope ra t i ons  c a r r i e d  o u t  on an o r d i n a l ' s c a l e  must p reserve  t h e  o r d e r  o f  t he  
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c l a s s i f i c a t i o n .  Th is  means t h a t  i f  an a r i t h m e t i c a l  o p e r a t i o n  i s  performed on 

two c lasses ,  A and B,  such t h a t  A i s  sma l le r  than B, t h e  r e s u l t i n g  va lues  A '  

and B '  must a l s o  s a t i s f y  t h i s  c o n d i t i o n .  

I t  shou ld  a l s o  be emphasized t h a t  s t a t i s t i c a l  t e s t s  us ing  parameters such 

as t h e  a r i t h m e t i c  mean o r  s tandard  d e v i a t i o n  are n o t  v a l i d  f o r  da ta  i n  an 

o r d i n a l  sca le ,  as t h e  d i s tances  between groups have no r e a l  meaning. Most 

s t a t i s t i c a l  t e s t s  used i n  an o r d i n a l  sca le  a re  o f  the  non-parametr ic type .  Some 

o f  these t e s t s  w i l l  be descr ibed f u r t h e r  i n  t h i s  chapter .  

The i n t e r v a l  s c a l e  

An i n t e r v a l  sca le  has t h e  same p r o p e r t i e s  as t h e  o r d i n a l  sca le ,  b u t  i n  

a d d i t i o n  t h e  d i s t a n c e  between any two c lasses  of t h e  sca le  can be measured. 

an i n t e r v a l  sca le  i t  i s  necessary t o  choose a zero p o i n t  and a u n i t  o f  

measurement. 

r e f e r r e d  a l l  temperatures t o  t h e  m e l t i n g  p o i n t  o f  i c e .  

measurement i s  then l o c a t e d  a number o f  degrees above o r  below t h i s  l e v e l .  

I n  

An example i s  t h e  Ce ls ius  temperature sca le ,  which o r i g i n a l l y  

Each temperature 

A l l  a r i t h m e t i c  ope ra t i ons  can be performed on an i n t e r v a l  sca le  p rov ided  

t h a t  t he  r e l a t i v e  va lue  o f  t he  d i f f e r e n c e  between two measurements i s  ma in ta ined.  

The a l l owed  opera t i ons  may t h e r e f o r e  change t h e  zero  p o i n t  o r  t h e  u n i t  o f  

measurement o f  t h e  sca le .  

The a r i t h m e t i c a l  sca le  

An a r i t h m e t i c a l  sca le  has the  same p r o p e r t i e s  as the  i n t e r v a l  sca le  except 

t h a t  t he  zero  p o i n t  has an abso lu te  value. 

v a r i a b l e s  a re  abso lu te  temperature,  we igh t  and m i l l i g r a m s  % g lucose i n  blood. 

The values o f  t he  sca le  can be m u l t i p l i e d  by a cons tan t  changing t h e  u n i t  

o f  rnea s uremen t . 

Th is  sca le  i s  t he  s t ronges t  s t a t i s t i c a l  sca le  a v a i l a b l e .  A l l  t e s t s  can be 

Examples o f  a r i t h m e t i c a l  sca led  

c a r r i e d  o u t  under t h i s  sca le .  
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3.2.2. Parametric and non-parametric s t a t i s t i c a l  t e s t s  

The fundamental assumption made t o  ensure the va l id i ty  of a s t a t i s t i c a l  

t e s t  i s  t h a t  the observations used should be independent and drawn in a random 

way. Further ,  in  most c lass ica l  s t a t i s t i c a l  t e s t s  assumptions a r e  a l s o  made 

about the nature and shape of the populations being considered. 

These assumptions usually imply t h a t  the var iables  involved must have been 

measured in  a t  l e a s t  an interval  sca le .  

s t a t i s t i c a l  t e s t s .  Later two important parametric t e s t s ,  the  t - t e s t  and the 

F- tes t ,  wi l l  be examined. 

Such t e s t s  a re  cal led parametric 

More recent ly ,  t e s t s  have been introduced t h a t  do n o t  specify any conditions 

a b o u t  the parameters o r  shape of the population being considered and are  cal led 

non-parametric s t a t i s t i c a l  t e s t s .  These t e s t s  a r e  espec ia l ly  important when 

studying problems t h a t  involve var iables  measured in  an ordinal or nominal 

sca le  for which no other  t e s t s  a r e  avai lable  o r  when the d i s t r i b u t i o n  i s  not 

normal. Two non-parametric t e s t s  wil l  be examined : the Kolmogorof-Smirnof 

t e s t  and the Wilcoxon t e s t  ; another was introduced in  sect ion 3.1.3. I t  must 

be observed t h a t  the non-parametric t e s t s  a r e  more general then the parametric 

t e s t s  as  they can a l so  be used f o r  interval  and ar i thmetical  sca les .  On the 

o ther  hand, when t h i s  i s  done the parametric t e s t s  y i e l d  more useful r e s u l t s .  

A complete review of nonparametric methods i n  s t a t i s t i c s  can be found i n  the 

books of Siege1 (1956) and Conover (1971) .  

3.2.3. Tests f o r  ordinal scales  

A n  important problem t h a t  a r i s e s  when studying a population i s  the  d is t r ibu t ion  

of the  var iable  being s tudied.  For an ordinal sca le  the  d is t r ibu t ion  of the 

var iable  can be described only by the frequencies of the d i f f e r e n t  groups o r  

by the  r e l a t i v e  cumulative f requency 'd is t r i  bution. 
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When an assumption i s  made about the  shape o f  t h e  r e l a t i v e  cumula t ive  f requency 

d i s t r i b u t i o n  o f  a popu la t i on ,  t h e  Kolmogorov-Smirnov t e s t  makes i t  p o s s i b l e ,  

by drawing a sample f rom the  popu la t i on ,  t o  check whether t h e  sample can 

reasonably be though t  t o  have been e x t r a c t e d  f rom a popu la t i on  w i t h  t h e  g i ven  

r e l a t i v e  cumula t ive  f requency d i s t r i b u t i o n .  

d i f f e r e n c e s  o f  t h e  observed and the  t h e o r e t i c a l  r e l a t i v e  cumula t ive  f requency 

d i s t r i b u t i o n s  f o r  each group and c a l c u l a t i n g  t h e  l a r g e s t  o f  these d i f f e r e n c e s .  

Th is  i s  achieved by measuring t h e  

L e t  us c a l l  Fo(x )  t h e  t h e o r e t i c a l l y  assumed r e l a t i v e  cumula t ive  f requency 

d i s t r i b u t i o n  and F ( x )  t h a t  measured by us ing  a sample o f  s i z e  n. 

x t h e  d i f f e r e n c e  o f  these values i s  g i v e n  by 

For  each group 

and t h e  l a r g e s t  o f  these d i f f e r e n c e s ,  D by 

D = rnax D(x)  
X 

I f  t h e  h y p o t h e t i c a l  r e l a t i v e  cumula t ive  f requency d i s t r i b u t i o n  i s  c o r r e c t ,  i t  

i s  reasonable t h a t  t h i s  va lue  shou ld  be sma l l .  The d i s t r i b u t i o n  f u n c t i o n  o f  D 

i s  c a l l e d  the  Kolmogorov-Smirnov f u n c t i o n .  

i n  Table V o f  t h e  Appendix. 

Values o f  t h i s  f u n c t i o n  a r e  g i ven  

I n  the  Wi lcoxon t e s t ,  i t  i s  supposed t h a t  a random sample i s  drawn f rom the  

p o p u l a t i o n  and t h a t  i t s  elements a re  matched i n t o  p a i r s .  Subsequently, one 

element i s  chosen randomly f rom each p a i r  t o  undergo t h e  exper iment and the  

o t h e r  i s  used as a c o n t r o l  element. The v a r i a b l e s  used f o r  t h e  Wi lcoxon t e s t  

must be measurable a t  l e a s t  on an o r d i n a l  sca le ,  i . e . ,  i t  must be p o s s i b l e  a t  

l e a s t  t o  compare t h e  r e s u l t  o f  t h e  two elements o f  a p a i r  by say ing  which i s  

g r e a t e r  o r  b e t t e r .  

between t h e  elements o f  t h e  p a i r s ,  i . e . ,  t o  compare any two p a i r s  i n  terms o f  

Fu r the r ,  i t  must a l s o  be p o s s i b l e  t o  o rde r  t h e  d i f f e r e n c e s  
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t h o  importance o f  t h e i r  d i f f e r e n c e .  

two elements o f  p a i r  i. 

t o  t h e  impor tance o f  Di, i g n o r i n g  t h e  s i g n  o f  Di. 

f o r  which t h e  two exper iments gave t h e  same r e s u l t s ,  i . e . ,  those f o r  which Di = 0, 

rank 1 i s  assigned t o  the  p a i r  w i t h  t h e  sma l les t  d i f f e r e n c e  Di. 

L e t  us c a l l  Di t h e  d i f f e r e n c e  score  f o r  t h e  

A l l  p a i r s  must be ranked i n  ascending o rde r  accord ing  

A f t e r  d i s r e g a r d i n g  a l l  p a i r s  

Occas iona l l y ,  two o r  more p a i r s  y i e l d  t h e  same d i f f e r e n c e ,  Di, and i n  t h i s  

Th is  rank i s  taken as t h e  average ins tance  they  a re  a l l  g i ven  t h e  same rank. 

o f  t h e  ranks they  would have rece ived  had they  a l l  been s l i g h t l y  d i f f e r e n t .  

For  example i f  t h e  f o u r t h  and f i f t h  d i f f e r e n c e s  a re  equal  t o  4 and -4, these 

p a i r s  a r e  bo th  g i ven  t h e  rank 4.5. 

Under t h e  n u l l  hypothes is ,  Ho, f o r  which t h e r e  i s  no d i f f e r e n c e  between t h e  

two exper iments,  one would expec t  t h a t  w i t h i n  t h e  l a r g e r  ranks  approx imate ly  as 

many p o s i t i v e  as nega t i ve  values would occur  and t h a t  t h e  same shou ld  happen 

w i t h  t h e  s m a l l e r  ranked p a i r s .  

ranks  f o r  p o s i t i v e  d i f f e r e n c e s  would be c lose  t o  t h e  sum f o r  nega t i ve  d i f f e r e n c e s .  

Usua l l y  these ranks  a re  used i n  two d i f f e r e n t  ways, depending on the  s i z e  o f  

t he  sample. 

d i s t i n g u i s h  between no va lues  sma l le r  o r  l a r g e r  than 25. 

Small samples (no  < 25) : 

Hence, i t  can be expected t h a t  t h e  sum o f  a l l  

I f  no i s  t he  number o f  p a i r s  w i t h  non-zero d i f f e r e n c e  Di, we s h a l l  

L e t  us c a l l  Tt t h e  sum o f  t h e  ranks  cor respond ing  t o  p o s i t i v e  Di and T -  t h e  

sum o f  t h e  ranks  cor respond ing  t o  nega t i ve  Di. 

values, i s  

Then T, t h e  sma l les t  o f  these 

Values o f  t h e  cumu la t i ve  d i s t r i b u t i o n  f u n c t i o n  o f  T a re  g i ven  i n  Table V I  o f  

t he  Appendix. 

Large samples (no  > 25) : 

I t can be shown i n  t h i s  i ns tance  t h a t  t he  sum o f  the  ranks ,  V ,  g i ven  by 

V = Tt - T- (3.13) 
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i s  normally d is t r ibu ted  with the following parameters : 

The reduced var iable  z given by 

(3.14)  

(3.15) 

(3.16) 

i s  normally d is t r ibu ted  with mean zero and variance unity. 

The above makes i t  possible t o  t e s t  the hypothesis t h a t  V i s  s i g n i f i c a n t l y  

d i f f e r e n t  from zero. 

3.13, 3.14 and 3.15, which makes i t  possible  t o  ca lcu la te  z witn eqn. 3.15. 

For t h i s  purpose, V ,  and IS a re  calculated with eqns. 

To t e s t  the hypothesis, two values L ~ - ~ , ~  and ca12 are given i n  Table I o f  

These a re  equal t o  the values o f  the M(0, l )  var iable  f o r  which the  Appendix. 

ths d i s t r i b u t i o n  function is  equal t o  1-1~12 and a/2, respect ively.  I f  

the hypothesis i s  re jected.  

3.2.4. Tests f o r  interval  or ar i thmetical  scales  

W<ien studying var iables  in  an interval  o r  ar i thmetical  s c a l e ,  i t  i s  useful 

t o  exarliine the  value o f  the parameters o f  a population obtained by ar i thne t ica l  

ca lcu la t ions .  In t h i s  sec t ion ,  a random variable  x will be examined which 

wil l  be assumed t o  have a normal d i s t r i b u t i o n .  The t e s t s  described i n  t h i s  

sect ion wi l l  concern the values o f  the mean value, p ,  and the standard 

deviat ion,  IS. 
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3.2.4.1.1. Tes t  on the  mean w i t h  va r iance  known 

Suppose i t  i s  known t h a t  a v a r i a b l e  x has a normal d i s t r i b u t i o n  N ( p , u ) ,  and 

f u r t h e r  suppose the  s tandard  d e v i a t i o n ,  u, i s  known b u t  t h e  mean value, p ,  i s  

no t .  The o b j e c t  o f  t h e  f o l l o w i n g  t e s t  i s  t o  e s t a b l i s h  whether p i s  o r  i s  n o t  

equal  t o  a h y p o t h e t i c a l  va lue  po. Th is  can be s t a t e d  as 

Ho : l i = ~ o .  . t h e  n u l l  hypothes is  

HI : p # po : t h e  research  hypothes is  

To t e s t  t h i s  hypothes is ,  i t  i s  p o s s i b l e  t o  measure t h e  va lue  o f  x f o r  each member 

o f  t he  popu la t i on ,  t o  c a l c u l a t e  t h e  mean va lue  and t o  compare i t  w i t h  uoo' 

when the  p o p u l a t i o n  i s  l a r g e  t h i s  approach i s  imposs ib le ,  and we t h e r e f o r e  suppose 

t h a t  a random sample c o n t a i n i n g  n elements i s  drawn f rom t h e  popu la t i on .  

L e t  us c a l l  t h e  mean va lue  o f  t he  f requency d i s t r i b u t i o n  o f  t h e  sample F. 

severa l  random samples o f  s i z e  n a re  drawn from the  popu la t i on ,  x w i l l  t a k e  

d i f f e r e n t  values. 

has a normal d i s t r i b u t i o n .  The mean va lue  o f  t h e  d i s t r i b u t i o n  i s  p and i t s  

s tandard  d e v i a t i o n  i s  u / K .  Th is  can be w r i t t e n  as 

C l e a r l y ,  

I f  
- 

It can be shown t h a t  1, which i s  a l s o  a random v a r i a b l e ,  a l s o  

The l a r g e r  n becomes, t h e  sma l le r  i s  t h e  s tandard  d e v i a t i o n  o f  5;; and t h e  s u r e r  

we a re  t h a t  x w i l l  be c lose  t o  p. 

By reduc ing  7, we can now o b t a i n  an N(0 , l )  v a r i a b l e  

x - vo 

G I  rn 
I f  t he  n u l l  hypothes is  i s  t r u e  (p = uo), the  v a r i a b l e  z = - has an N(0 , l )  
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d i s t r i b u t i o n .  

t h a t  t h e  p r o b a b i l i t y  o f  be ing  o u t s i d e  t h e  i n t e r v a l  (za12, z lqaI2)  i s  equal  t o  a. 

This i s  i l l u s t r a t e d  i n  F i g .  3.4. 

f u n c t i o n  o f  za are  g i ven  i n  Table I o f  t h e  Appendix. 

I n  t h i s  i ns tance  two p o i n t s ,  zd2 and z1-fl12, can be found such 

The va lues  o f  F(z ) ,  t h e  cumu la t i ve  d i s t r i b u t i o n  

1 -dl2 
Z 

zo( I2  
F i g .  3.4. An i n t e r v a l  w i t h  p r o b a b i l i t y  1 - a.  

A f t e r  choosing a smal l  va lue  o f  a ( f o r  example, a = 5%),  z i s  ca l cu la ted .  

I f  t h e  va lue  o f  z l i e s  o u t s i d e  o f  t h e  i n t e r v a l  ( z ~ , ~ ,  z ~ - ~ , ~ ) ,  t h e  n u l l  

hypothes is  i s  r e j e c t e d  because i f  the  n u l l  hypothes is  had been t r u e  t h e  p r o b a b i l i t y  

o f  t h i s  event  i s  very  smal l  ( a ) .  

be accepted. 

accepted as i t  i s  an acceptab le  value. 

accepted i f  

I n  t h i s  i ns tance  t h e  research  hypothes is  can 

I f  t h e  va lue  o f  z l i e s  i n s i d e  t h e  i n t e r v a l ,  t h e  n u l l  hypothes is  i s  

The n u l l  hypothes is  can t h e r e f o r e  be 

(3.17) U - .  U 

1 - a / 2  Po + - .  Z a I 2 G  x 6 Po ';. z 
V T  

I n  p r a c t i c a l  s i t u a t i o n s ,  t h e  s tandard  d e v i a t i o n  u i s  unknown and t h e r e f o r e  t h i s  

case i s  o f  l i t t l e  importance f o r  a p p l i c a t i o n s .  

o f  an unknown s tandard  d e v i a t i o n  will  be examined. 

I n  t h e  n e x t  sec t i on ,  t h e  case 
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3.2.4.1.2. T e s t  on t h e  mean w i t h  va r iance  unknown ( t - t e s t )  

Again, one wishes t o  t e s t  t he  hypothes is  t h a t  t h e  mean va lue  p o f  a v a r i a b l e  

i s  equal t o  a h y p o t h e t i c a l  va lue  uo 

H o  : p = po : n u l l  hypothes is  

H1 : p # po : research  hypothes is  

However, as i s  f requen t  i n  exper imenta l  s i t u a t i o n s ,  i n  t h i s  i ns tance  t h e  

s tandard  d e v i a t i o n ,  u ,  o f  t h e  p o p u l a t i o n  i s  unknown and i t  i s  n o t  p o s s i b l e  t o  

use t h e  v a r i a b l e  z d e f i n e d  i n  t h e  p rev ious  sec t i on .  

e s t i m a t i o n  o f  u must be made. 

I n  t h i s  i ns tance  an 

I t can be shown by e s t i m a t i o n  theo ry  t h a t  t he  "bes t "  e s t i m a t i o n  o f  u i s  

g i ven  by t h e  s tandard  d e v i a t i o n ,  s, o f  t h e  f requency d i s t r i b u t i o n  o f  a random 

sample. As we have seen i n  s e c t i o n  2.2.5, s i s  g i ven  by 

s =  i- n-1  i=l 

T h i s  makes i t  p o s s i b l e  t o  d e f i n e  a new s t a t i s t i c a l  va lue  g i ven  by 

I t  can be shown t h a t  i f  t h e  n u l l  hypothes is  H o ,  i s  t r u e  t h e  v a r i a b l e  t has t h e  

s tuden t  d i s t r i b u t i o n  w i t h  n - 1 degrees o f  freedom. Th is  makes i t  p o s s i b l e  

t o  f i n d  two p o i n t s ,  ta12,n-1 and tl-a12,n-l, such t h a t  t he  p r o b a b i l i t y  o f  t 

be ing  o u t s i d e  t h e  i n t e r v a l  (ta12,n-1, tl-a/2,n-1 ) i s  equal  t o  a i f  t h e  n u l l  

hypothes is  i s  t r u e .  
a s k  

i n  Table I11 o f  t h e  Appendix. 

The values o f  t f o r  severa l  values o f  a and k a r e  g i v e n  

The n u l l  hypothes is  can t h e r e f o r e  be  accepted i f  

- 
x -  

1 - 4  2, n- 1 4 -  t 
ta/2,n-1 slK 

o r  i f  
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(3.17) 

A p a r t i c u l a r  case a r i s e s  when two va r iab les ,  x1 and x2 a r e  measured f o r  each 

element o f  t h e  sample. 

diy a re  c a l c u l a t e d  and i t  i s  t e s t e d  whether t h e  mean d i f f e r e n c e  does o r  does n o t  

d i f f e r  s i g n i f i c a n t l y  f rom zero,  by us ing  t h e  equa t ion  

To compare the  means o f  t h e  two v a r i a b l e s  t h e  d i f f e r e n c e s ,  

where sd i s  t h e  s tandard  d e v i a t i o n  o f  t h e  d i f f e rences .  

I n  t h e  n e x t  two sec t i ons ,  t h e  means and s tandard  d e v i a t i o n s  o f  two random 

v a r i a b l e s  a re  compared. 

3.2.4.2.1. Comparison o f  two means 

Consider two popu la t i ons ,  A and B. Suppose t h e  f i r s t  p o p u l a t i o n  has an 

2 2 
N(ply ol )  d i s t r i b u t i o n  and t h e  second p o p u l a t i o n  an N(uzY uz)  d i s t r i b u t i o n  and 

t h a t  bo th  var iances  ul and u2 are  known. The hypothes is  one wishes t o  t e s t  i s  

t h e  e q u a l i t y  o f  t h e  two mean values, pl and pz 

2 2 

Ho : u l  = u2 : n u l l  hypothes is  

H1 : pl # p2 : research  hypothes is  

Two samples o f  s i zes  nl and n2 a re  drawn from the  popu la t i ons .  

x1 and X2 o f  t h e  two samples have t h e  f o l l o w i n g  d i s t r i b u t i o n s  

The mean values 
- 

iranchembook.ir/edu

https://iranchembook.ir/edu


71 

The d i f f e r e n c e  x1 - x2 has t h e  f o l l o w i n g  d i s t r i b u t i o n  

I f  t h e  two means are  

2 

x1 - x2 % N (0, n 
1 

a1 t 
- -  

I f  t h e  var iances  a r e  

e q u a l i t y  o f  

equal  , t h i s  d i f f e r e n c e  becomes 

2 
u2 
- 1  
n2 

known, the  f o l l o w i n g  r e l a t i o n s h i p  i s  used f o r  t e s t i n g  t h e  

2 I n  p r a c t i c e ,  t h e  var iances  a re  unknown and two es t imates ,  s1 and 

ca l cu la ted .  It can then be shown t h a t  an es t ima te  f o r  t h e  equal  

t he  p o p u l a t i o n  i s  g i v e n  by the poo led  var iance 

(3.18) 

2 
s2, a re  

var iances  o f  

I n  t h i s  i ns tance ,  t h e  express ion  

has a t n  +n -2  d i s t r i b u t i o n .  Th is  l a s t  express ion  can a l s o  be w r i t t e n  as 
1 2  

- 2  

The f o l l o w i n g  two-sided t e s t  then makes i t  p o s s i b l e  t o  v e r i f y  t h e  hypothes is  : 

the  means a r e  cons idered n o n - s i g n i f i c a n t l y  d i f f e r e n t  (and t h e  research hypothes is  
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i s  r e j e c t e d )  i f  

3.2.4.2.2. Comparison o f  two var iances  

O f ten  t h e  parameters o f  two no rma l l y  d i s t r i b u t e d  popu la t i ons  must be compared. 

2 2 
I n  t h i s  sec t i on ,  i t  i s  t e s t e d  whether t h e  var iances  ul and u2 o f  two no rma l l y  

d i s t r i b u t e d  popu la t i ons  a r e  equal  

2 2  

2 2  

Ho : o1 = u2 : n u l l  hypothes is  

H1 : ol # u2 : research  hypothes is  

n 
L 

To compare t h e  var iances ,  random samples a r e  drawn f rom t h e  two popu la t i ons ,  s1 

and s2 a re  c a l c u l a t e d  and a new v a r i a b l e  i s  d e f i n e d  2 

2 

2 
F = -  

s2 

2 
2 I t  can e a s i l y  be shown t h a t  i f  the  var iances  u: and u are  equa l ,  F has a 

Fisher-Snedecor d i s t r i b u t i o n  wi th parameters nl-1 and n2-1. Two p o i n t s  

can be found such t h a t  t he  p r o b a b i l i t y  1 -a/2, n 1- I, n2- 1 and 'IF1-a/2 ,n2- 1 ,n 1-1 

o f  F be ing  o u t s i d e  t h e  i n t e r v a l  

1 
) F~ -a/ 2, n2 - 1, n 1- I ' F1-a/2 ,nl-l ,n2-1 ( 

i s  a i f  t h e  n u l l  hypothes is  i s  t r u e .  Values o f  f o r  seve ra l  values o f  a, 

k and m a r e  g i ven  i n  Tab le  I V  o f  t h e  Appendix. 

accepted i f  

The n u l l  hypothes is  w i l l  be 

2 1 
< - < F  2 1-a/2,nl-l,n2-1 

F1-a/2, "2- 1, n 1- 1 s2 

(3.20) 
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For  a one-sided t e s t ,  t h e  hypotheses a re  fo rmu la ted  as 

2 2  

2 2  

H = u = 5* : n u l l  hypothes is  

H1 = 51 > 52 : research  hypothes is  

0 1  

The n u l l  hypothes is  w i l l  then  be accepted i f  

3.2.5. Two-dimensional f requency  d i  s tri b u t i o n  

(3.21) 

A one-dimensional f requency d i s t r i b u t i o n  was ob ta ined  by group ing  t h e  

measurements o f  a v a r i a b l e  i n t o  groups and by c a l c u l a t i n g  t h e  number o f  values i n  

each group. 

v a r i a b l e s  a re  o f  i n t e r e s t .  

measurements ( a l s o  c a l l e d  the  f requency)  o f  each combina t ion  o f  p o s s i b l e  values 

f o r  t h e  two v a r i a b l e s  must be c a l c u l a t e d ,  and these values can then be g i ven  

i n  a t a b l e .  

Often, when s tudy ing  t h e  elements o f  a popu la t i on ,  two o r  more 

To rep resen t  such a popu la t i on ,  t h e  number o f  

An example g i v i n g  t h e  concen t ra t i ons  o f  two m a t e r i a l s ,  A and B y  f o r  100 samples 

i s  shown i n  Tab le  3.1. 

Table 3.1. 

A two-dimensional  f requency d i s t r i b u t i o n  
~ 

Concen t ra t i on  o f  B 

0-3 
4- 7 
8-11 

12- 15 
23 

0 2 7 1 0  
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To o b t a i n  a b e t t e r  comparison o f  popu la t i ons  o f  d i f f e r e n t  s i zes ,  an a l t e r n a t i v e  

t a b l e  g i ves  t h e  r e l a t i v e  f requenc ies  o f  each combinat ion.  

Table 3.11 i s  ob ta ined.  

For  t h e  example above, 

Table 3.11 

A two-dimensional  r e l a t i v e  f requency d i s t r i b u t i o n  

4-7 0.04 0.20 0.04 0.01 
8-11 0.01 0.06 0.23 0.08 

12-15 0.02 0.07 0.10 

3.2.5.2. Marg ina l  d i s t r i b u t i o n s  _ -_  ___________-_-----  

A two-dimensional  f requency d i s t r i b u t i o n  can be descr ibed by u s i n g  t h e  

parameters o f  t h e  two v a r i a b l e s  separa te l y .  

x2, t h e  marg ina l  x1 and x2 d i s t r i b u t i o n s  a r e  de f i ned  as t h e  f requency d i s t r i b u t i o n s  

of  t he  separa te  v a r i a b l e s .  

denoted by  fx and f, . 

example i n  s e c t i o n  3.2.5.1 a r e  g iven.  

I f  t h e  v a r i a b l e s  a r e  c a l l e d  x1 and 

The frequency o f  these two d i s t r i b u t i o n s  w i l l  be 

In  Table 3.111 t h e  marg ina l  d i s t r i b u t i o n s  f o r  t h e  
1 2 

Table 3.111 

Marg ina l  d i s t r i b u t i o n s  

f 
x2 

x2 X 1  

0-3 4-7 8-11 12-15 

0-3 10 3 0 1 14 
4- 7 4 20 4 1 29 
8-11 1 6 23 8 38 

12-15 0 2 7 1 0  19 

f 15 31 34 20 100 
x1 

2 The va lues  X, S2, s can then be c a l c u l a t e d  f o r  bo th  marg ina l  d i s t r i b u t i o n s ,  

2 2  
and x2, sx23 sx2 and they  w i l l  be c a l l e d  x,, Sxl ,  sxl 
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The disadvantage o f  t he  marg ina l  d i s t r i b u t i o n s  i s  t h a t  they  do n o t  desc r ibe  

I n  t h i s  sec t i on ,  two parameters w i l l  t h e  connect ion  between t h e  two v a r i a b l e s .  

be i n t r o d u c e d  f o r  t h i s  purpose. 

A two-dimensional  f requency d i s t r i b u t i o n  w i t h  v a r i a b l e s  x1 and x2  i s  cons idered.  

Va r iab le  x1 takes  the  values xll, x12, ..., xli, . . . , xlnl and v a r i a b l e  x2 

The number o f  elements f o r  which 
2J '  * * *  , X2n2- 

t h s  values x21 Y X22' ... a x 

t h e  values o f  t he  v a r i a b l e s  a re  xli and x i s  c a l l e d  fij. 
23 

The covar iance between the  v a r i a b l e s  x1 and x2 i s  d e f i n e d  as 

(3.22) 

n 1  n2 
where n i s  the  t o t a l  number o f  measurements ( n  = C C f .  . ) .  I t  can be shown 

i = l  j=1 'J 

t h a t  t h e  covar iance i s  a l s o  g i ven  by 

- -  - x1 . x2 
1 n 1  n2 

n i = l  j = 1  'J 

c = - C C f . .  Xli x2j (3.23) 

The covar iance between v a r i a b l e s  i s  sometimes a l s o  w r i t t e n  Cov(xl, x2)  o r  

C(xl, x2 ) .  

i s  t h e  c o r r e l a t i o n  c o e f f i c i e n t ,  r, which i s  g i v e n  by 

Another much used measure o f  t h e  a s s o c i a t i o n  between two v a r i a b l e s  

C 
r =  * s  

s x l  x2 

(3.24) 

S 

d i s t r i b u t i o n  (eqn. 2.5). 

It can be shown t h a t  t he  c o r r e l a t i o n  c o e f f i c i e n t  always takes  a va lue  between 

-1 and 1. 

s e c t i o n  3.2.6.2. 

and Sx a r e  the  b iased  es t ima to rs  o f  t h e  s tandard  d e v i a t i o n  o f  t h e  marg ina l  
x1 2 

A f u r t h e r  d i scuss ion  o f  t h e  c o r r e l a t i o n  c o e f f i c i e n t  i s  g i ven  i n  
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3.2.6. Two-dimensional random v a r i a b l e s  

As i n  t h e  one-dimensional case, two-dimensional  random v a r i a b l e s  a r e  cha rac te r i zed  

by a cumula t ive  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n ,  F(xl, x2) .  

de f ined f o r  each p a i r  o f  values (xl, x2)  t h a t  the  v a r i a b l e s  can take .  

t h e  p r o b a b i l i t y  t h a t  t he  f i r s t  v a r i a b l e  be l e s s  than o r  equal t o  x1 and t h e  second 

l e s s  than  o r  equal  t o  x2. 

f u n c t i o n  i s  then g i ven  by 

T h i s  f u n c t i o n  i s  

It i s  

The p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  o r  d e n s i t y  

(3.25) 

I t  must s a t i s f y  the  c o n d i t i o n  t h a t  i t s  i n t e g r a l  i s  equal  t o  u n i t y  

+- +m 

I I f(xl, x2) dxl dx2 = 1 
-a -0 

When the  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  i s  d i s c r e t e ,  i t s  values are  w r i t t e n  

and a r e  c a l l e d  p r o b a b i l i t i e s .  These must s a t i s f y  the  c o n d i t i o n s  
1’ x2 

as Px 

= I  c x“ pxl 3x2 
x1 2 

The marg ina l  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n s  a re  ob ta ined  by cons ide r ing  o n l y  

one v a r i a b l e  and t a k i n g  the  i n t e g r a l  o r  sum over  t h e  o the rs  

When cons ide r ing  a two-dimensional  random v a r i a b l e ,  parameters can be 

c a l c u l a t e d  f o r  each o f  t h e  two random v a r i a b l e s .  Cons ider ing ,  f o r  example, x1 
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i t s  mean i s  d e f i n e d  as 

= E(xl) = ! xlgl(xl) dxl = J J x1 f(xly x2) dxl dx2 
p X 1  -m -03 -m 

and i t s  va r iance  as 

2 im 2 
cr2 = Var (xl) = E((xl - E(xl) ) = ! (xl - E(xl - E(xl)) g1 (xl) dxI 
x1 -00 

I n  t h e  same wayt t h e  mean and var iance o f  x2  can be ca l cu la ted .  

more adapted t o  t h e  two-dimensional  na tu re  o f  t h e  random v a r i a b l e  i s  t h e  covar iance,  

which i s  d e f i n e d  as 

A parameter 

I t  can e a s i l y  be shown t h a t  

To o b t a i n  a parameter independent o f  t h e  sca les  i n  which x1 and x2  are  measured, 

t h e  covar iance i s  d i v i d e d  by t h e  s tandard  d e v i a t i o n s  o f  x1 and x2, which g i ves  

t h e  c o r r e l a t i o n  c o e f f i c i e n t  

(3.27) 

The greek l e t t e r  symbols r and p a r e  p o p u l a t i o n  parameters and symbols C and r 

a re  es t imates  ( i n  f a c t ,  C i s  a b iased  es t imate ,  s ince  one d i v i d e s  by n i n s t e a d  ofn-1). 

Two random v a r i a b l e s  x1 and x2  a r e  cons idered t o  be independent i f  t h e i r  

j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n ,  f(xlt x2) ,  can be ob ta ined  by t h e  
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m u l t i p l i c a t i o n  o f  t h e  two marg ina l  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n s ,  

91(x1)  and 92(x2) 

An impor tan t  p r o p e r t y  of independent random v a r i a b l e s  i s  t h a t  t h e i r  covar iance,  

and t h e r e f o r e  a l s o  t h e i r  c o r r e l a t i o n  c o e f f i c i e n t ,  i s  zero.  

P roo f  

E(x1.x2) = 1 1 x1 x2 f(x1’X2) dxl dx2 
-m -m 

Th is  i m p l i e s  t h a t  

and 

When the  c o r r e l a t i o n  c o e f f i c i e n t  p(x1,x2) i s  zero, t h e  v a r i a b l e s  a r e  c a l l e d  

u n c o r r e l a t e d  : independent random v a r i a b l e s  a re  unco r re la ted .  I t  can be observed 

t h a t  t h e  r e c i p r o c a l  does n o t  n e c e s s a r i l y  hold.  

The covar iance i s  a l s o  used t o  c a l c u l a t e  t h e  var iance o f  t h e  sum o f  two 

random v a r i  ab l  es 
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A c o r o l l a r y  o f  t h i s  r e s u l t  i s  t h a t  t he  var iance o f  t h e  sum o f  two independent 

random v a r i a b l e s  i s  t h e  sum o f  t h e i r  var iances .  

3.2.7. Mu l t i - d imens iona l  random v a r i a b l e s  

The two-dimensional p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  and cumula t ive  p r o b a b i l i t y  

d i s t r i b u t i o n  f u n c t i o n  can e a s i l y  be extended t o  the  mu l t i - d imens iona l  case : i f  

t h e  v a r i a b l e s  a r e  c a l l e d  xIy x2’  ...) xny  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  

o r  d e n s i t y  f u n c t i o n  i s  c a l l e d  f(x1,x2’ ..., xn) .  I t  must s a t i s f y  

+m i m  

... 1 1 f(xl,x2’ . . . ,X ) dxl dx2 . .. dxn = 1 n -m -m 

The marg ina l  d e n s i t y  f u n c t i o n s  f o r  some o f  t h e  v a r i a b l e s  a re  ob ta ined  by 

i n t e g r a t i n g  over  t h e  o the rs .  

i s  g i v e n  by 

Fo r  example, t h e  marg ina l  d e n s i t y  f u n c t i o n  g(x1,x2) 

The covar iance between v a r i a b l e s  xi and x .  i s  d e f i n e d  by 
J 

* Mat r i ces  and vec to rs  a re  discussed i n  Chapter 17. 
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- -  
x1 

-b x2 x =  . 

n X 

I n  the  same way, t h e  var iance o f  v a r i a b l e  xi i s  de f i ned  by 

-b 

1 - 1 -  

(3.30) 

- 
'Jl 

'J2 

% 

-b 

Sometimes t h e  va r iab les  xlY x Z y  ...) xn a re  arranged i n  a vec to r  x 

2 By cons ide r ing  t h e  values ui and r i j  as t h e  var iances o f  and covar iances o f  and 

between the  elements of  vec to r  z ,  t he  f o l l o w i n g  n o t a t i o n  w i l l  be used 

r =  

I n  

'2n 

2 
n 0 

(3.31) 

M a t r i x  r i s  c a l l e d  the  var iance-covar iance m a t r i x  o f  t h e  mul t i -d imensional  

random v a r i a b l e  2. 

The d e n s i t y  f u n c t i o n  o f  a mul t i -d imensional  o r  m u l t i - v a r i a t e  normal 

d i s t r i b u t i o n  i s  g i ven  by 

-1 -+ -f 
-I/Z(?~-;)~ r ( x - ~ )  

(2,)'12 lrI1l2 
e 

f ( xyx2 ,  . . .  Y Xn) = (3.32) 
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i s  t h e  v e c t o r  o f  means o f  t h e  va r iab les ,  r i s  t h e  var iance-covar iance m a t r i x  

and Irl i s  i t s  de terminant .  

3 . 2 . 8 .  The f i t t i n g  o f  a s t r a i g h t  l i n e  by t h e  leas t -squares  method 

A p a i r  o f  measurements made f o r  each element o f  a p o p u l a t i o n  o r  o f  a sample 

can be cons ide red  as a two-dimensional f requency  d i s t r i b u t i o n .  I f  t h e  f i r s t  

measurement o f  each p a i r  i s  c a l l e d  x and t h e  second i s  c a l l e d  y, t h e  

two-dimensional  f requency d i s t r i b u t i o n  can be represented  by t h e  f o l l o w i n g  t a b l e  

Element F i r s t  v a r i a b l e  Second v a r i a b l e  

x1 

x2 

'n 

1 

2 

n ytl 

I f  one cons iders  t h e  second v a r i a b l e  as a f u n c t i o n  of  t h e  f i r s t ,  t h e  f o l l o w i n g  

general  r e l a t i o n s h i p  can be cons idered 

I n  the  s p e c i f i c  and ve ry  r e s t r i c t e d  case when t h e  r e l a t i o n s h i p  i s  l i n e a r ,  i t  can 

be w r i t t e n  as 

y = B x + a  

where B and a a r e  unknown parameters. 

As each measurement o f  t h e  v a r i a b l e  y i s  i n f l u e n c e d  by a measurement o f  x, t h e  

f o l l o w i n g  model i s  used t o  desc r ibe  t h e  r e l a t i o n s h i p  

i = 1, 2, ..., n (3.33) i yi = Bxi + a + e 

where ei represents  t h e  e r r o r  d u r i n g  measurement i. 

then t o  f i n d  es t imates  f o r  t he  values o f  t h e  unknown parameters B and a. 

The o b j e c t  o f  t h e  model i s  

These 
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es t imates ,  c a l l e d  a and b, w i l l  be chosen i n  such a way t h a t  t h e  d i f f e r e n c e  

between the  measured yi and the  ones g i ven  by the  model, bxi t a, w i l l  be as 

smal l  as poss ib le .  Th i s  c o n d i t i o n  i s  ob ta ined  by cons ide r ing  t h e  sum o f  t h e  

squares o f  these d i f f e r e n c e s  

2 n 

i = l  
(Yi - axi - a) 

A minimum f o r  t h i s  f u n c t i o n  o f  B-and a i s  ob ta ined  by s e t t i n g  t o  zero  t h e  p a r t i a l  

d e r i v a t i v e s  w i t h  respec t  t o  a and B. 

2 n 

1=1 6 - c  (Yi - axi - a) n 
= - 2 * C  xi (Yi - @Xi - a) = 0 

68 1=1 

2 n 

1=1 
6 .c  ( y i  - axi - a) n 

= - 2 (yi - axi - a )  = 0 
1=1 6a 

T h i s  y i e l d s  minimum square es t imates  o f  t h e  parameters 

n 
C (xiyi - bx: - axi) = 0 
i=l 

n n 
C y i - b  C x i - n a = O  
i =1 i =1 

Th is  g i ves  t h e  f o l l o w i n g  equat ions  

- - n 
1 
i=l 

( X i  - x )  (Yi - Y) 

C (Xi - x )  

b =  
- 2  n 

i = l  

(3.34) 

a = y - b y  (3.35) 

The s t r a i g h t  l i n e  y = a t bx ob ta ined  by t h e  leas t -squares  method can now be 

compared w i t h  a g i ven  h y p o t h e t i c a l  s t r a i g h t  l i n e  w i t h  a = 0 and B = 1. 

h y p o t h e t i c a l  s t r a i g h t  l i n e  can be w r i t t e n  i n  t h e  fo rm 

The 
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and t h e  f i t t e d  l i n e  can be w r i t t e n  as 

y = a t  b z t  bx - b y  

o r  as 

y = 7 t b ( X  - 2) 

To examine t h e  va lue  o f  t he  h y p o t h e t i c a l  ' s t r a i g h t  l i n e ,  t h e  t o t a l  sum o f  t h e  

squares o f  t h e  dev ia t i ons  f rom t h e  observed values i s  ca l cu la ted .  One such 

d e v i a t i o n  i s  g i v e n  by 

- -. 
yi - x - (Xi - x )  

Th is  va lue  can be broken down i n  t h e  f o l l o w i n g  way 

- - 
yi - x - (Xi - x )  

t (7 - 7)  

- 
= (yi - 7) - b (xi - X )  ) 

- 
t (b  - 1) (xi - X )  

These terms correspond t o  t h e  d e v i a t i o n  f rom t h e  leas t -squares  s t r a i g h t  l i n e  and 

t o  t h e  d i f f e r e n c e s  between 7 and Ti and between b and 1. The sums o f  t h e  squares 

o f  these terms can be w r i t t e n  i n  t h e  f o l l o w i n g  fo rm 

Source Sum o f  squares Degrees o f  freedom 
n 

i =1 
2 

Slope o f  l i n e  SSb = (b -1 )2  C ( ~ ~ - 7 ) '  1 

1 

n-2 

n 

Constant o f  l i n e  SSa = n (7 -7  
n 

i = l  

i = l  

2 About 1 i ne SS1 = C (Yi-?J-b(xi-Y) ) 

2 n - 
T o t a l  SST = c (yi-x-(xi-si) ) 

iranchembook.ir/edu

https://iranchembook.ir/edu


84 

To t e s t  the hypothesis, the f o l l o w i n g  r e s u l t  i s  used. The expressions 

both have an F d i s t r i b u t i o n  w i t h  (1, n-2) degrees of "b 
T q i 7  and 3S;Tn'z 
freedom. 

Another method o f  t e s t i n g  the hypotheses t h a t  

performing a Student's - t - t e s t .  

= 1 and a = 0 consis ts  i n  

(1) B has a speci f ied value (e.g. B = 1). 

The s t a t i s t i c  t = b-B v z h a s  Student's d i s t r i b u t i o n  w i t h  n - 2 degrees 

o f  freedom (Spiegel , 1972). 

(2) a has a speci f ied value (e.g. a = 0) .  

has Student's d i s t r i b u t i o n  w i t h  n - 2 degrees o f  a - a  The s t a t i s t i c  t = - 
Var( a) 

freedom (Gr&my, 1969). 

- 2  
2 )  

2 1  Var(a) = s ( + 
c ( Xi -Y) 

where y t i  i s  the y value obtained w i t h  the estimated regression c o e f f i c i e n t  : 

= a + bx 
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Chapter 4 

EVALUATION OF P R E C I S I O N  AND ACCURACY - ANALYSIS OF VARIANCE * 

4.1. GENERAL DISCUSSION 

4.1.1. I n t r o d u c t i o n  ; d e f i n i t i o n s  

I n  s e c t i o n  3.1.2, t h e  t - t e s t  was used t o  decide whether two methods y i e l d  

The p r o f u s i o n  o f  a n a l y t i c a l  methods i s  such s i g n i f i c a n t l y  d i f f e r e n t  r e s u l t s .  

t h a t  o f t e n  more than two p o s s i b l e  procedures have t o  be compared. 

A two-by-two comparison o f  procedures u s i n g  t h e  t - t e s t  makes i t  p o s s i b l e  t o  

i n v e s t i g a t e  whether some d i f f e r  s i g n i f i c a n t l y  f rom o the rs .  

w ish  t o  i n v e s t i g a t e  t h e  whole body o f  da ta  w i t h  a s i n g l e  s t a t i s t i c a l  procedure.  

Th is  i s  p o s s i b l e  w i t h  t h e  a n a l y s i s  o f  var iance (ANOVA) techn ique.  

i n  many areas o f  sc ience and the re  a re  a l s o  severa l  impor tan t  a p p l i c a t i o n s  w i t h i n  

t h e  scope o f  t h i s  book. 

However, one may 

ANOVA i s  used 

The b a s i c  problem t o  which t h e  ana lys i s  o f  var iance i s  a p p l i e d  i s  t o  determine 

which p a r t  o f  t h e  v a r i a t i o n  i n  a p o p u l a t i o n  i s  due t o  sys temat ic  reasons ( c a l l e d  

f a c t o r s )  and which i s  due t o  chance (Jonckheere, 1966). 

i s  t h e  au tho r  o f  an impor tan t  book on ANOVA, de f i nes  i t  as a s t a t i s t i c a l  techn ique 

f o r  ana lys ing  measurements ‘-that depend on severa l  k inds  o f  e f f e c t s  o p e r a t i n g  

s imu l taneous ly  t o  decide which k inds  o f  e f f e c t s  a re  impor tan t  and t o  es t ima te  

t h e  e f f e c t s .  

Schef fe  (1959), who 

I n  t h e  comparison o f  procedures discussed above, t h e  procedures t o  be 

i n v e s t i g a t e d  may be s u b j e c t  t o  sys temat ic  e r r o r  ; t h e  cho ice  o f  a procedure i s  

c a l l e d  a ( c o n t r o l l e d )  f a c t o r .  

de termina t ions  a re  s u b j e c t  t o  random e r r o r s .  

Moreover, t h e  r e s u l t s  o f  t h e  a n a l y t i c a l  

The a n a l y s i s  o f  var iance compares 

* Th is  chapter  has been w r i t t e n  w i t h  t h e  c o l l a b o r a t i o n  o f  Y .  M icho t te ,  
Pharmaceut ical  I n s t i t u t e ,  Vri j e  U n i v e r s i t e i t  Brusse l ,  Belgium. 
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bo th  causes o f  e r r o r ,  w i t h  t h e  purpose o f  d e c i d i n g  whether o r  n o t  t h e  c o n t r o l l e d  

f a c t o r  has a s i g n i f i c a n t  e f f e c t .  

The importance o f  ANOVA can be f u r t h e r  i l l u s t r a t e d  by t h e  f o l l o w i n g  two 

examples, t h e  f i r s t  o f  which i s  taken f rom Amenta (1968) .  

concerned w i t h  q u a l i t y  c o n t r o l  i n  a c l i n i c a l  l a b o r a t o r y ,  and i n v o l v e d  t h e  a n a l y s i s  

o f  50 samples f rom t h e  same pool  , two a day a t  d i f f e r e n t  p laces  i n  t h e  run  d u r i n g  

consecut ive  days. The ques t ions  asked were then as f o l l o w s  : 

Amenta's work was 

(1) i s  t h e r e  a s i g n i f i c a n t  c o n t r i b u t i o n  t o  t h e  t o t a l  var iance f rom day-to-day 

v a r i a t i o n s  ? ; 

( 2 )  i s  t h e r e  a s i g n i f i c a n t  e f f e c t  due t o  t h e  p o s i t i o n  i n  t h e  run  ? 

The o t h e r  example r e l a t e s  t o  t h e  work o f  o f f i c i a l  o r  p u b l i c  a n a l y s t s  and 

concerns . t he  s t a t i s t i c a l  a n a l y s i s  o f  a c o l l a b o r a t i v e  t e s t  o f  a procedure cons idered 

f o r  o f f i c i a l  adopt ion .  

analyse a number o f  samples w i t h  t h e  same procedure us ing  a pre-determined number 

o f  r e p l i c a t e  de te rm ina t ions .  

o f  va r iance  between l a b o r a t o r i e s ,  between samples and between r e p l i c a t e s .  

I n  such a t e s t ,  a number o f  l a b o r a t o r i e s  a r e  asked t o  

The a n a l y s i s  serves t o  d i s t i n g u i s h  between sources 

I n  t h e  case s t u d i e d  by Amenta, t h e r e  a re  two c o n t r o l l e d  f a c t o r s  ( t i m e  and 

p o s i t i o n ) .  

( l a b o r a t o r i e s  and samples) , t h e  va r iance  between r e p l i c a t e s  be ing  cons idered 

t o  be the  e f f e c t  o f  chance. 

and t h e r e f o r e  bo th  examples c o n s i s t  o f  two-way layou ts .  

t h a t ,  i n  r e a l i t y ,  t h e  second a p p l i c a t i o n  i s  more complex. 

o f  t h e  samples cons is t s  o f  a f i n e  powder, w h i l e  another  c o n s i s t s  o f  a more 

g r a n u l a r  m a t e r i a l  t h a t  has t o  be ground i n  o r d e r  t o  o b t a i n  s m a l l e r  p a r t i c l e s  

be fo re  t h e  ana lys i s .  A l a b o r a t o r y  t h a t  has e f f i c i e n t  g r i n d i n g  equipment may 

o b t a i n  accura te  r e s u l t s  f o r  bo th  k inds  o f  samples, w h i l e  another l a b o r a t o r y  

w i t h  inadequate equipment may produce more o r  l e s s  c o r r e c t  r e s u l t s  f o r  t h e  

f i r s t  sample b u t  s y s t e m a t i c a l l y  low r e s u l t s  f o r  t h e  coarser  m a t e r i a l .  

o t h e r  words, t h e  e f f e c t  o f  t h e  l a b o r a t o r y  i s  n o t  t he  same f o r  a l l  samples ; t h i s  

i s  c a l l e d  a sample- labora tory  i n t e r a c t i o n  and may have t o  be taken i n t o  account 

I n  t h e  second example t h e r e  a r e  a l s o  two c o n t r o l l e d  f a c t o r s  

An ANOVA w i t h  n f a c t o r s  i s  c a l l e d  an n-way layou t ,  

I t  shou ld  be added 

I t may be t h a t  one 

I n  
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i n  t h e  ANOVA. ANOVA can be used t o  d e t e c t  such an i n t e r a c t i o n .  T h i s  i s  a 

t y p i c a l  example o f  t he  use o f  ANOVA i n  o p t i m i z a t i o n  s tud ies .  I f ,  i n  t h e  example 

g iven,  s i g n i f i c a n t  sample- labora tory  i n t e r a c t i o n  i s  de tec ted ,  t h i s  shou ld  l e a d  

t o  a b e t t e r  s p e c i f i c a t i o n  o f  t h e  procedure o r  t o  g r e a t e r  s t a n d a r d i z a t i o n  o f  t h e  

equipment and t h e r e f o r e  t o  sma l le r  o v e r a l l  e r r o r s .  

The i n t r o d u c t i o n  o f  t h e  i n t e r a c t i o n  concept leads  t o  a d i f f i c u l t y  i n  

te rmino logy .  

o f  var iance"  and " f a c t o r i a l  a n a l y s i s " .  Some workers rese rve  t h e  fo rmer  te rm 

f o r  cases when t h e r e  i s  o n l y  one parameter be ing  i n v e s t i g a t e d  (one c o n t r o l l e d  

f a c t o r )  o r  e l s e  f o r  cases when t h e r e  a re  severa l  independent c o n t r o l l e d  f a c t o r s  

( i . e . ,  no i n t e r a c t i o n s ) .  F a c t o r i a l  a n a l y s i s  i s  then e i t h e r  an ANOVA f o r  more 

than one c o n t r o l l e d  f a c t o r  o r  f o r  t he  i n t e r a c t i o n  case. Other  workers do n o t  

use t h e  te rm f a c t o r i a l  a n a l y s i s  a t  a l l .  Here we s h a l l  adopt t h e  p o l i c y  o f  

cons ide r ing  t h a t  f a c t o r i a l  a n a l y s i s  i s  a s o p h i s t i c a t e d  p a r t  o f  t he  more genera l  

ANOVA techn ique and we use t h e  te rm t o  i n d i c a t e  t h e  case when t h e  p o s s i b i l i t y  

o f  i n t e r a c t i o n  e x i s t s .  

t h 2  c o n t r o l l e d  f a c t o r s  a r e  independent,  o r  i n  i t s  b roader  sense, when i t  

a l s o  i n c l u d e s  f a c t o r i a l  ana lys i s .  Th is  chapter  cons iders  ANOVA i n  t h e  r e s t r i c t e d  

sense, w h i l e  Chapter 12 discusses f a c t o r i a l  ana lys i s .  

S t a t i s t i c i a n s  o f t e n  make a d i s t i n c t i o n  between t h e  terms " a n a l y s i s  

The te rm ANOVA can be used i n  t h e  r e s t r i c t e d  sense, i . e . ,  

ANOVA i s  such an impor tan t  techn ique t h a t  we have decided t o  e x p l a i n  i t s  

mathematics i n  two forms. I n  t h i s  sec t i on ,  t he  equat ions  f o r  one-way ANOVA 

a re  de r i ved .  

a few a s s e r t i o n s  a r e  made w i t h o u t  p r o o f ,  and i t  i s  s p e c i f i c  f o r  t h e  one-way 

l a y o u t .  A f t e r  these equat ions  have been ob ta ined,  more p r a c t i c a l  equat ions  

f o r  manual c a l c u l a t i o n s  a re  der ived .  

w i t h o u t  mathematical  p r o o f .  I n  t h e  mathematical  sec t i on ,  t h e  same equat ions  

a r e  d e r i v e d  i n  a much more formal and a l s o  a more general  way s t a r t i n g  f rom t h e  

genera l  l i n e a r  model. 

The mathematical  development i s  n o t  complete i n  t h e  sense t h a t  

The equat ions  f o r  two-way ANOVA a r e  g i ven  
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4.1.2. A one-way l a y o u t  

L e t  us cons ide r  t h e  example g i ven  above, namely the  comparison o f  p procedures.  

To a v o i d  c o n s i d e r a t i o n  o f  be tween- labora tory  e r r o r s ,  t he  procedures a r e  assumed 

t o  be c a r r i e d  o u t  by one l a b o r a t o r y .  

have t o  c a r r y  o u t  an ANOVA w i t h  two c o n t r o l l e d  f a c t o r s  (and perhaps i n t e r a c t i o n ) ,  

namely the  l a b o r a t o r i e s  and t h e  procedures.  

I f  t h i s  were n o t  t he  case, one would 

As s t a t e d  above, t h e  o b j e c t  o f  t h e  ANOVA here i s  t o  compare sys temat ic  e r r o r s  

w i t h  t h e  random e r r o r  ob ta ined  f o r  t he  r e p l i c a t e s ,  i . e . ,  t he  p r e c i s i o n  o f  t h e  

procedures.  

t h e  procedures" and not  " t h e  prec is ion?" .  

impor tan t  suppos i t i ons  beh ind  ANOVA : t h e  random e r r o r  i s  cons idered t o  be the  

same f o r  t he  whole body o f  data,  which means t h a t  i t  i s  s t a t e d  t h a t  each o f  t he  

procedures shows the  same p r e c i s i o n  ( o r  r a t h e r ,  as p r e c i s i o n  was d e f i n e d  as the  

es t ima te  o f  a ur i n  Chapter 2, t h e  same " t r u e "  p r e c i s i o n ,  a r ) .  

t h a t  i n  p r a c t i c e  t h i s  i s  improbable.  

do n o t  d i f f e r  t oo  g r e a t l y .  

cou ld  l e a d  t o  erroneous conc lus ions  i f  methods w i t h  w i d e l y  d i f f e r i n g  p r e c i s i o n  

a re  compared. 

I t  i s  impor tan t  t o  no te  t h a t  we have w r i t t e n  " t h e  p r e c i s i o n  o f  

Th is  cho ice  i l l u s t r a t e s  one o f  t h e  

I t  i s  w e l l  known 

However, ANOVA remains v a l i d  when t h e  as 

Never the less ,  i t  shou ld  be remembered t h a t  ANOVA 

L e t  t h e  procedures be c a l l e d  i = 1, 2, .. . , p and l e t  t h e r e  be j = 1, 2, . .. , J 

de te rm ina t ions  ; y . .  i s  t he  j t h  r e s u l t  w i t h  t h e  i t h  procedure.  The same reason ing  

can be a p p l i e d  th roughout  the  f o l l o w i n g  sec t i ons  f o r  t h e  case when one wishes 

t o  de termine t h e  e f f e c t  o f  days (between-day p r e c i s i o n )  by ana iys ing  t h e  same 

sample J t imes on p days o r  t h e  e f f e c t  o f  t h e  l a b o r a t o r y  (be tween- labora tory  

p r e c i s i o n )  by c a r r y i n g  o u t  J de te rm ina t ions  i n  p l a b o r a t o r i e s .  

de te rm ina t ions  i s  cons idered here t o  be t h e  same f o r  a l l  procedures.  

n o t  necessary and i n  the  mathematical  s e c t i o n  t h e  more genera l  case o f  d i f f e r e n t  

numbers, J . ,  o f  r e p l i c a t e s  i s  considered. 

1 J  

The number o f  

Th is  i s  

1 

The mean yi = 1 yij es t imates  the  mean t h a t  would be ob ta ined  . J j=1 i 

f o r  a l l  de termina t ions  w i t h  procedure i. This  leads  us t o  t h e  f o l l o w i n g  
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model f o r  the  i t h  procedure : 

( i )  y . .  i s  normally d is t r ibu ted  with pi and 0; as the  parameters of the 
1 J  

d i s t r i b u t i o n  ; 

( i i )  yi est imates  pi ; t h i s  estimated value i s  d i s t r ibu ted  normally around 

pi with a standard deviation of a r / n  (standard deviation on a mean, see 

sect ion 3.2.4.1) ;  Ti 

( i i i )  s r  = - 

i s  a n  unbiased estimate of p i  ; 

j 
C ( y i j  - Ti )' i s  an unbiased estimate o f  o', ; s r  i s  i n  

f a c t  the precis ion as defined in  Chapter 2 .  I f  several l abora tor ies  o r  days 

were t o  be compared instead of procedures, s r  would be the  within-laboratory 

o r  wi thin-day precis ion.  

To obtain a model f o r  t h e  p procedures ( respec t ive ly  labora tor ies ,  days) ,  

2 1  
J-1 j=1 

one must add t o  t h i s  supposition t h a t  the pi of the procedures ( l a b o r a t o r i e s ,  

days) are  normally d is t r ibu ted  around p and w i t h  standard deviation o2 This 

means t h a t  we consider t h a t  a procedure, e t c . ,  i s  chosen randomly from an 

i n f i n i t e  number of procedures. 

an i n f i n i t e  number of determinations f o r  an i n f i n i t e  number of procedures a re  

normally d i s t r i b u t e d ,  t h i s  assumption i s  general ly  accepted f o r  days o r  

labora tor ies .  

d i s t r ibu ted  around the t r u e  mean ( i n  the absence o f  systematic e r r o r ) ,  a f a c t  

which has been accepted as t r u e  in  sect ion 2 . 1 . 2 .  

inter-procedure e r r o r  i s  normally d is t r ibu ted  i s  therefore  not as surpr i s ing  

as  might appear a t  f i r s t .  

var ia t ions due t o  the cont ro l led  fac tors  a re  considered t o  be described by 

normal d i s t r i b u t i o n s .  To avoid d i f f i c u l t i e s  with the analyt ical  and s t a t i s t i c a l  

terminology, we should remember t h a t  the  e r r o r  due to  one laboratory o r  

procedure i s  considered t o  be systematic b u t  t h a t  the e r rors  due t o  a l l  

laborator ies  or procedures are  random. 

P '  

While i t  has n o t  been proven t h a t  the means from 

Hence between-days o r  between-laboratory e r r o r s  a re  normally 

The supposition t h a t  the 

I t  i l l u s t r a t e s  one of the l imi ta t ions  of ANOVA : the  

Calling E~~ the e r r o r  on the  measurement y i j  and po the t rue  mean ( t r u e  

value of analyte)  , one can wri te  
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'ij (Yij - Pi) -t (Pi - PI -t (' - Po) 

w i t h  

yij - vi = random d e v i a t i o n  w i t h i n  procedure i ; 

pi - P = random d e v i a t i o n  due t o  procedure i, i .e . ,  due t o  t h e  sys temat ic  

e r r o r s  o f  t h e  procedure ; 

1-1 - uo = sys temat ic  d e v i a t i o n .  

The d i f f e r e n c e  between 1~ and u0 i s  due t o  t h e  f a c t  t h a t  a l l  procedures,  e t c . ,  

may have something i n  comnon, which can cause an e r r o r .  

unders tand when ANOVA i s  used f o r  a comparison o f  l a b o r a t o r i e s  us ing  t h e  same 

procedure.  

f rom po by t h e  sys temat ic  e r r o r  of  t h e  procedure.  

procedures f o r  t h e  same k i n d  o f  de te rm ina t ion  c a r r i e d  o u t  i n  one l a b o r a t o r y ,  

then t h e  d e v i a t i o n  o f  u from po might ,  f o r  example, be caused by  t h e  f a c t  t h a t  

t h e  samples must always be d r i e d  b e f o r e  the  a c t u a l  de te rm ina t ion  beg ins  and 

t h a t  a sys temat i c  e r r o r  i s  made d u r i n g  t h i s  s tep .  

P = 1-1 (as i s  o f t e n  done because t h e  sys temat i c  e r r o r  i s  n o t  o f  i n t e r e s t  t o  the  

i n v e s t i g a t o r  who has designed h i s  exper iment s p e c i f i c a l l y  t o  i n v e s t i g a t e  

c e r t a i n  sources o f  v a r i a t i o n ) ,  t he  equa t ion  can be r e w r i t t e n  i n  t h e  more usual  

ANOVA n o t a t i o n  

Th is  i s  e a s i e s t  t o  

The grand mean o f  a l l  r e s u l t s  would es t ima te  a va lue  1-( d i f f e r i n g  

When t h e  o b j e c t  i s  t o  compare 

I f  i t  i s  assumed t h a t  

0 

qj  = eij t ai 

w i t h  

eij = yij - pi 

'i = 'i - ' 
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Th is  leads  t o  

I n  t h i s  way, a l i n e a r  model has been developed accord ing  t o  wh ich  each 

measurement r e s u l t  i s  t h e  sum o f  a cons tan t  (p )  and two random v a r i a b l e s ,  t h e  

f i r s t  o f  which, ai, v a r i e s  between t h e  procedures and the  o the r ,  eij, w i t h i n  

the  procedures.  The l a t t e r  i s  o f t e n  c a l l e d  t h e  e r r o r  o r  t h e  r e s i d u a l  e r r o r .  

yij i s  no rma l l y  d i s t r i b u t e d  around 1-1 w i t h  a s tandard  d e v i a t i o n   IS^(^^^^). 

a i s  t h e  d e v i a t i o n  f rom 1-1 and, as t h e  expected d e v i a t i o n s  are  zero, t hey  a r e  i 
d i s t r i b u t e d  no rma l l y  around zero  w i t h  a s tandard  d e v i a t i o n  u and eij, t he  

d e v i a t i o n  o f  t h e  r e p l i c a t e  measurements f o r  a p a r t i c u l a r  procedure f rom t h e  

mean f o r  t h a t  procedure, i s  a l s o  d i s t r i b u t e d  no rma l l y  around zero  w i t h  a s tandard  

d e v i a t i o n  5r. 

a are  independent,  t h a t  

P 

From t h e  fo rego ing  equa t ion  i t  f o l l o w s ,  as t h e  v a r i a b l e s  eij and 

i 

2 2 2  u t = u  + 5  
r p  

The ANOVA method now cons is t s  i n  t h e  c a l c u l a t i o n  o f  t h e  f o l l o w i n g  sums o f  squares 

P - 2  SS2 = C J(Ti - y ) .. i =1 

where 7 i s  t h e  grand mean .. 
P J  

JP 
.. 

These sums have t o  be d i v i d e d  by t h e i r  degrees o f  freedom 
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2 
C l e a r l y ,  SS1 / ( J - l ) p  es t imates  t h e  va r iance  due t o  t h e  e . .  term, i .e. ,  u 

1 J  r '  

2 J2 2 I t  can be shown t h a t  SS2 / p -1  es t imates  ur t (Jp  - - )  up / p-1. 

The n u l l  hypothes is  i s  t h a t  no p a r t  o f  t h e  var iance u i  i s  due t o  t h e  d i f f e r e n c e  

between t h e  procedures, i . e . ,  u2 = 0. I f  t h i s  i s  so SS1 / ( J - l ) p  and SS2 / p-1  

es t ima te  the  same var iance ur, and shou ld  t h e r e f o r e  n o t  be s i g n i f i c a n t l y  

d i f f e r e n t .  

n u l l  hypothes is .  The t o t a l  var iance o f  t h e  da ta  can be es t ima ted  f rom 

JP 

P 
2 

As SS1 and SS2 es t ima te  var iances ,  an F - t e s t  i s  made t o  t e s t  t he  

Jp - 1 Jp - 1 

It can be. shown t h a t  S S 3  = SS2 + SS1. 3 

and o b t a i n  SS2 by d i f f e r e n c e  o r  SS3 and SS2 and o b t a i n  SS1 by d i f f e r e n c e .  

p r a c t i c e ,  t h e  l a t t e r  method i s  u s u a l l y  p r e f e r r e d .  The c a l c u l a t i o n  can be 

rendered more p r a c t i c a l  by t h e  f o l l o w i n g  m o d i f i c a t i o n  

Hence, one can a l s o  c a l c u l a t e  SS and SS1 

I n  

2 P J  
( c Y i j )  

Z P J  2 i = l  j = l  P J  
ss3 = c c (Yij - 7 ) = c c (Yij) - 

i=l j = 1  J P  i=l j = 1  .. 

p J  2 
= c c (Yij ) - c 

i = l  j=1 

where C i s  t h e  c o r r e c t i o n  te rm ( o r  c o r r e c t i o n  te rm f o r  t h e  mean). 
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p 2  ' Yi. 
- c  - i = l  

J 

where 

J 

j= l  
Y i .  = T. Y i j  

I n  p rac t ice ,  one makes the calculat ions using Table 4.1. 

Table 4 .1  

One-way layout tab le  

Procedures 

P Replicates 1 2 . . .  

1 y11 y12 Y l p  

2 y21 y22 y2p 
3 y31 '32 '3p 

yJ1 'J2 'Jp J 

Sum f o r  
procedures '-1 '.2 '.p 

Total sum y . P  y . .  = y S 1  t y a 2  t .. . 

The following operations a re  then car r ied  o u t  : 

(1) ca lcu la t ion  of the correct ion f a c t o r  : 

2 c = t Y  .. / J P  

( 2 )  ca lcu la t ion  o f  the  sums o f  squares : 

P J  2 
SStota, ( =  S S 3 )  = 1 1 (Yij - c 

i = l  j=1 
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(=  SS2) =; ! (Yi) 2 - c 
SSprocedures i =I  

( 3 )  c a l c u l a t i o n  o f  t h e  sum o f  squares o f  t h e  r e s i d u a l  e r r o r s  (SS1) 

SSres idua l  S S t o t a l  - SSprocedures 

( 4 )  c a l c u l a t i o n  o f  t h e  es t imates  o f  t h e  var iances  th rough d i v i s i o n  by the  

number o f  degrees o f  freedom : 

/ P - 1  2 

2 
procedures = SSprocedures 

r e s i d u a l  = " res idua l  I P(J-1) S 

note  t h a t  p - 1  t p(J-1) = Jp-1, i . e . ,  ( t o t a l  number o f  da ta  - l), which  i s  a l s o  

t h e  number o f  degrees o f  freedom f o r  t h e  t o t a l  var iance ; 

( 5 )  c a l c u l a t i o n  o f  t h e  F r a t i o  : 

2 2 
procedures r e s i d u a l  F = s  

When a c r i t i c a l  va lue  o f  F i s  n o t  ob ta ined  (see s e c t i o n  4.2.2),  one cons iders  

t h a t  t h e  c o n t r o l l e d  f a c t o r  induces no v a r i a t i o n .  I n  o t h e r  words, a l l  o f  t h e  

procedures y i e l d  the  same r e s u l t  and, a t  l e a s t  i f  one o f  t h e  methods i s  a 

re fe rence  method, a l l  o f  t he  procedures a re  accura te .  I f  t h e  n u l l  hypothes is  

i s  r e j e c t e d ,  a t  l e a s t  one o f  t h e  procedures i s  a t  var iance w i t h  t h e  o the rs .  

I f  one o f  t h e  procedures i s  a re fe rence  procedure,  a s e r i e s  o f  t - t e s t s  w i l l  

i n d i c a t e  which one(s)  g i v e  s i g n i f i c a n t l y  d i f f e r e n t  r e s u l t s .  

4.1.3. F ixed-  and random-effects models 

Eqn. 4.1 i s  t he  r e s u l t  o f  t h e  general  l i n e a r  model t o  be d iscussed i n  

s e c t i o n  4.2, and i s  de r i ved  from eqn. 4.5. 

represented  as l i n e a r  combinat ions o f  severa l  unknown q u a n t i t i e s  B1, ..., 
and o f  a random e r r o r ,  ei (see a l s o  s e c t i o n  4.2.1). 

c o e f f i c i e n t s ,  vji, o f  t h e  l i n e a r  combinat ions a re  0 t o  1. The unknown q u a n t i t y  

6 represents  an e f f e c t  and the  presence o f  a vji f a c t o r  means t h a t  i t  i s  a r e a l  

I n  t h i s  model t h e  obse rva t i ons  are  

I n  ANOVA, t h e  cons tan t  
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e f f e c t .  When a p p l y i n g  t h e  general  l i n e a r  model t o  ANOVA, one u s u a l l y  i nc ludes  

a l l  t h e  e f f e c t s  t h a t  cou ld  be mean ing fu l .  One of  t h e  Bs i s  u s u a l l y  an unknown 

cons tan t  such as t h e  grand mean, u o r  po, and t h e  o the rs  a re  random v a r i a b l e s  

o r  unknown cons tan ts .  

i s  c a l l e d  a f i x e d - e f f e c t s  model and t h e  case when a l l  o f  t he  terms minus one 

( t h e  mean) a re  random v a r i a b l e s  i s  c a l l e d  a random-effects model. The model 

o f  eqn. 4.2 i s  t h e r e f o r e  a random-effects model as i t  i s  composed o f  a g rand 

mean, an e r r o r  t e rm and one o r  more randomly d i s t r i b u t e d  e f f e c t s .  The models 

i n  Chapter 12, on t h e  con t ra ry ,  a re  f i x e d - e f f e c t s  models. I n te rmed ia te  cases 

when a t  l e a s t  one Greek l e t t e r  parameter i s  a cons tan t  and does n o t  rep resen t  

t h e  grand mean a re  c a l l e d  mixed models. 

The case when a l l  o f  t h e  B terms rep resen t  unknown cons tan ts  

The problem i n  which one cons iders  p procedures can a l s o  be s t a t e d  as a 

f i x e d - e f f e c t s  model. 

procedures come from an i n f i n i t e  p o p u l a t i o n  o f  procedures.  

sec t i on ,  we g i v e  bo th  fo rmu la t i ons  o f  t h e  ANOVA model. 

I n  t h i s  i ns tance ,  one does n o t  cons ide r  t h a t  t h e  p 

I n  the  mathematical  

4.1.4. A two-way l a y o u t  

L e t  us cons ide r  t h e  problem discussed by Amenta (1968) and which was 

i n t r o d u c e d  e a r l i e r .  As t h e r e  a r e  two c o n t r o l l e d  f a c t o r s  ( t h e  p o s i t i o n s  and 

t h e  days-, t h e  techn ique i s  c a l l e d  a two-way ANOVA. I n  t h i s  i ns tance  t h e  l i n e a r  

model leads t o  

where 

= the  var iance f o r  t h e  t o t a l  s e t  o f  observa t ions  ; 

= t h e  var iance due t o  v a r i a t i o n s  between days ; 

= t h e  var iance due t o  v a r i a t i o n s  between p o s i t i o n s  ; and 

= the  var iance due t o  i n d i v i d u a l  r e s u l t s .  

2 
t ( o t a 1 )  

2 

2 
‘p( o s i  ti on) 

2 
r( e s i  dual  ) 

5 

d(aYs) 
5 

5 
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When the days and the posi t ions have no s i g n i f i c a n t  e f f e c t ,  one can conclude 

t h a t  u = or  and or i s  therefore  the experimental e r r o r  t h a t  occurs i n  the  

absence of o ther  e f f e c t s .  The analysis  of variance i s  based here on the comparison 

of the terms ud and 5 with ur .  

2 2  2 
t 

Table 4.111 cgntains the 50 r e s u l t s  obtained. 
P 

Table 4.11 

Two-way layout tab le  f o r  the c l i n i c a l  laboratory problem 

Day 1 2 3 4 .., 25 Sum f o r  posi t ions 

Posi t ion 1 yl l  y12 Y13 Y14 y1 ,25 Y1. 

Posi t ion 2 Y~~ Y~~ ~ 2 3  Y24 '2,25 y2. 

Sum for days y e l  y a p  y e 3  y e 4  .. y e Z 5  Grand sum = y 

The following operations a re  then car r ied  out : 

(1) Calculation of the correct ion f a c t o r  f o r  the mean : 

( 2 )  Calculation of the sums of squares : 

2 2  
y1. + y2. - ss = 

P 25 
25 1 

2 j= l  . j  
SSd = - c y2 - c 

2 25 
SSt = c c y i j  - c 

i = l  j=1 

( 3 )  Calculation of the sum o f  squares of the  residuals  : 

P 
ssr = SSt - SSd - ss 
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(4) C a l c u l a t i o n  o f  t h e  var iances by d i v i s i o n  th rough t h e  number o f  degrees 

These a r e  equal  t o  t h e  number o f  l e v e l s  a t  which t h e  f a c t o r s  a r e  o f  freedom. 

cons idered minus one, except  f o r  t h e  r e s i d u a l ,  which, by analogy w i t h  t h e  

one-way example, i s  equal t o  t h e  t o t a l  number o f  observa t i ons  minus one ( i . e . ,  

t h e  t o t a l  number o f  degrees o f  freedom) minus the  degrees o f  freedom used u p  

by t h e  o t h e r  f a c t o r s  

2 
Sd = SSd / 24 

s2 = ssp / 1 
P 

S: = SSr / (50 - 1 - (24 + 1) ) = SSr / 24 

(5) C a l c u l a t i o n  o f  t h e  F r a t i o s  : 

and t e s t i n g  o f  t h e  n u l l  hypothesis.  

How t o  do t h i s  i n  p r a c t i c e ,  i s  shown i n  a worked example, us ing  t h e  da ta  

f rom Table 4.111. These da ta  a re  used t o  c o n s t r u c t  Tab le  4.IV. 

Table 4 . I V  

ANOVA tab1 e 

Source ss D.F. M.S. F 

T o t a l  172.02 49 3.51 
Days 128.52 24 5.36 3.72 
P o s i t i o n  8.82 1 8.82 6.12 
Residual  34.68 24 1.44 

H~ : (1) s: is n o t  s i g n i f i c a n t  ; 

(2) sL i s  n o t  s i g n i f i c a n t .  
P 

2 2  I f  b o t h  hypotheses are  exact,  then st  = sr. 
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A t  t h e  1% conf idence l e v e l ,  t he  f i r s t  n u l l  hypothes is  i s  r e j e c t e d  ( F  = 2.66, 

degrees o f  freedom = 24,24) which means t h a t  t h e r e  i s  a s i g n i f i c a n t  c o n t r i b u t i o n  

t o  t h e  t o t a l  var iance due t o  v a r i a t i o n s  between days. The second hypothes is  

i s  accepted (F  1% = 7.82, degrees o f  freedom = 1,24), which means t h a t  t h e r e  

i s  no s i g n i f i c a n t  c o n t r i b u t i o n  t o  t h e  t o t a l  va r iance  due t o  v a r i a t i o n s  between 

p o s i t i o n s .  2 2 2  
r '  There fore ,  st  = sd + s 

4.1.5. Appl i c a t i o n s  

A r e c e n t  rev iew about t h e  a p p l i c a t i o n - o f  ANOVA i n  a n a l y t i c a l  chemis t ry  i s  

due t o  H i r s c h  (1977).  

The a p p l i c a t i o n  o f  t h e  ANOVA techn ique t h a t  i s  encountered most f r e q u e n t l y  

i n  a n a l y t i c a l  chemis t ry  i s  t h e  breakdown o f  a t o t a l  p r e c i s i o n  i n t o  i t s  components 

such as between-days and w i  t h i  n-days , between-1 abora to r ies  and w i  t h i n - l a b o r a t o r i e s ,  

e t c .  (see a l s o  D o e r f f e l ,  1962). 

which components shou ld  be op t im ized  f i r s t .  

whether a c e r t a i n  f a c t o r  has a meaningful  e f f e c t  on t h e  r e s u l t s .  

f a c t o r  i s  the  cho ice  o f  t h e  procedure,  t h i s  means t h a t  one determines whether 

t h e  procedures g i v e  t h e  same r e s u l t .  I f  they  do, then one concludes t h a t  a l l  

o f  t h e  procedures a r e  accura te .  A warning i s  necessary here  : t h e  procedures 

t o  be compared shou ld  n o t  c o n t a i n  common s teps ,  such as t h e  same p r e l i m i n a r y  

separa t i on  s tep ,  because i f  t h e r e  i s  such a comon s tep  and i t  in t roduces  a 

sys temat i c  e r r o r ,  one w i l l  n o t  be ab le  t o  d e t e c t  t h i s  e r r o r ,  i . e . ,  i n  t h e  

symbolism used i n  s e c t i o n  4.1.2, ANOVA does n o t  p e r m i t  one t o  observe whether  

If these components a re  known, one can decide 

ANOVA i s  a l s o  used t o  decide 

When t h e  

IJ = Po*  

One o f  t h e  more impor tan t  a p p l i c a t i o n s  o f  f i x e d - e f f e c t s  ANOVA i n  t h e  c o n t e x t  

o f  t h i s  book i s  i t s  use as a p r e l i m i n a r y  s tep  i n  t h e  exper imenta l  o p t i m i z a t i o n  

o f  procedures.  As w i l l  be exp la ined  i n  P a r t  11, t h e  s e l e c t i o n  o f  t h e  f a c t o r s  

t h a t  have an i n f l u e n c e  on t h e  performance c h a r a c t e r i s t i c  which i s  chosen as t h e  

o p t i m i z a t i o n  c r i t e r i o n  i s  an impor tan t  p a r t  o f  such an o p t i m i z a t i o n .  For  t h i s  

iranchembook.ir/edu

https://iranchembook.ir/edu


102 

a p p l i c a t i o n ,  i t  i s  recommended t h a t  one shou ld  take  i n t o  account t h e  f a c t  t h a t  

t h e  v a r i a b l e s  may depend on each o the r .  There fore ,  f a c t o r i a l  a n a l y s i s  

(Chapter 12)  i s  i n d i c a t e d .  

L e t  us now cons ider  a few a p p l i c a t i o n s  concern ing  t h e  e v a l u a t i o n  o f  p r e c i s i o n  

and accuracy t h a t  have appeared i n  t h e  l i t e r a t u r e .  

One example, due t o  Gooszen (1960),  concerns q u a l i t y  c o n t r o l  i n  t h e  c l i n i c a l  

l a b o r a t o r y .  

a re  c a r r i e d  o u t .  

w i th in -days  components. I f  a s i g n i f i c a n t  between-days va r iance  i s  ob ta ined,  i t  

may be due t o  sys temat ic  reasons (a  t r e n d )  o r  n o t .  

d i  scussed i n  t h e  n e x t  chapter .  

One-way ANOVA i s  r a r e l y  used. 

On each o f  k ( t y p i c a l l y  20) days, n ( u s u a l l y  2-5)  de termina t ions  

ANOVA i s  used t o  d i v i d e  t h e  var iance i n t o  between-days and 

Trend d e t e c t i o n  i s  a l s o  

Two-way ANOVA i s  desc r ibed  much more f r e q u e n t l y .  One example , a1 so concern ing  

the  c l i n i c a l  chemis t ry  l a b o r a t o r y  (Amenta, 1968) has a l ready  been d iscussed i n  

d e t a i l  i n  s e c t i o n  4.1.4. 

We have a l ready  s t a t e d  t h a t  i n t e r a c t i o n  between f a c t o r s  can occu r  and t h a t  

t h i s  i s  cons idered i n  more d e t a i l  i n  Chapter 12. To avo id  t h e  impress ion  t h a t  

t h i s  i s  o n l y  o f  i n t e r e s t  i n  t h e  c o n t e x t  o f  exper imenta l  o p t i m i z a t i o n ,  t he  work 

o f  R idd i ck  e t  a l .  (1972) can be c i t e d  here.  R idd i ck  e t  a l .  cons idered t h e  same 

problem as Amenta, i . e . ,  they  s t u d i e d  the  sources o f  v a r i a t i o n  i n  t h e  r e s u l t s  

f rom a c l i n i c a l  l a b o r a t o r y  w i t h  two serum poo ls ,  one be ing  "normal"  and the  

o t h e r  "abnormal". 

a r c  ana lysed as randomly p laced  samples i n  a run  on each o f  30 days. The 

va r iance  can be s p l i t  up i n t o  a r e s i d u a l  e r r o r ,  a between-days component, 

a between-pools component and a poo l  by day i n t e r a c t i o n .  

occurs when some f a c t o r  has d i f f e r e n t  i n f l u e n c e s  on t h e  two poo ls  f o r  d i f f e r e n t  

days. 

a depress ion  o f  t h e  h igh  end o f  t h e  s tandard  curve  when an inadequate amount o f  

s u b s t r a t e  i s  p resen t  i n  enzymatic methods. 

These two samples ( u s u a l l y  w i t h  very  d i f f e r e n t  concen t ra t i ons )  

The l a s t  i n t e r a c t i o n  

I t i n d i c a t e s ,  f o r  example, a change o f  s lope o f  t h e  s tandard  curve o r  

The problem o f  how t o  determine the  be tween- labora tory  and w i  t h i n - l a b o r a t o r y  

components o f  t h e  p r e c i s i o n  f rom c o l l  a b o r a t i  ve exper iments i s  impor tan t  i n  
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a n a l y t i c a l  chemis t ry .  Very o f t e n  the  be tween- labora tory  component i s  t h e  

l a r g e r  i n d i c a t i n g  t h a t  some o f  t h e  parameters o f  t he  procedure shou ld  be 

c o n t r o l l e d  more s t r i c t l y .  

Youden and S t e i n e r  (1975).  

Assoc ia t i on  o f  O f f i c i a l  A n a l y t i c a l  Chemists t y p i c a l l y  i n v o l v e s  d i s t r i b u t i n g  

3-5 s u f f i c i e n t l y  d i f f e r e n t  sarnpl es t o  8-15 s u f f i c i e n t l y  p r o f i c i e n t  1 abo ra to r ies .  

Each l a b o r a t o r y  i s  asked t o  r e p o r t  two r e p l i c a t e  de terminat ions  on each sample. 

The s t a t i s t i c a l  a n a l y s i s  i n v o l v e s  t h e  f o l l o w i n g  s teps  : 

An impor tan t  t e x t  concern ing  t h i s  problem i s  due t o  

A c o l l a b o r a t i v e  t e s t i n g  programme f o r  t h e  

(1) Reduct ion o f  t h e  r e s u l t s  r e p o r t e d  t o  equal  numbers. Some l a b o r a t o r i e s  

r e p o r t  more than two r e p l i c a t e s .  The ANOVA c a l c u l a t i o n s  can be c a r r i e d  o u t  on 

unequal numbers o f  r e p l i c a t e s ,  b u t  i n  t h i s  i ns tance  t h e  procedure becomes ve ry  

complex. Therefore,  some o f  t h e  r e s u l t s  a r e  e l im ina ted ,  which must be done 

randomly, us ing  a random numbers t a b l e ,  f o r  example. 

( 2 )  E l i m i n a t i o n  o f  l a b o r a t o r i e s  r e p o r t i n g  s y s t e m a t i c a l l y  h igh  o r  low r e s u l t s .  

Th i s  can be done u s i n g  a s imp le  non-parametr ic rank ing  t e s t  as desc r ibed  by  

Youden and S t e i n e r .  

( 3 )  E l i m i n a t i o n  o f  o u t l y i n g  r e s u l t s  u s i n g  D ixons ’s  t e s t  (Dixon, 1953).  

( 4 )  Examinat ion o f  t h e  homogeneity o f  t h e  var iance.  I t  was assumed t h a t  t h e  

var iances  a re  t h e  same i n  t h e  l a b o r a t o r i e s .  Indeed, one assumes t h a t  t h e  

l a 2 o r a t o r y  b iases  a re  no rma l l y  d i s t r i b u t e d ,  and they  a re  t h e r e f o r e  thought  t o  

come from t h e  same popu la t i on .  

between t h e  var iances  f rom the  l a b o r a t o r i e s ,  t h i s  u s u a l l y  means t h a t  one 

l a b o r a t o r y  has been work ing  w i t h  much lower  p r e c i s i o n  than t h e  o the rs ,  and 

t h i s  l a b o r a t o r y  shou ld  be e l im ina ted .  I n  t h e  same way, t h e  r e s i d u a l  e r r o r s  

shou ld  be no rma l l y  d i s t r i b u t e d  w i t h  cons tan t  mean. 

d i scuss ion  i n  s e c t i o n  4.1.2. 

Youden and S t e i n e r .  

I f  the re  i s  a s t a t i s t i c a l l y  s i g n i f i c a n t  d i f f e r e n c e  

Th is  f o l l o w s  f rom t h e  

Tes ts  t o  check these homogeneit ies were g i v e n  by  

( 5 )  The ANOVA procedure,  i n  t h i s  i ns tance  a two-way l a y o u t  (samples ; 

l a o o r a t o r i e s )  w i t h  i n t e r a c t i o n  between samples and l a b o r a t o r i e s  (see s e c t i o n  

4 .1 .1 ) .  
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( 6 )  C a l c u l a t i o n  o f  what Youden and S t e i n e r  c a l l  r e p r o d u c i b i l i t y  and 

A genera l  p l a n  f o r  t h e  r e p e a t a b i l i t y  ( f o r  d e f i n i t i o n s ,  see s e c t i o n  2 ) .  

i n t e r l a b o r a t o r y  e v a l u a t i o n  o f  a method has a l s o  been proposed by Go t t scha lk  

(1975).  

r e p l i c a t e  de te rm ina t ions .  

be a t  l e a s t  4. 

two p r e c i s i o n  components. 

The exper iment shou ld  i n c l u d e  k l a b o r a t o r i e s ,  each c a r r y i n g  o u t  m 

The p roduc t  k x m shou ld  be a t  l e a s t  24 and m shou ld  

I n  t h i s  ins tance,  s imp le  equat ions  p e r m i t  an e v a l u a t i o n  o f  t h e  

Go t t scha lk  d iscussed the  same l i m i t a t i o n s  and sources 

o f  e r r o r  i n  t h i s  a p p l i c a t i o n  o f  ANOVA as Youden and S te ine r .  

de te rm ina t ions  a re  necessary i n  t h i s  p lan ,  more da ta  a re  a v a i l a b l e  and o t h e r  

t e s t s  can be a p p l i e d  t o  make dec i s ions  concerning, f o r  example, t h e  homogeneity 

o f  t h e  var iances  g a r t l e t t ' s  t e s t  ; see s e c t i o n  4.1.6).  

As more r e p l i c a t e  

An a n a l y t i c a l  a p p l i c a t i o n  o f  a spec ia l  k i n d  o f  l a y o u t  f o r  ANOVA, c a l l e d  a 

He s t u d i e d  a procedure f o r  nes ted  design, was proposed by Wernimont (1951).  

an a c e t y l  de te rm ina t ion  and compared severa l  sources o f  v a r i a t i o n  by hav ing  two 

a n a l y s t s  i n  each o f  e i g h t  l a b o r a t o r i e s  per fo rm two r e p l i c a t e  t e s t s  on each o f  

t h r e e  days. The usual  ANOVA procedure would have cons is ted  o f  hav ing  the  same 

two a n a l y s t s  per fo rm two r e p l i c a t e  t e s t s  on t h r e e  days i n  the  e i g h t  l a b o r a t o r i e s .  

C l e a r l y ,  t h e r e  i s  l i t t l e  sense i n  o r g a n i z i n g  an exper iment t h a t  would have 

r e q u i r e d  two a n a l y t i c a l  chemists t o  run  f rom one l a b o r a t o r y  t o  t h e  o the r ,  and 

t h e r e f o r e  t h e  nes ted  design was p r e f e r r e d .  

l ayou ts .  

l e v e l s  o f  another  f a c t o r  ( l a b o r a t o r i e s )  i f  eve ry  l e v e l  of t h e  f i r s t  f a c t o r  

appears w i t h  o n l y  one l e v e l  o f  t h e  second f a c t o r  i n  t h e  obse rva t i ons .  

a n a l y s t  appears o n l y  i n  one o f  t h e  e i g h t  l a b o r a t o r i e s .  

by Wernimont i s  represented  i n  F ig .  4.1. 

Nested designs a r e  incomple te  

One says t h a t  t he  l e v e l s  o f  a f a c t o r  ( a n a l y s t s )  a r e  nes ted  w i t h i n  the  

Each 

The nes ted  des ign  used 

Wernimont's conc lus ion  was t h a t  t h e  l a b o r a t o r i e s  a re  respons ib le  f o r  t h e  

l a r g e s t  source o f  v a r i a t i o n .  

i n  the  mathematical  s e c t i o n  o f  t h i s  book, b u t  have been discussed, f o r  example, 

by Sche f fe  (1959). 

The mathematics o f  nes ted  designs a r e  n o t  d iscussed 
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Labora tory  
1 

Labora tory  
2 * ,-, e t c .  

1 2 3  1 2 3  
Ana lys t  Ana lys t  e t c .  Ana lys t  Ana lys t  e t c .  

Day Day Day e t c .  
1 2 3  - 

Test Tes t  Tes t  E tc .  
1 2 3  

F i g .  4.1. Nested sampling des ign  (Wernimont, 1951).  Repr in ted  w i t h  permiss ion .  
Copy r igh t  by the  American Chemical Soc ie ty .  

One can use l a y o u t s  o f  a h i g h e r  o r d e r  than t h e  two-way l a y o u t .  The 

eqlrat ions i n  s e c t i o n  4.1.4 can be genera l i zed  w i t h o u t  much d i f f i c u l t y .  

t heo ry  was g i v e n  comprehensively by Sche f fe  (1959). 

schemes can be found, f o r  example, i n  B a r r i e  W e t h e r i l l  (1972), Schef fe  (1959), 

Lindman (1974) and seve ra l  o t h e r  books 

13. 

(1977) , Maurice (1957) and Wal k e r  (1977).  

The 

P r a c t i c a l  c a l c u l a t i o n  

such as those c i t e d  i n  Chapter 12 and 

A d d i t i o n a l  a p p l i c a t i o n s  i n  a n a l y t i c a l  chemis t ry  can be found i n  H i r s c h  

4.1.6. B a r t l e t t ' s  t e s t  f o r  t he  comparison o f  more than two var iances  

The l a r g e s t  s e c t i o n  o f  t h i s  chapter  i s  devoted t o  a comparison o f  t h e  means 

o f  more than two procedures th rough ANOVA. 

var iances  o f  these procedures can be cons idered t o  be equal .  

o f  ANOVA (see s e c t i o n  4.1.5),  t h i s  i s  a l s o  necessary. 

t h i s  respec t  i s  B a r t l e h ' s  t e s t .  

One can a l s o  query  whether t h e  

I n  some a p p l i c a t i o n s  

The b e s t  known t e s t  i n  

The parameter proposed by B a r t l e t t  i s  

M = P C (ni- l ) loge s 2 p  - C (ni-l) loge si 2 

i =1 i = l  

where s i  i s  t h e  va r iance  o f  procedure i w i t h  ni de te rm ina t ions  and ni-1 degrees 
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o f  freedom, and 

C P (ni-1) si 2 

,2 = i = l  
D 
C (ni-1) 

i = l  

A l t e r n a t i v e l y ,  we can w r i t e  

2 
M = C (n.-1) l o g  - 

i 

S P 

i =1 s 2  1 

( 4 . 3 )  

(4 .4 )  

2 I f  t h e  n u l l  hypothes is  i s  t r u e  ( t h e  var iances  a r e  equa l ) ,  M f o l l o w s  a x 

d i s t r i b u t i o n  w i t h  p -1  degrees o f  freedom. An example i s  g i ven  below. 

E i g h t  r e p l i c a t e  de te rm ina t ions  were performed us ing  f o u r  d i f f e r e n t  

procedures.  The da ta  a r e  sumnarized i n  Table 4.V. 

Tab le  4.V. 

Data f o r  comparison o f  more than two var iances 
~ ~~ ~ _ _ _ _ _ _ _  

Procedure Mean o f  8 Variance Degrees o f  

2 de termi na t i ons freedom 
i Y i  'i n . - 1  1 loge  s i  

1 124.8  143.89 7 4.9690 
2 156.2 112.14 7 4.7197 
3 139.5 84.45 7 4.4362 
4 118.2 40.16 7 3.6929 

C a l c u l a t i o n  o f  t he  f i r s t  te rm i n  eqn. 4.2 : 

1 s2  = - 28 ( 7  x 143.89 t 7 x 112.14 + 7 x 84.45  t 7 x 40.16) = 95.16 

103, s2  = 4.5556 

P 
C (ni-1) log, s2  = 28 x 4.5556 = 127.4125 
i=l 

C a l c u l a t i o n  o f  t he  second term i n  eqn. 4 . 2  

2 P 
C (ni-1) log, si = 7 x 4.9690 t 7 x 4.7197 t 7 x 4.4362 t 7 x 3.6929 
i =1 

= 124.7246 
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M = 127.4125 - 124.7246 = 2.6879 

2 The n u l l  hypothes is  can be fo rmula ted  as : Ho = t h e  var iances  si a re  equa l .  

A s i g n i f i c a n c e  l e v e l  o f  0.05 i s  chosen. 

xL (0.05) = 7.815 f o r  t he  3 (= p-1) degrees o f  freedom. 

The n u l l  hypothes is  i s  accepted. 

4.2. MATHEMATICAL SECTION 

4.2.1. The general  l i n e a r  model 

L e t  us cons ider  values yl, y2, ..., yn taken by n random v a r i a b l e s ,  and 

assume t h a t  each va lue  yi can be cons idered as a l i n e a r  combina t ion  o f  q unknown 

q u a n t i t i e s ,  01, B2, ..., p l u s  an e r r o r ,  ei, which i s  a l s o  a random v a r i a b l e  
Bq 

The v . .  a re  known cons tan t  c o e f f i c i e n t s .  

random v a r i a b l e s  ei have a zero mean, a re  u n c o r r e l a t e d  and have equal var iance.  

Th is  can be expressed i n  t h e  f o l l o w i n g  way 

I t  i s  g e n e r a l l y  assumed t h a t  t h e  
J 1  

E ( e . )  = 0 i = 1, 2, ..., n 

i = 1, 2, ..., n E(ei) = o 

E(eiek) = 0 i , k  = 1, 2, ..., n i # k  

1 

2 2  

The purpose o f  t h i s  genera l  l i n e a r  model i s  t h e  examinat ion  o f  t h e  unknown 

q u a n t i t i e s  6. ( j  = 1, 2, . . . , 9 ) .  These B .  r ep resen t  " f a c t o r s  o f  i n f l u e f i c e "  

which a r e  f e l t  t o  be o f  importance i n  a research  problem. 

Es t ima t ions  o f  t he  values o f  t h e  P .  and in fe rences  f o r  t h e  research  problem 

J J 

J 
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-+ 
Y =  

w i l l  be d iscussed i n  t h e  n e x t  sec t i on .  

The n o t a t i o n s  j u s t  i n t roduced  can be cons ide rab ly  s i m p l i f i e d  by us ing  m a t r i x  

By us ing  t h e  f o l l o w i n g  a lgebra .  M a t r i x  a lgeb ra  i s  i n t roduced  i n  s e c t i o n  17.7. 

Y l  

y 2  

y 3  

Yn - -  

V =  

+ 
B =  

- 
11 

V 

v21 

vq 1 

-+ 
E =  

t h e  model can then be w r i t t e n  as 

-+ - t +  

Y = V ' B  t E 

el 

e2 

e3 

en 

(4.7) 

where V '  i s  d e f i n e d  as a m a t r i x  ob ta ined  by permut ing  t h e  rows and columns o f  

m a t r i x  V .  V '  i s  c a l l e d  t h e  t ranspose o f  V (see Chapter 17) .  

Accord ing  t o  t h e  na tu re  o f  t he  c o e f f i c i e n t s  vij, t h r e e  types  o f  problems can 

be de f i ned .  I f  a l l  c o e f f i c i e n t s  v . .  a r e  equal t o  0 o r  1, t h i s  de f i nes  an 

a n a l y s i s  o f  va r iance  problem. 

be long ing  o f  a measurement yi t o  a s e t  j. 

J 1  

For  t h i s  t ype  o f  problem, vji r ep resen ts  the  

When the  measurement belongs t o  

s e t  j, v . .  i s  equal  t o  u n i t y  and i s  equal  t o  zero  o therw ise .  I f  t h e  v . .  a re  
J1 31 

values taken by n observa t ions  o f  a s e t  o f  q v a r i a b l e s  ( t h e n  c a l l e d  independent 

v a r i a b l e s )  and t h e  yi a re  n va lues  taken by a v a r i a b l e  c a l l e d  t h e  dependant 

v a r i a b l e ,  i t  i s  a problem o f  m u l t i p l e  reg ress ion  ana lys i s .  F i n a l l y ,  i f  some o f  

t he  v.. a r e  values taken by observa t ions  o f  v a r i a b l e s  and some a re  equal  t o  zero  
J 1  

o r  u n i t y ,  i t  i s  c a l l e d  a n a l y s i s  o f  covar iance. 
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++ 
E E '  = 

The unknown quantit ies B1, B2, ..., B can be defined e i ther  as unknown 
q 

constants or  parameters, or as unobservable random variables. I n  the f i r s t  

instance the model will be called a fixed-effects model and in the'second a 

random-effects model. When both types of quantit ies B are used, the model i s  

one of mixed effects.  

c 

2 el ele2 ... elen 

e2el e2 ... e2e, 2 

. 

The model and hypotheses in section 4.2.1.1 will now be examined in de ta i l .  

Using matrix notation th i s  model can be written as 

Equality 2 expresses the fac t  that the mathematical expectation o f  the e r ror  

vector E i s  a vector of zeros, i . e . ,  a l l  of the errors have a distribution with 

t h a t  the mathematical expectation of matrix 

i s  equal t o  the matrix aLI 

0 

a 2 
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-++ 
When cons ide r ing  an element o f  E E ' ,  which i s  n o t  on t h e  d iagona l ,  f o r  example, 

ele2, e q u a l i t y  3 i n d i c a t e s  t h a t  i t s  e x p e c t a t i o n  i s  zero o r ,  i n  o t h e r  words, t h a t  

t he  two e r r o r s  a r e  unco r re la ted .  

2 a l l  u . The meaning o f  t h i s  i s  t h a t  t h e  var iances  o f  a l l  e r r o r s  a r e  equal  t o  

u2, indeed 

The expec ta t i ons  o f  t he  d iagona l  elements a re  

2 

2 2  

Var (ei) = E(ei - E(ei) ) 

= E (e . )  = 0 
1 

I n  f u t u r e ,  eqns. 1-3 w i l l  be r e f e r r e d  t o  as model (M1). 

o f  Y i s  g i v e n  by 

The expected va lue  
+ 

E(7) = E ( V ' i  + c) 
-+ 

= E(V';) t E ( i )  E(VIZ)  = V ' B  

-+ + 
as t h e  V ' B  a r e  f i x e d  values. The var iance-covar iance m a t r i x  o f  Y i s  g i ven  by 

C ( T )  = E ( ( ( 7  - E ( 7 ) )  (7 - E ( ? ) ) )  
+ +  2 = E ( E I E )  = u I 

The problem a f t e r  f o r m u l a t i n g  (M1) i s  t o  f i n d  a "good" e s t i m a t i o n  o f  t he  

unknown parameters B1, ..., Rq. 

B1, ... , B and c a l l  B t h e  v e c t o r  o f  these values 

Suppose t h a t  bl, ..., b denote es t imates  o f  
q + 

q 

-f 

A p o s s i b l e  measure o f  t h e  q u a l i t y  o f  an es t ima te  v e c t o r  B i s  g i ven  by the  sum 

o f  squares o f  the  d i f f e r e n c e s  o f  t h e  measured values y .  and t h e  values g i ven  by 
1 

t h e  l i n e a r  f u n c t i o n  when r e p l a c i n g  t h e  B. w i t h  b Th is  va lue  i s  g i v e n  by the  
J j' 
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+ 
v e c t o r  V'B and t h e  sum o f  squares o f  d i f f e r e n c e s  i s  g i ven  by the  f u n c t i o n  

$(?A 
2 + +  

$(Y,B) = 1 (yi - C V .  b . )  
J 1  J i j 

+ + +  + 
= (Y - V ' B ) ' ( Y  - V'B) 

+ +  
A s e t  o f  va lues  bl, b2, . . ., b 

a leas t -squares  es t ima te  o f  t h e  B1, B2, ...) 
s e t t i n g  t h e  p a r t i a l  d e r i v a t i v e s  o f  $(Y, .B) w i t h  respec t  t o  the  b .  equal  t o  zero.  

Th is  g i ves  the  f o l l o w i n g  equat ions  

t h a t  min imize  t h e  f u n c t i o n  $(Y,B) i s  c a l l e d  

These va lues  a re  found by 
P 

. 
@P 

J 

which g i v e  t h e  f o l l o w i n g  r e s u l t s  

= - 2  C (yi - C vkibk) vji = 0 
a b j  i k 

j = 1, 2, . . .) q 

j = 1, 2, ..., 9 

o r  

C C v v b = C yivji k i  ji k 

These equat ions  can be w r i t t e n  i n  m a t r i x  fo rm 

+ +  
V V ' B  = V Y  

and a r e  c a l l e d  t h e  normal equat ions .  
+ 

A s o l u t i o n  o f  these equat ions  w i l l  be c a l l e d  By  denot ing  a leas t -squares  
+ 

es t ima te  o f  B. When t h e  rank o f  m a t r i x  V i s  equal  t o  q (maximal rank)  i t  can 

e a s i l y  be shown t h a t  t h e  m a t r i x  (VV ' )  i s  non -s ingu la r  and t h e r e f o r e  (VV ' ) - '  

e x i s t s .  In t h i s  ins tance,  t h e  unique s o l u t i o n  o f  t h e  normal equat ions  i s  g i ven  

by 
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-1 + B = ( V V ' )  V Y  
+ 

( 4 . 9 )  

Often, as i n  t h e  ana lys i s  o f  var iance, t he  rank o f  V i s  sma l le r  than q. I n  t h i s  

instance,  a unique s o l u t i o n  t o  the  normal equat ions can be found by imposing one 

o r  severa l  cond i t i ons  on t h e  parameters 6. A f u r t h e r  d i scuss ion  o f  t h i s  aspect 

was g i ven  by Kendal l  and S t u a r t  (1967) and Schef fe  (1959) .  

4.2.2. The ana lys i s  o f  var iance 

I n  t h i s  s e c t i o n r  a p a r t i c u l a r  case o f  t h e  genera l  l i n e a r  model cons idered i n  

s e c t i o n  4.2.1 w i l l  be examined i n  d e t a i l .  

The values v . .  i n  eqns. 4.5 and 

the  models i n  t h i s  sec t i on ,  a l l  o f  

models a re  r e f e r r e d  t o  as ana lys i s  

J 1  

4.2.2.1. I ~ k g ~ ~ ~ ~ y - l $ ~ ~ t i t  

The one-way l a y o u t  problem i s  a 

4.6 are a l l  known constant  parameters. I n  

these parameters take t h e  va lue 0 o r  1. 

o f  var iance models. 

These 

comparison o f  t he  means o f  a v a r i a b l e  

measured i n  severa l  populat ions.  p populat ions a re  considered w i t h  unknown 

means p l y  pZr ..., p 
parameters the  model de f i ned  i n  t h i s  way i s  c a l l e d  a f i x e d - e f f e c t s  model. It 

w i l l  be assumed t h a t  t h e  mean o f  each popu la t i on  i s  composed o f  a general  mean. 

p, and a term ai s p e c i f i c  t o  popu la t i on  i 

As these mean values are considered as f i x e d  b u t  unknown 
P '  

Fu r the r ,  as t h e  a. represent  dev ia t i ons  f rom the general  mean, i t  w i l l  be 

assumed t h a t  

1 

P 

i =1 
c a , = o  

The v a r i a b l e s  y are a l l  assumed t o  have unco r re la ted  normal d i s t r i b u t i o n s  w i t h  
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2 eqaal  va r iance  u . 
taken f rom t h e  p popu la t i ons .  

f i r s t  p o p u l a t i o n  a r e  g i v e n  by 

Independent random samples o f  s i zes  J1, J2, ... , J a r e  
P 

The values o f  t h e  v a r i a b l e  f o r  t h e  sample o f  t h e  

Another s u b s c r i p t  ( 1 )  i s  added t o  denote t h a t  these va lues  concern t h e  f i r s t  

popu la t i on .  The n o t a t i o n  then becomes 

I n  genera l ,  t h e  va lues  of  t h e  v a r i a b l e  f o r  t h e  sample o f  t h e  i t h  p o p u l a t i o n  

a r e  c a l l e d  

and t h e  va lue  o f  t h e  v a r i a b l e  f o r  t h e  j t h  element o f  t h e  i t h  p o p u l a t i o n  i s  

c a l l e d  yij. The model can then be w r i t t e n  as 

yij = p + a.  t e. i = l ,  ..., p ; j = l ,  ..., Ji (4.10) 
1 i j  

P 
c a . = o  
i =1 1 

(4.11) 

(4 .12)  2 
eij N(0, 5 ) and unco r re la ted  

T h i s  model can be i d e n t i f i e d  w i t h  t h e  general  l i n e a r  model. The sum o f  t h e  

s i zes  o f  t h e  samples g i ves  t h e  number o f  obse rva t i ons  

P 
n =  Z J .  

i = l  1 

The observa t i ons  yi a r e  now de f ined  as doub le -subsc r ip t  observa t ions ,  y . . .  
1 J  
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The f o l l o w i n g  r e l a t i o n s h i p s  h o l d  

-+ 
Y =  

The m a t r i x  V '  can be found by u s i n g  equat ions  4.10 

0 ... 0 
0 .,. 0 

0 ... 0 

0 ... 0 

0 ... 0 

0 0  

0 0  

The sum o f  squares t o  be min imized t o  o b t a i n  good es t ima tes  o f  t he  unknown means 

i s  g i ven  by 

+ +  P J i  2 
$(Y,u,A) = C c (y i j  - u - ai) 

i=l j=1 
(4.13) 
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-+ 
where u i s  an estimate of the general mean 1.1 and A i s  a vector of estimates a i  

of the deviations a i .  

The normal equations are then obtained by sett ing the partial  derivatives of $ 

w i t h  respect to a i  and t o  u t o  zero 

P 

i = l  
Using the condition C a i  = 0 ,  the following least-squares estimates and  ai  

are obtained 

and 

Using the definitions 

and 

(4 .14)  

(4 .15)  

the estimates can then be written as 

and 
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- - -  
"i = Y i * -  Y e *  

The sum o f  t h e  squares 

the  genera l  average i s  

Th is  sum can be broken 

o f  t h e  d e v i a t i o n s  o f  a l l  measurements w i t h  respec t  t o  

g i v e n  by 

down as follows 

.. 

Th is  leads  t o  t h e  f o l l o w i n g  breakdown 

The f i r s t  o f  these two sums o f  squares i s  a measure o f  t h e  d i s tances  between 

t h e  obse rva t i ons  o f  a group and t h e  mean of  t h e  group. 

sum o f  squares w i t h i n  groups, denoted by SSr ( o r  r e s i d u a l  sum o f  squares) .  The 

second sum o f  squares i s  a measure o f  t h e  d is tances  between t h e  groups, denoted 

by SS 

It w i l l  be c a l l e d  t h e  

P'  
The t o t a l  sum o f  squares w i l l  be denoted by SSt, and g i ves  t h e  f o l l o w i n g  

equa t ion  

P 
SSt = ssr t ss 

I t can be shown t h a t ,  when t h e  hypothes is  t h a t  a l l  d e v i a t i o n s  cli a re  zero  i s  

t r u e ,  i . e . ,  when Ho i s  t r u e  
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Ho : a1 = a2 = ... = c1 = 0 (4.16) 
P 

then  t h e  two sums o f  squares, SSr and SS , are  independent.  

i n  t h e  sum o f  squares has an N(0, l )  d i s t r i b u t i o n .  

Fu r the r ,  each te rm 

As t h e  number o f  independent 
P 

terms i n  SSr and SS a re  n-p and p-1, r e s p e c t i v e l y ,  then ssr and 4 
(n-pI2  u2 (P- 1) 5 

P 

a re  independent x2 and x2 v a r i a b l e s .  There fore ,  
n-p P- 1 

( p- 1 )  uz ss 
=.!!2*9 

p - 1  ssr F =  
ss, 

(4 .17)  

has an F d i s t r i b u t i o n  w i t h  parameters (p-1) and (n-p).  

The above i n f o r m a t i o n  can be s u m a r i z e d  i n  t h e  ana lys i s  o f  va r iance  shown 

i n  Table 4.V. 

Table 4.V. 

ANOVA t a b l e  

Sum o f  squares Degrees o f  freedom Mean square 

"r - 
P-1 

n-p 

W i t h i n  groups "r P - 1  

3 Between groups n-p 

T o t a l  n-1 

Th is  leads  t o  the  f o l l o w i n g  t e s t  f o r  d e c i d i n g  whether t h e  d i f f e r e n c e s  between 

t h e  means a r e  s i g n i f i c a n t  : i f  F > Fa When 

t h e  number o f  procedures (o r ,  as c a l l e d  here, popu la t i ons )  i s  very  l a r g e ,  a 

sample o f  procedures i s  drawn i n  a random way. 

procedure ( f r o m  each p o p u l a t i o n )  c o n s t i t u t e  values o f  a random v a r i a b l e .  

i s  assumed t h a t  each o f  these random v a r i a b l e s  has a normal d i s t r i b u t i o n  w i t h  

t h e  same va r iance  2 ; t h e  i t h  selec' ted p o p u l a t i o n  ( o r  v a r i a b l e )  has an N(+,u) 

we r e j e c t  tio a t  l e v e l  a. 
,P-1 ,n-P' 

The r e s u l t s  ob ta ined  w i t h  each 

I t  
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d i s t r i b u t i o n .  

a l s o  be cons idered as random v a r i a b l e s .  

mean va lues  from which t h e  sample was drawn, i t  can be assumed t o  have a normal 

As t h e  mean values pi depend upon t h e  sample se lec ted ,  t hey  can 

Cons ider ing  t h e  s e t  o f  a l l  p o s s i b l e  

d i s t r i b u t i o n ,  t h e  mean and var iance of which w i l l  be c a l l e d  p and u i .  

o f  t h e  mean values o f  t h e  popu la t i ons  are  equal , t h e  var iance aA i s  zero.  

There fore ,  t h e  n u l l  hypothes is  o f  t h e  problem becomes 

I f  a l l  

2 

2 Ho : uA = 0 

I f  t h e  hypothes is  i s  t r u e ,  a l l  mean values, bo th  those be long ing  t o  t h e  sample 

and t h e  o the rs ,  can be assumed t o  be equa l .  

The l i n e a r  model used t o  t e s t  t h i s  hypothes is  can then be fo rmu la ted  as f o l l o w s  

(4.18) 

The e and a. a r e  unco r re la ted .  Eqns. 4.14 and 4.15 f o r  e s t i m a t i n g  the  values 

o f  p and ai and 4.17 f o r  t e s t i n g  the  hypothes is  a re  t h e  same as f o r  t he  

f i x e d - e f f e c t s  model. 

i j  1 

I n  t h i s  sec t i on ,  another  p a r t i c u l a r  case o f  t he  genera l  l i n e a r  model i s  

examined. 

i n f l u e n c e  o f  two d i f f e r e n t  f a c t o r s  (A and 6)  on a g i ven  v a r i a b l e .  

The two-way l a y o u t  problem i s  t h a t  o f  examining the  simultaneous 

The components o r  l e v e l s  o f  f a c t o r  A w i l l  be denoted by h and t h e  components 

o f  f a c t o r  B by i. It w i l l  be assumed t h a t  h v a r i e s  f rom 1 t o  p1 and i from 

1 t o  p2  : 
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h = 1, 2, ..., p1 

i = 1, 2 ,  ..., p2 

A combina t ion  o f  components (h , i )  i s  c a l l e d  a c e l l .  

i t  w i l l  be assumed t h a t  f o r  each c e l l  combina t ion  ( h , i )  an i d e n t i c a l  number o f  

observa t ions ,  J ,  were made. 

case o f  unequal numbers o f  obse rva t i ons .  

To s i m p l i f y  t he  n o t a t i o n s ,  

The r e s u l t s  ob ta ined  can be genera l i zed  t o  t h e  

y . .  ( h  = 1, 2, ..., p1 ; i = I ,  2, . .., p2 ; j = 1, 2, ..., J )  h1J 

i s  d e f i n e d  as t h e  j t h  va lue  taken by a random v a r i a b l e  f o r  which t h e  f a c t o r s  A 

and B have components h and i. 

o f  c e l l  ( h , i )  i s  c a l l e d  phi. 

ob ta ined  i n  t h i s  way i s  a f i x e d - e f f e c t s  model and i t  can be genera l i zed  t o  t h e  

random-ef fec ts  model f o r  which t h e  values phi a r e  random v a r i a b l e s .  

v a r i a b l e s  a r e  assumed t o  have unco r re la ted  normal d i s t r i b u t i o n s  w i t h  equal 

va r iance  IJ . The model can then be w r i t t e n  

The unknown mean va lue  o f  t h e  random v a r i a b l e  

The phi a re  unknown parameters.  The model 

All o f  t h e  

2 

Y h i j  = 'Ihi ' e h i j  h = 1, 2, ..., p1 

j = 1, 2, ..., J 

(4.19) 

i = 1, 2, ..., p2 

2 ehij have u n c o r r e l a t e d  N(0,o ) d i s t r i b u t i o n s .  

The f o l l o w i n g  d e f i n i t i o n s  a re  a l s o  needed 

1 c"l ;2 
'hi ( a )  i-~ = - 

p1p2 h = l  i = i  

where 1~ i s  t he  genera l  mean f o r  f a c t o r s  A and B ; 

(4 .20)  

(4.21) 

where ah i s  t h e  mean o f  f a c t o r  B a t  t h e  l e v e l  h o f  f a c t o r  A ; 
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1 p 1  
( c )  Bi = - p h i  - p p1 h = l  P2 i = 1, 2, ..., (4.22) 

where Bi i s  t h e  mean o f  f a c t o r  A a t  l e v e l  i o f  f a c t o r  B ; i t  can e a s i l y  be 

seen t h a t  F1 ah = 0 and !' Bi = 0. 
h = l  i = l  

(4.23) 

The l a s t  d e f i n i t i o n  makes i t  p o s s i b l e  t o  w r i t e  t h e  model i n  t h e  f o l l o w i n g  way 

h = 1, 2, ..., p1 

i = 1, 2, ..., p2 

j = 1, 2, ..., J 

(4.24) h i j  yhij = u.t ah t B~ t yhi t e 

ehij have u n c o r r e l a t e d  N(0,02) d i s t r i b u t i o n s .  

I n  t h i s  sec t i on ,  i t  w i l l  be assumed t h a t  a l l  terms yhi a re  zero.  T h i s  

hypothes is  i s  c a l l e d  the  a d d i t i v i t y  hypothes is .  

no i n t e r a c t i o n  between t h e  two f a c t o r s  A and B. 

i s  e q u i v a l e n t  t o  

It i s  f u l f i l l e d  when t h e r e  i s  

It f o l l o w s  f rom 4.23 t h a t  t h i s  

The average f o r  c e l l  ( h , i )  c o n s i s t s  o f  a genera l  average p and two averages f o r  

t h e  components h and i o f  f a c t o r s  A and B .  The model then becomes 

h = 1, 2, ..., p1 

i = 1, 2 ,  ..., p2 

j = 1, 2, ..., J 

h i j  Yhij = p t ah t Bi t e 

P1 c " = P2 c B i = o  
h = l  h i=l 

2 
ehi have u n c o r r e l a t e d  N(0,o ) d i s t r i b u t i o n s .  
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The hypotheses t h a t  seem t o  be o f  most i n t e r e s t  are 

H1 : ah = 0 

H Z  : a .  = 0 
1 

Hypothesis H1 s t a t e s  t h a t  a l l  dev ia t i ons  f rom t h e  general  mean due t o  f a c t o r  A 

are zero and t h e r e f o r e  a l l  values taken by f a c t o r  A have the  same e f f e c t  ; 

hypothes is  H2  s t a t e s  t h e  same f o r  f a c t o r  B. 

i d e n t i f i e d  w i t h  the  general  l i n e a r  model. 

by t h e  p roduc t  o f  t h e  number of c e l l s  and the  number o f  elements pe r  c e l l ,  J 

Again, t h i s  model can e a s i l y  be 

The number o f  observat ions n i s  g i ven  

The observat ions yi a re  now d e f i n e d  w i t h  t h r e e  subsc r ip t s ,  yhij. 

re1 a t i onsh ips  h o l d  

The f o l  1 owing 

-f 

Y =  

-+ 
E =  

Y 1  

y 2  

Yn 

el 

e2 

en 

Y l l l  

y112 

y l l J  

y121 

YPlP2J 

elll 

e112 

e l l J  

e121 

PIPZJ 
e 

M a t r i x  V ‘  can be found us ing  e q u a l i t i e s  (4 .24) .  I f  t h e r e  i s  o n l y  one 
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observa t i on  p e r  c e l l  ( J  = l), i t  becomes 

1 1 0 . . .  0 1 0 . . .  0 
1 1 0 . . .  0 0 1 . . .  0 
. .  . .  . .  i, 
1 1  0 0 0 0  1 

1 0 1 . . .  0 1 0  . . .  0 

. .  0 1  

. .  . .  . .  
1 0 1 . . .  0 0 0 . . .  1 

. .  . . . . .  . . . . .  . .  * .  . . . . .  . . . . .  

1 0 0 . . .  1 1 0  . . .  0 

. .  0 1  . .  . .  
1 0 0 . I .  1 0 0 . . .  1 

Each column o f  V '  represents  an unknown parameter 1-1, ah 

rep resen ts  an obse rva t i on  o r  a c e l l  ( h y i ) ,  Since t h e r e  

o r  pi, and each row 

a r e  J observa t i ons  i n  

each c e l l  ( h , i ) ,  each row o f  t h i s  m a t r i x  i s  r e p l i c a t e d  J t imes.  

The sum o f  squares t o  be min imized i n  o r d e r  t o  o b t a i n  good es t imates  o f  t h e  

unknown parameter p y  ah and Bi i s  g i v e n  by 

-f -+ 
where A and B rep resen t  t h e  vec tors  o f  es t imates  o f  t h e  parameters ah and Bi. 

The normal equat ions  a re  found by s e t t i n g  t h e  p a r t i a l  d e r i v a t i v e s  o f  $ t o  zero 
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P1 Using t h e  cond i t i ons  1 ah = F2 bi = 0, t h i s  leads  t o  t h e  f o l l o w i n g  l e a s t  square 
h= 1 i =1 

e s ti nia t e  s 

By d e f i n i n g  

and 

t h e  normal equat ions  become 
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The sum o f  squares o f  d e v i a t i o n s  o f  a l l  measurements w i t h  respec t  t o  t h e  general  

average i s  g i v e n  by 

I t can e a s i l y  be shown t h a t  t h i s  sum, a l s o  c a l l e d  t h e  t o t a l  sum o f  squares 

(SSt ) ,  can be broken down i n  t h e ' f o l l o w i n g  way 

The f o l l o w i n g  n o t a t i o n s  a re  used t o  desc r ibe  t h i s  breakdown i n t o  sums o f  squares 

Th is  g i ves  t h e  f o l l o w i n g  e q u a l i t y  

SSt = SSA + SSB t ssr 

Cons ider ing  t h e  t o t a l  sum o f  squares, SSt, i t  can be observed t h a t  t he  sum o f  

i t s  components i s  always zero  
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There fore ,  and as a l l  yhij a re  independent va r iab les ,  SSt has n-1  degrees o f  

freedom. As a l l  yhij have an N(y,a2) d i s t r i b u t i o n ,  t h e  terms (yhij - y )  have 

an N(0,o ) d i s t r i b u t i o n ,  which i m p l i e s  t h a t  'St has an xi-l d i s t r i b u t i o n .  I n  

3 has a x d i s t r i b u t i o n ,  has the  same way, i t  can be shown t h a t  

a 'p2J-l d i s t r i b u t i o n  and > has a x 

q u o t i e n t s  

- 

2 

7 SSB 

P1J-1 U 

d i s t r i b u t i o n .  The two 2 
P 1P2J-P1-P2+1 

and 

have F d i s t r i b u t i o n s  w i t h  (p2J-1, p1p2J-p1-p2t1) and (plJ-1, p1p2J-p1-p2t1) 

degrees o f  freedom, r e s p e c t i v e l y .  

o f  t h e  e f f e c t s  o f  f a c t o r  A o r  o f  f a c t o r  B by us ing  a one-sided F t e s t .  

T h i s  makes i t  p o s s i b l e  t o  t e s t  t h e  hypothes is  
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Chapter 5 

RELIABILITY AND DRIFT * 

Reed and Henry (1974) de f i ned  t h e  r e l i a b i l i t y  o f  a t e s t  as i t s  a b i l i t y  t o  

e .  I f  a t e s t  has ma in ta ined  a 

ong p e r i o d  o f  t ime, then the  t e s t  

m a i n t a i n  accuracy and p r e c i s i o n  i n t o  t h e  f u t u  

steady s t a t e  o f  these c h a r a c t e r i s t i c s  over  a 

i s  s a i d  t o  be r e l i a b l e .  

The r e l i a b i l i t y  o f  a method can be s t u d i e d  i n  severa l  ways. One techn ique i s  

t o  f o l l o w  t h e  method ove r  a l ong  p e r i o d  o f  t ime  and t o  reach a conc lus ion  about 

the  r e l i a b i l i t y  u p o n t e h i o h i ,  i . e . ,  f rom exper ience. Th is  i s  t h e  techn ique 

adopted i n  modern r o u t i n e  l a b o r a t o r i e s ,  where i t  i s  c a l l e d  q u a l i t y  c o n t r o l .  

The o t h e r  approach i s  t o  t ry  and p r e d i c t  t he  r e l i a b i l i t y ,  which can be done more 

o r  l ess ,  a l t hough  n o t  comple te ly ,  by the  de te rm ina t ion  o f  what Youden and S t e i n e r  

(1975) c a l l e d  t h e  "ruggedness" o f  a t e s t .  

f o l l o w i n g  sec t i ons .  The n o t i o n  o f  r e l i a b i l i t y  i s  r e l a t e d  t o  t h e  n o t i o n  o f  d r i f t ,  

which can be d e f i n e d  as a sys temat ic  t r e n d  i n  the  r e s u l t s  as a f u n c t i o n  o f  t ime.  

D r i f t  has been found t o  occur  i n  many ins tances ,  p a r t i c u l a r l y  i n  au tomat ic  

apparatus i n  which many de terminat ions  p e r  hour a re  c a r r i e d  ou t .  

g i ven  by Bennet e t  a l .  (1970).  

a r e  more prone t o  show d r i f t  than  manual methods, b u t  r a t h e r  t h a t  t h e  l a r g e r  

s e r i e s  o f  de te rm ina t ions  c a r r i e d  o u t  w i t h  t h e  fo rmer  methods a l lows e a s i e r  

d e t e c t i o n  o f  d r i f t .  

We s h a l l  d iscuss  bo th  aspects i n  t h e  

An example was 

It shou ld  n o t  be concluded t h a t  au tomat ic  method. 

5.1.  THE A POSTERIORI 8PPRDACH ; QUALITY CONTROL 

5.1.1. Con t ro l  c h a r t  methods f o r  d e t e c t i o n  o f  d r i f t  

Many methods f o r  q u a l i t y  c o n t r o l  a re  c u r r e n t l y  i n  use, among which c o n t r o l  

Th i s  chapter  has been w r i t t e n  w i t h  t h e  c o l l a b o r a t i o n  o f  Y .  M icho t te ,  
Pharmaceut ical  I n s t i t u t e ,  V r i  j e  U n i v e r s i t e i t  Brusse l  , Belgium. 

* 
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cha r t  methods, i n  c l i n i c a l  chemistry a l so  c a l l e d  Levey-Jennings cha r t  methods 

and i n  i n d u s t r i a l .  a n a l y t i c a l  chemistry Shewhart charts, are the most comnon 

(Levey and Jennings, 1950 ; Shewhart, 1931 ; Koehler, 1960 ; Grannis and 

Caragher, 1977). 

Reference samples are analysed every day o r  w i t h  each run and t h e i r  values are 

p l o t t e d  on a cha r t  as depic ted i n  Fig. 5.1. 

and the broken l i n e s  l i m i t s  o f  2 2s and 2 3s. 

before s t a r t i n g  the q u a l i t y  con t ro l  scheme. 

warning l i m i t  and the 3s l i m i t  the ac t i on  l i m i t .  

f o l l ows  r u l e s  such as : "If  one p o i n t  f a l l s  outs ide the ac t i on  l i m i t  o r  two 

consecutive po in ts  outs ide the warning l i m i t  bu t  w i t h i n  the ac t i on  l i m i t s ,  the 

r e s u l t s  are accepted b u t  the procedure i s  nevertheless invest igated" ,  e t c .  

A s o l i d  l i n e  depic ts  the mean value 

These l i m i t s  have t o  be determined 

The 2s l i m i t  i s  usua l l y  c a l l e d  the 

The labo ra to ry  under con t ro l  

F ig .  5.1. Control cha r t  f o r  reference sample (from Reed and Henry, 1974) .  

C lear ly ,  the emphasis i s  on the de tec t i on  o f  time-dependent systematic e r ro rs ,  

i .e.,  e r ro rs  t h a t  i n f l uence  the accuracy. This i s  a lso t r u e  f o r  the whole o f  

t h i s  chapter. 

which necessitates the  analys is  o f  a t  l e a s t  two con t ro l s  per run. 

There are several var iants  t o  these methods, and readers are re fe r red  t o  books 

on c l i n i c a l  chemistry such as t h a t  already c i t e d  f o r  a f u l l  account o f  these 

procedures. 

I t  i s  a lso possible, however, t o  evaluate a t rend  i n  the p rec i s ion ,  

Control cha r t  methods are re levan t  t o  our purpose on ly  i n  t h a t  
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they  p e r m i t  one t o  observe whether a method remains acceptab le  o r  n o t  ; they  

do n o t  a l l o w  a q u a n t i t a t i v e  measure o f  t he  r e l i a b i l i t y .  

5.1.2. Opera t iona l  research  methods 

These methods a r e  n o t  as w i d e l y  used as c o n t r o l  c h a r t  methods b u t  they  a r e  

becoming i n c r e a s i n g l y  popu lar .  

t he  i n t r o d u c t i o n  o f  ope ra t i ona l  research  and o t h e r  modern mathematical  techn iques  

i n  a n a l y t i c a l  chemis t ry ,  we s h a l l  d iscuss  these methods i n  some d e t a i l .  

As one o f  t h e  aims o f  t h i s  book i s  t o  s t i m u l a t e  

Two o p e r a t i o n a l  research  techn iques  have been proposed, namely t h e  Cusum 

techn ique and T r i g g ' s  m o n i t o r i n g  method. 

r o u t i n e  a p p l i c a t i o n s  so f a r .  

The fo rmer  has been used most i n  

Fo r  a s e r i e s  o f  c o n t r o l  measurements xo, xl, x2, ..., xt, one determines the  

cumula t ive  sum o f  d i f f e r e n c e s  between t h e  observed va lue  and t h e  p r e v i o u s l y  

determined mean va lue ,  x 

c1 = x1 - x 
c2 = c1 + (x2  - x )  

c3 = c 2  t (x3 - x )  

- 

- 

These va lues  a re  d i sp layed  on a c h a r t  such as t h a t  shown i n  F ig .  5.2. 

d e v i a t i o n s  f rom 7 a r e  random, then the  C values o s c i l l a t e  around t h e  l i n e  a t  

zero,  a t  l e a s t  i f  t h e  mean 1 i s  an accura te  es t ima te  o f  t he  t r u e  mean value. 

I f  no t ,  they  w i l l  vee raway  f rom t h i s  l i n e .  

I f  t h e  

The i n t e r p r e t a t i o n  o f  t h e  r e s u l t s  ob ta ined  i s  n o t  as s t r a i g t h f o r w a r d  as i n  

t h e  c o n t r o l  c h a r t  methods. I n  p a r t i c u l a r ,  i t  i s  n o t  e v i d e n t  f rom the  Cusum 

r e s u l t s  how one shou ld  decide when a t r e n d  i s  s i g n i f i c a n t  and when i t  i s  no t .  

The most general  means o f  coming t o  such a d e c i s i o n  appears t o  be t h e  use o f  

a V-mask. T h i s  i s  i l l u s t r a t e d  i n  F ig .  5.2, adapted f rom Lewis 'paper .  
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cn k, 
c urront 

- 4 O L  
F ig .  5 .2.  I l l u s t r a t i o n  o f  t h e  Cusum method (adapted f rom Lewis, 1971).  

When one.wishes t o  eva lua te  a p o s s i b l e  t r e n d  a t  t ime  t u s i n g  Ct ,  one p laces  t h e  

mask so t h a t  p o i n t  0 co inc ides  w i t h  Ct .  

l i m i t s  o f  t h e  mask, then t h e  t r e n d  i s  cons idered t o  be s i g n i f i c a n t .  

d i f f i c u l t y  res ides  i n  t h e  cho ice  o f  t he  ang le  0 

somewhat i n t u i t i v e .  

parameters and B i s s e l l  (1969) surveyed the  many r e l a t e d  methods t h a t  have been 

proposed. 

I f  the  Cusum l i n e  c u t s  one o f  t he  

The 

and t h e  d i s tance  D, which i s  

T a y l o r  (1968) gave some r u l e s  f o r  choosing these 

To determine whether o r  n o t  t h e r e  i s  a d r i f t ,  one makes obse rva t i ons  a t  

r e g u l a r  t imes. 

a t ime:ser ies ,  and t h e  a n a l y s i s  o f  t i m e  s e r i e s  i s  a c l a s s i c a l  s t a t i s t i c a l  problem 

(see Kenda l l ,  1973) used f o r  example i n  t h e  e v a l u a t i o n  o f  economic t rends .  

I n  Chapter j10  and 26, t h e  a p p l i c a t i o n  o f  t ime s e r i e s  concepts i n  the  

c h a r a c t e r i z a t i o n  o f  cont inuous processes i n  a n a l y t i c a l  chemis t ry  i s  d iscussed 

i n  more d e t a i  1. 

Such a s e r i e s  o f  observa t ions  made a t  s p e c i f i e d  t imes i s  c a l l e d  

The main d i f f i c u l t y  i n  the  a n a l y s i s  o f  t ime s e r i e s  as a p p l i e d  here  i s  t o  

separa te  t h e  long- te rm e f f e c t s  f rom i r r e g u l a r ,  random e f f e c t s ,  and one o f  t h e  

methods used t o  do t h i s  i s  t h e  a p p l i c a t i o n  o f  moving averages. For  a s e r i e s  
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o f  c o n t r o l  measurements xl, x2, ..., xt, one de f i nes  

n t 2  
x2 t x 3 t  ... Xntl x + x + ... x n 3 4  x1 t x2 + ... x 

¶ Y 

n n n 

as t h e  moving averages o f  o rde r  n. 

t he  random v a r i a t i o n s ,  thereby  smoothing t h e  t ime  s e r i e s .  

e f f e c t s  f rom t h e  extreme values, one o f t e n  uses we igh ted  moving averages, which 

a re  ob ta ined  by g i v i n g  l a r g e r  we igh ts  t o  t h e  c e n t r a l  values than t o  t h e  extreme 

values. I t  appears t h a t  these s imp le  methods have n o t  been used ( o r  a t  l e a s t  

have been used o n l y  u n f r e q u e n t l y )  f o r  q u a l i t y  c o n t r o l  i n  a n a l y t i c a l  chemis t ry .  

A more complex techn ique,  c a l l e d  T r i g g ' s  m o n i t o r i n g  techn ique,  has been proposed 

by Cembrowski e t  a l .  (1975), who gave an i n t e r e s t i n g  d i scuss ion  and comparison 

o f  Levey-Jennings c o n t r o l  cha r t s ,  t h e  Cusum techn ique and T r i g g ' s  method. 

Moving averages have the  e f f e c t  o f  reduc ing  

To avo id  t o o  l a r g e  

I n  T r i g g ' s  method, one c a l c u l a t e s  an e x p o n e n t i a l l y  we igh ted  average, Ct,  o f  

t h e  obse rva t i ons  

Ct = a X t  + (1 - a )  Ct-l 

As i n  the  same way 

Ct i s  g i v e n  by 

2 c = c1 X t  t c1 (1 - a) Xt-l t (1 - a )  Ct-2 t 

(5 .4)  

Eqn. 5 .4  i s  e q u i v a l e n t  t o  

I n  eqn. 5.7, a i s  a cons tan t  which i s  g e n e r a l l y  chosen t o  be 0.1 o r  0.2.  

c1 = 0.2, t h e  average a t  t ime  t i s  c a l c u l a t e d  w i t h  a we igh t  o f  0.2 f o r  t he  

I f  
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c u r r e n t  observa t ion ,  0.2 x (1 - 0 .2)  = 0.16 f o r  t h e  l a s t  b u t  one, and 0.128, 

0.102, e t c . ,  f o r  t h e  preced ing  ones i n  o r d e r  o f  decreasing t ime.  

obse rva t i ons  t h a t  shou ld  be i n c l u d e d  depends on cx. For  cx = 0.2, t h e  number o f  

obse rva t i ons  t o  be taken i n t o  account may be l i m i t e d  t o  9. 

moving average, where t h e  we igh ts  o f  t he  observa t ions  i n  t h e  c a l c u l a t i o n  decrease 

w i t h  t ime.  

observa t ion ,  xttl, and t h e  d i f f e r e n c e  et between xttl and Ct i s  considered t o  

be t h e  e r r o r  o f  t he  p r e d i c t i o n  

The number of  

I n  f a c t ,  C t  i s  a 

The moving average Ct i s  cons idered as a p r e d i c t o r  f o r  t h e  nex t  

et = Xttl - C t  

The smoothed e r r o r  et i s  then c a l c u l a t e d  accord ing  t o  t h e  same p r i n c i p l e  as 

i n  eqn. 5.4 

- - 
et = a e t  + (1 - a) et-l (5 .9)  

When et changes con t inuous ly  i n  one d i r e c t i o n  as a f u n c t i o n  o f  t ime ,  a changing 

t r e n d  i n  t h e  r e s u l t s  i s  i n d i c a t e d .  

I n s t e a d  of observ ing  d i r e c t l y  t he  t r e n d  i n  st, one compares et w i t h  t h e  mean 

abso lu te  d e v i a t i o n ,  MADt 

M A D  = cx . la tes t  abso lu te  e r r o r  t ( 1  - a) prev ious  MAD 

o r  

MADt = a l e t (  + (1 - a) MADtml 

by means o f  T r i g g ' s  t r a c k i n g  s i g n a l ,  Tt 

(5.10) 

et 
Tt = - 

MADt 
(5.11) 

The t r a c k i n g  s i g n a l  o s c i l l a t e s  between t1 and -1 and t h e  more d i f f e r e n t  i t  i s  
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f rom zero  t h e  more s i g n i f i c a n t  t he  t r e n d  i s .  

o f  T, = 0 .4  i n d i c a t e s  an 80% conf idence l e v e l ,  i . e . ,  t h a t  t he re  i s  an 80% 

p r o b a b i l i t y  t h a t  a s i g n i f i c a n t  change has taken p lace .  

t h e r e f o r e  be used as a c r i t e r i o n  t o  desc r ibe  d r i f t .  

Fo r  example, f o r  a = 0.2 a va lue  

The t r a c k i n g  s i g n a l  can 

I n  Table 5.11 a worked example i s  given. To be a b l e  t o  app ly  eqns. 5 .4 ,  5.9 

The and 5.10, i n i t i a l  values o f  Ct-l, et-l and MADt-l must be determined. 

smoothed f o r e c a s t  e r r o r  i s  i n i t i a l l y  s e t  t o  zero and t h e  i n i t i a l  mean abso lu te  

d e v i a t i o n ,  MAD, i s  s e t  t o  MADt-l = s (Cembrowski e t  a l . ,  1975).  The 

s tandard  d e v i a t i o n ,  s, was c a l c u l a t e d  i n  p reced ing  exper iments and was found 

t o  be 10.027. 

i n i t i a l l y  s e t  t o  t h e  average va lue  o f  p rev ious  de terminat ions .  

Ct-l, t h e  immediate pas t  e x p o n e n t i a l l y  weighted average, i s  

- 
I n  the  example g iven,  t he  values o f  Ct-l, et-l and MADt-l a t  t ime  zero  a re  50, 

0 and 8, r e s p e c t i v e l y .  A l l  c a l c u l a t i o n s  t o  be e f f e c t e d  i n  o r d e r  t o  o b t a i n  t h e  

t r a c k i n g  s i g n a l  a r e  descr ibed i n  Table 5.11. IY. i s  chosen t o  be 0.2. 

As up t o  t = 8 the  va lue  o f  Tt does n o t  exceed 0.50, which,  accord ing  t o  

Table 5.1, corresponds t o  a 90% confidence l e v e l  ( t h e  l owes t  l e v e l  one cou ld  

use i n  p r a c t i c e ) ,  one cou ld  n o t  be con f iden t  t h a t  a s t a t i s t i c a l l y  s i g n i f i c a n t  

change occurs up t o  t h a t  t ime.  

0.60, which corresponds t o  a 95% conf idence l e v e l .  

which means t h a t  a t  t h i s  t ime  an inc rease  has taken p lace  w i t h  a 98% l e v e l  

A t  t 9, however, t he  t r a c k i n g  s i g n a l  reaches 

A t  t = 10, Tt = 0.68, 

Table 5 . 1  

T rack ing  s i g n a l  values (Cembrowski e t  a l . ,  1975) 

Conf idence l e v e l  (%)  Track ing  s i g n a l  

IY. = 0.1 a =  0,2 

70 0.24 0.33 
80 0.29 0.40 
85 0.32 0.45 
90 0.35 0.50 
95 0.42 0.58 
96 0.43 0.60 
97 0.45 0.62 
98 0.48 0.66 
99 0.53 0.71 

100 1.00 1.00 
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o f  conf idence.  

a s i g n i f i c a n t  change has occur red  (Lewis, 1971). 

A l e v e l  o f  97% i s  i n  p r a c t i c e  always h i g h  enough t o  i n f e r  t h a t  

5.1.3. Other  s t a t i s t i c a l  methods 

Var ious o t h e r  s t a t i s t i c a l  techniques have been a p p l i e d  t o  t e s t  whether o r  n o t  

t h e r e  i s  a d r i f t  i n  t he  r e s u l t s .  

ch i -square  t e s t .  Th i s  t e s t ,  which i s  d iscussed i n  more d e t a i l  i n  s e c t i o n  8.6,  

i s  used t o  d i s c r i m i n a t e  between d i f f e r e n t  d i s t r i b u t i o n s  o f  data.  

t o  G i n d l e r  e t  a l . ,  t h e  ch i -square  t e s t  e a s i l y  demonstrates changes i n  p a t i e n t  

Fo r  example, G i n d l e r  e t  a l .  (1971) used t h e  

According 

d i s t r i b u t i o n  da ta  f rom day t o  day, even when the  means a r e  cons tan t .  

e r r o r  caused, f o r  example, by evapora t ion  o f  samples i s  c i t e d  as o n l y  one 

p o s s i b l e  source o f  such changes. 

Labora tory  

Other  p o s s i b l e  causes a re  n o t  w i t h i n  the  scope of a n a l y t i c a l  chemis t ry .  

They i n c l u d e  changes o f  popu la t i on ,  medical  t rea tment ,  d i e t ,  e t c .  

descr ibed a s o - c a l l e d  run  t e s t  f o r  a p p l i c a t i o n  i n  t h e  c l i n i c a l  chemical l a b o r a t o r y .  

One uses t h e  r e s u l t s  o f ,  f o r  example, 20 c o n t r o l  de termina t ions  and determines 

t h e  median, t h e  obse rva t i ons  w i t h  a lower  r e s u l t  be ing  denoted by a minus s i g n  

and those w i t h  a h i g h e r  r e s u l t  by a p l u s  s ign .  

i s  c a l l e d  a run .  I n  t h e  f o l l o w i n g  example, adapted f rom Gooszen, the  median 

i s  s i t u a t e d  between 7 and 9 and t h e r e  are  9 runs .  

Gooszen (1960) 

A sequence o f  s i m i l a r  s igns  

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 resul t -number 

5 9 9 1 0  7 3 7 1 0  9 7 9 9 4 9 1 0  9 4 6 2 3 r e s u l t  

- t t t - - -  t t - t t - t t t - - - -  s i g n  

run  -- - - - _ -  

A t a b l e  g i ven  by Dixon and Massey (1957) i n d i c a t e s  t h a t  i n  t h i s  i ns tance  t h e  

p r o b a b i l i t y  o f  f i n d i n g  9 o r  fewer runs  i s  0.242 and t h a t  t h e  c r i t i c a l  va lue  f o r  

r e j e c t i n g  t h e  hypothes is  t h a t  t he re  i s  no d r i f t  a t  t he  0.05 p r o b a b i l i t y  l e v e l  

i s  6 runs .  

a p p l i c a t i o n s  o f  c l a s s i c a l  s t a t i s t i c s  here.  A r t i c l e s  by G l i c k  (1972) and 

It i s  n o t  o u r  i n t e n t i o n  t o  g i v e  a complete rev iew o f  a l l  o f  t h e  
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T h i e r s  e t  a l .  (1976) and t h e  ANOVA method o f  R idd i ck  e t  a l .  (1972),  which was 

d iscussed i n  s e c t i o n  4.1.5 and a l s o  a l l ows  d r i f t  de tec t i on ,  can be c i t e d .  I t  

shou ld  a l s o  be observed t h a t  these methods u s u a l l y  do n o t  g i v e  a r a p i d  warning 

o f  t h e  ex i s tence  o f  a sys temat ic  t rend ,  as i s  t h e  case w i t h  t h e  o p e r a t i o n a l  

research  methods. 

5.2. THE A PRIOR1 APPROACH ; RUGGEDNESS OF A METHOD 

The reason f o r  incomple te  r e l i a b i l i t y  o f  a method w i t h  t i m e  i s  t h a t  i t  i s  

s e n s i t i v e  t o  minor  changes i n  procedure,  such as v a r i a t i o n s  i n  concen t ra t i ons  

o f  reagents  o r  hea t ing  r a t e s .  

t hey  behave over  a l o n g  p e r i o d  o f  t ime  i n  o r d e r  t o  t e s t  t h e i r  r e l i a b i l i t y  

(see s e c t i o n  5 .1 ) .  

t o  be expected, which can be ob ta ined  by measuring the  s e n s i t i v i t y  o f  t h e  

method t o  smal l  v a r i  a t i ons .  

One can, o f  course, t ry  new methods and see how 

However, i t  i s  p r e f e r a b l e  t o  have an i dea  o f  t h e  r e l i a b i l i t y  

I t  i s  c l e a r  t h a t  i n s e n s i t i v i t y  t o  changes i n  procedure i s  an impor tan t  asse t  

f o r  an a n a l y t i c a l  method. 

"ruggedness" (Youden and S te ine r ,  1975), can be cons idered as an e v a l u a t i o n  

c r i t e r i o n .  An i n s u f f i c i e n t l y  "rugged" method i s  a l s o  s u b j e c t  t o  l a r g e  l a b o r a t o r y  

b iases .  As we have a l ready  s ta ted ,  i t  i s  un fo r tuna te  b u t  w e l l  known t h a t  methods 

proposed i n  t h e  l i t e r a t u r e  do n o t  always y i e l d  t h e  expected good r e s u l t s .  

Labora to ry  b i a s  i s  es t ima ted  (see Chapters 2, 3 and 4) by c o l l a b o r a t i v e  research  

programmes u s i n g  t h e  two-sample method o r  a n a l y s i s  o f  var iance.  These 

c o l l a b o r a t i v e  programnes r e q u i r e  i m p o r t a n t  o r g a n i z a t i o n a l  e f f o r t s ,  so t h a t  i t  i s  

o u t  of t he  ques t i on  t o  s u b j e c t  a l l  p romis ing  methods i n  an e a r l y  s tage o f  

development t o  such p r o g r a n e s .  Here aga in ,  an a p i a i  approach, p e r m i t t i n g  a 

p r e d i c t i o n  o f  the  l a b o r a t o r y  b i a s  t o  be expected, would be u s e f u l .  

t he re fo re  be concluded t h a t  a measure o f  t h e  ruggedness g i ves  an i d e a  o f  t h e  

day-to-day o r  be tween- labora tory  v a r i a t i o n s  t o  be expected. 

o f  m inor  and i n e v i t a b l e  v a r i a t i o n s ,  one c o u l d  c a r r y  o u t  a f a c t o r i a l  exper iment  

(see Chapter 1 2 ) .  I n  t h i s  i ns tance ,  one would use a two- leve l  exper iment,  one 

There fore ,  t h i s  p roper t y ,  which has been c a l l e d  

I t  can 

To s tudy  t h e  e f f e c t  
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o f  these l e v e l s  be ing  t h a t  g i ven  i n  t h e  proposed procedure and t h e  o t h e r  a l e v e l  

which dev ia tes  f rom t h e  fo rmer  l e v e l  t o  an e x t e n t  t h a t  can be reasonab ly  

conceived t o  occu r  i n  p r a c t i c e .  

t h e  p r a c t i c e  i n t roduced  by P l a c k e t t  and Burman (1940),  these l e v e l s  a r e  c a l l e d  

t h e  nominal and extreme values, r e s p e c t i v e l y .  

one must cons ide r  as many parameters as poss ib le ,  and t h e r e f o r e  i n t r o d u c e  a 

l a r g e  number o f  f a c t o r s  i n  the  f a c t o r i a l  exper iment.  I f  t h i s  number i s  n, then 

t h e  number o f  exper iments t o  be c a r r i e d  o u t  i n  a complete des ign  i s  2n. As t h e  

t y p i c a l  number o f  f a c t o r s  i s  between 5 and 10, i t  i s  c l e a r  t h a t  complete 

f a c t o r i a l  exper iments a r e  o f t e n  i m p r a c t i c a l  f o r  t h i s  purpose. Severa l  designs 

have been proposed t o  o b t a i n  an es t ima te  i n  a much sma l le r  number o f  exper iments.  

To understand t h i s ,  l e t  us f i r s t  cons ide r  t h e  des ign  o f  Table 5.111 proposed 

by Youden and S t e i n e r  f o r  seven f a c t o r s  u s i n g  e i g h t  exper iments.  

Denoted by p l u s  and minus s igns ,  and f o l l o w i n g  

I n  t h i s  t ype  o f  i n v e s t i g a t i o n ,  

Tab le  5.111 

P a r t i a l  f a c t o r i a l  exper iment f o r  seven f a c t o r s  

Exper iment Fac to rs  Measurement ob ta ined  

A B C D E F G  

Y1 
Y2 
y 3  
y 4  
y 5  

y 7  
Ya 

1 + + + + + + +  
2 + + - + - - -  
3 + - + - + - -  
4 + - - - -  + +  
5 - + + - - + -  
6 - + - - + - +  
7 - -  + + - -  + 
8 - - -  + + + -  

y 6  

T h i s  means t h a t  e i g h t  exper iments a r e  c a r r i e d  ou t ,  each y i e l d i n g  a r e s u l t ,  

yl, ..., y8. The t h i r d  exper iment,  f o r  example, i s  c a r r i e d  out i n  such a way 

t h a t  f a c t o r s  A ,  C and E t ake  t h e i r  nominal va lues  w h i l e  t h e  o the rs  a r e  a t  t h e  

extreme l e v e l .  Note t h a t  Table 5.111 i s  cons t ruc ted  i n  such a way t h a t  each 

f a c t o r  occurs f o u r  t imes a t  t h e  nominal and f o u r  t imes a t  t h e  extreme l e v e l .  

To determine t h e  e f f e c t  o f  changing f a c t o r  A f rom t h e  nominal t l e v e l  t o  the  

extreme - l e v e l ,  one compares the  mean va lue  o f  t h e  r e s u l t s  ob.tained a t  bo th  

l e v e l s .  I n  t h i s  ins tance,  t h i s  means c a r r y i n g  o u t  t he  o p e r a t i o n  
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F o r  f a c t o r  C, t h e  f o l l o w i n g  c a l c u l a t i o n  shou ld  be c a r r i e d  o u t  

One observes t h a t  i n  do ing  t h i s ,  one d i v i d e s  the  exper iments i n t o  two groups f o r  

each f a c t o r .  I n  one o f  these groups, one f a c t o r  ( t h a t  be ing  i n v e s t i g a t e d )  i s  

a t  t he  t l e v e l .  A l l  t h e  o t h e r  f a c t o r s ,  however, a r e  tw ice  a t  the  - l e v e l  and 

t w i c e  a t  t he  + l e v e l ,  i n  each group. 

averages, t h e  e f fec ts  o f  a l l  o f  t h e  o t h e r  f a c t o r s  cancel  o u t .  I n  f a c t ,  t h i s  i s  

comple te ly  t r u e  o n l y  when t h e r e  i s  no i n t e r a c t i o n  (see Chapter 4 ) ,  b u t  as t h e  

v a r i a t i o n s  i n t roduced  i n  the  f a c t o r  l e v e l s  a re  smal l  t h i s  w i l l  be o f  r e l a t i v e l y  

1 i t t l e  importance. 

When c a r r y i n g  o u t  t he  comparison o f  

The o b t a i n i n g  o f  t he  d i f f e r e n c e s  DA, ..., DG i s  n o t  s u f f i c i e n t  i n  i t s e l f ,  

and one must determine whether these d i f f e rences  a re  s i g n i f i c a n t l y  g r e a t e r  than 

the  exper imenta l  e r r o r  determined by c a r r y i n g  o u t  r e p l i c a t e  measurements a t  t h e  

nominal l e v e l .  

au tho r  o f  t h e  method probab ly  c a r r i e d  them o u t  a l ready  i n  o r d e r  t o  measure t h e  

r e p e a t a b i l i t y  o f  t he  proposed procedure.  

d e v i a t i o n ,  s, then when t h e r e  i s  no s i g n i f i c a n t  f a c t o r ,  t he  s tandard  d e v i a t i o n  

on t h e  mean o f  f o u r  measurements i s  s / #  and t h e  s tandard  d e v i a t i o n ,  sD, on the  

d i f f e r e n c e  between two a v e r a g e s , m f l  = s/v"T. The expected mean o f  t h e  

D - d i s t r i b u t i o n  be ing  zero  (again,  when t h e r e  i s  no s i g n i f i c a n t  f a c t o r ) ,  one 

can cons ide r  t h a t  a f a c t o r  i s  s i g n i f i c a n t  when D i s  l a r g e r  than 2sD = 0 . s .  

When, i n  a c t u a l  exper imenta t ion ,  a s i g n i f i c a n t  f a c t o r  i s  noted, s teps  shou ld  

be taken t o  e l i m i n a t e  i t  o r ,  as t h i s  i s  o f t e n  imposs ib le ,  t h e  procedure shou ld  

s t a t e  c l e a r l y  the  l i m i t s  between which the  parameter may be a l l owed  t o  vary .  

T h i s  design i s  very  e legan t  b u t  u n f o r t u n a t e l y  i t  i s  imposs ib le  t o  propose 

These r e p l i c a t e  measurements do n o t  i n v o l v e  e x t r a  work as t h e  

I f t h i s  i s  cha rac te r i zed  by a s tandard  

an analogous dev ice  f o r ,  f o r  example, s i x  f a c t o r s  w i t h  seven exper iments.  The 

s o l u t i o n  t o  t h i s  d i f f i c u l t y  i s  t o  con t inue  c a r r y i n g  o u t  the  above des ign  where 
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one o f  t h e  v a r i a b l e s  i s  now a dummy one. 

one shou ld  "assoc ia te  w i t h  f a c t o r  G some meaningless o p e r a t i o n  such as solemmly 

p i c k i n g  up t h e  beaker, look ing  a t  i t  i n t e n t l y  and s e t t i n g  i t  down aga in" .  

means, i n  f a c t ,  t h a t  one uses t h e  des ign  o f  Table 5.IV. 

As Youden and S t e i n e r  (1975) s ta ted ,  

T h i s  

Table 5.IV 

P a r t i a l  f a c t o r i a l  exper iment f o r  s i x  f a c t o r s  

Ex pe r i  men t Factors  

A B C D E F  

1 + + + + + +  
2 + + - + - -  
3 + - + - + -  
4 + - - - -  + 
5 - + + - - +  
6 - + - - + -  
7 - -  + + - -  

+ + +  - _ -  a 

A des ign  i s  a l s o  a v a i l a b l e  f o r  t h e  t h r e e - f a c t o r  s i t u a t i o n ,  and i s  g i ven  by 

Tab le  5.V. 

Table 5.V 

P a r t i a l  f a c t o r i a l  design f o r  t h r e e  f a c t o r s  

Exper iment Fac tors  Measurement ob ta ined  

A B C  

1 + + +  
2 - + -  
3 + - -  
4 

Y1 
y 2  
y 3  
y 4  + - -  

So-ca l l ed  c y c l i c a l  designs w i t h  the  same p r o p e r t i e s  have been proposed f o r  

h i g h e r  numbers o f  f a c t o r s  by P l a c k e t t  and Burman (1946).  

t h e  1 1 - f a c t o r ,  12-exper iment design. 

g i v e n  i n  t h e i r  paper and which i n  t h i s  i ns tance  i s  

Consider,  f o r  example, 

The des ign  i s  ob ta ined  f rom a f i r s t  l i n e  

+ + - + + + - - -  + -  

and descr ibes  exper iment 1. Experiments 2 - 11 a r e  ob ta ined  by w r i t i n g  down 
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a l l  cyclical permutations of  th i s  l ine  and  the l a s t ,  experiment 12, always 

contains only minus signs. The complete design i s  therefore given by Table 5 .VI .  

Table 5.VI 

Partial factorial  design for eleven factors 

Experiment Factors Measurement obtained 

A B C D E F G H I J K  
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
1 2  

~ 

+ + - + + - I - - - + -  

- + + - + + + - - - +  
+ - + + - + - I - + - - -  

- + - + + - + + + - -  
- -  + - + + - + + + -  
- - -  + - + + - + + +  
+ - - -  + - + + - + +  
+ + - - - - I - + + - +  
+ + + - - -  + - + + -  
- + + + - - -  + - + +  
+ - + + + - - - + - +  
- - - - - - - - - - -  

Plackett and Burman gave designs for 8, 1 2 ,  16, 20, ..., 100 experiments. As 

a number of factors exceeding 15 seems improbable for  analytical chemistry 

purposes, only the f i r s t  l ine for  the 15 factor experiment i s  given below 

+ + + + - + - + + - - + - - -  

In the same way as for  the 6-factor example using Youden and S te iner ' s  design, 

arrangements for  8 - 10 factors can be derived from the 11-factor design a n d  

fo r  12 - 14 factors from the 15-factor design, using dummy factors. These 

methods have been called partial factorial  experiments and  can therefore be 

considered t o  be simple factorial  experiments. 

i t  possible to investigate only main factors and are less useful for optimization 

purposes when interaction occurs. 

As discussed l a t e r ,  they make 
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Chapter 6 

SENSITIVITY A N D  LIMIT OF DETECTION 

6 . 1 .  INTRODUCTION 

There i s  no d o u b t  t h a t  the  detect ion l i m i t  i s  one of the most important 

performance c h a r a c t e r i s t i c s  of an analyt ical  procedure. 

chemistry might well be measured by the s h i f t  o f  the detect ion l i m i t  towards 

lower values. 

progress. 

chemistry are  problems of detect ing and determining elements o r  compounds i n  

small amounts of sample (micro-analysis) ,  of determining very low concentrations 

or small amounts in  l a r g e r  samples ( t r a c e  analysis)  or even of determining low 

concentrations in  small samples. 

Progress i n  ana ly t ica l  

Of course, the  picture  emerging would r e f l e c t  only par t  of the 

However, i t  cannot be denied t h a t  many problems in  analyt ical  

Comparing analyt ical  procedures by t h e i r  l i m i t s  of detect ion i s  n o t  easy. 

I n  many papers describing ana ly t ica l  procedures no detect ion l imi t s  a re  given, 

and t o  the analyst  facing the problem of choosing a procedure from several 

a l t e r n a t i v e s ,  t h i s  omission i s  very disappointing. Even more disappointing i s  

the lack of uniformity i n  describing performances with respect  t o  the smallest  

amounts o r  concentrations t h a t  can be detected o r  determined. 

Often a procedure i s  sa id  t o  be very sens i t ive  when the l i m i t  of detect ion 

i s  low, and the  l i m i t  of detect ion and s e n s i t i v i t y  in  many instances a re  regarded 

as synonymous. However, in  o ther  branches o f  science s e n s i t i v i t y  i s  defined 

as the s lope of the curve t h a t  i s  obtained when the r e s u l t  of the measurement 

i s  plot ted against  the amount tha t  i s  t o  be determined. 

s e n s i t i v i t y  defined i n  t h i s  way i s  equal t o  the slope of the analyt ical  ca l ibra t ion  

curve (Kaiser, 1965) and throughout t h i s  book t h i s  def in i t ion  o f  s e n s i t i v i t y  

wil l  be used. The lower l i m i t  o f  detect ion l i t e r a l l y  i s  t o  be understood as 

the l i m i t  below which detect ion i s  impossible. 

I n  analyt ical  chemistry, 

Although t h i s  c l a r i f i e s  the 
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meaning o f  t he  term, i t  c e r t a i n l y  i s  n o t  s u f f i c i e n t  when the  d e t e c t i o n  l i m i t  i s  

t o  be used as a performance c h a r a c t e r i s t i c  o f  an a n a l y t i c a l  procedure.  I t  

appears t h a t  q u a n t i f i c a t i o n  o f  t h i s  c h a r a c t e r i s t i c  g ives  r i s e  t o  cons ide rab le  

confus ion ,  as has been c l e a r l y  demonstrated by C u r r i e  (1968).  F ig .  6.1, f rom 

t h e  paper o f  Cur r i e ,  g i ves  seve ra l  values o f  l i m i t s  o f  d e t e c t i o n  f o r  a s p e c i f i c  

0 - 

0 

0 

0 

0 
0 

5 - 1 ?  I , I I I 1  t 

r a d i o a c t i v i t y  measurement process. 

d i f f e r e n t  d e f i n i t i o n s .  

i n  f o r m u l a t i n g  the  problem (when i s  a component de tec ted  and w i t h  what c e r t a i n t y  ? ) .  

These values were c a l c u l a t e d  by u s i n g  

These d i f f e r e n c e s  can be p a r t l y  asc r ibed  t o  d i f f e r e n c e s  

0 

D e f i n i t i o n s  : 

1-background s tandard  
d e v i a t i o n  (oB) 

2-1D% o f  t h e  background 
3-2oB 

4-30g 

5-3Ugt3o~ (oD=sample s tandard  

6 - tw ice  t h e  background 
7-1000 dpm 

d e v i a t i o n )  

8- 100 dps 

1 2 3 4 5 6 7 8  
definition 

F ig .  6.1. "Ordered" d e t e c t i o n  l i m i t s  ; l i t e r a t u r e  d e f i n i t i o n s .  The d e t e c t i o n  
l i m i t  f o r  a s p e c i f i c  r a d i o a c t i v i t y  measurement process i s  p l o t t e d  i n  i n c r e a s i n g  
o rde r ,  accord ing  t o  commonly-used a1 t e r n a t i v e  d e f i n i t i o n s  ( f rom C u r r i e ,  1968). 
Repr in ted  w i t h  pe rm iss ion  ; c o p y r i g h t  American Chemical Soc ie ty  

Lower l i m i t s  t o  t h e  d e t e c t i o n  o f  elements and compounds a r e  s e t  because o f  

t h e  presence o f  e r r o r s  (no i se ) .  There fore ,  a d e f i n i t i o n  and q u a n t i f i c a t i o n  o f  

d e t e c t i o n  l i m i t s  must be based upon s t a t i s t i c s  

on the  d i scuss ion  o f  t h e  d e t e c t i o n  l i m i t  and r e  

f o l l o w  C u r r i e  (1968), who in t roduced  a d e c i s i o n  

a de te rm ina t ion  l i m i t .  

Ka iser ,  1947). I n  t h i s  chap te r  

a ted  q u a n t i t i e s ,  we s h a l l  p a r t l y  

l i m i t ,  a d e t e c t i o n  l i m i t  and 
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6.2. SENSITIVITY AND THE ANALYTICAL CALIBRATION FUNCTION 

The s e n s i t i v i t y  o f  a procedure designed f o r  a q u a n t i t a t i v e  a n a l y s i s  can be 

de f i ned  as t h e  s lope  o f  t h e  a n a l y t i c a l  c a l i b r a t i o n  f u n c t i o n  y = f ( x ) .  

c a l i b r a t i o n  f u n c t i o n  r e l a t e s  t h e  r e s u l t  ( y )  o f  t h e  measur ing process (ou tpu t ,  

a n a l y t i c a l  s i g n a l )  t o  the  concen t ra t i on  o r  amount ( x )  o f  t h e  component t o  be 

determined. The o u t p u t  can be a meter read ing ,  an e l e c t r i c  c u r r e n t  o r  vo l tage ,  

a we igh t ,  e t c .  The s e n s i t i v i t y  ( S )  can be w r i t t e n  as t h e  d i f f e r e n t i a l  q u o t i e n t  

Th is  

For  l i n e a r  r e l a t i o n s h i p s  between x and y and i n  t h e  absence o f  a b lank ,  t h e  

s e n s i t i v i t y  i s  s imp ly  t h e  r a t i o  between y and x.  F ig .  6.2, f rom a paper o f  

Specker (1968) c l e a r l y  i l l u s t r a t e s  t h e  concept o f  s e n s i t i v i t y ,  

1.5 

1 .o 

0.5 

* 
0 i 2 3 4 5 6 7 8 9 10 Fe(pg /m l )  

A 

P 

F i g .  6.2. 
o f  s e n s i t i v i t y ) .  
o -yhenanthro l ine ,  AE/Ac = 0.14 ; l i n e  3, w i t h  2,6-pyridinedicarboxylic ac id ,  
AA/Ac = 0.028. Thickness o f  c e l l ,  1 cm. Ord ina te ,  absorbance ; abscissa, i r o n  
concen t ra t i on .  (From Specker, 1968). 

C a l i b r a t i o n  l i n e s  f o r  t h e  pho tomet r i c  de te rm ina t ion  o f  i r o n  ( d e f i n i t i o n  
L i n e  1, w i t h  2 -pyr id inea ldox ime,  AA/Ac = 0.18 ; l i n e  2, w i t h  

These c a l i b r a t i o n  graphs were ob ta ined  by p l o t t i n g  the  absorbance aga ins t  t h e  

i r o n  concen t ra t i on .  

a ldoxime has a g r e a t e r  sens i  t i v i  ty  than the  procedures w i t h  o-phenanthrol  i n e  

and w i t h  2,6-pyridinedicarboxylic ac id .  

I t  appears t h a t  t he  de te rm ina t ion  o f  i r o n  w i t h  2 - p y r i d i n e  
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For  purposes o f  c h a r a c t e r i z i n g  a n a l y t i c a l  procedures,  the  s e n s i t i v i t y  i s  o f  

l i m i t e d  importance. Fo r  i ns tance ,  t h e  s e n s i t i v i t y  can e a s i l y  be i n f l u e n c e d  

w i t h o u t  a l t e r i n g  the  procedure s i g n i f i c a n t l y .  

o u t p u t  o f  an i ns t rumen t  can e a s i l y  b r i n g  the  ou tpu t  f rom t h e  m i l l i v o l t s  t o  the  

vo l  t s  range and, accord ing  t o  t h e  d e f i  n i  ti on, t he  s e n s i t i v i t y  i s  then i ncreased 

by a f a c t o r  o f  1000. S i m i l a r l y ,  t he  s e n s i t i v i t y  o f  a photomet r ic  de te rm ina t ion  

can be inc reased by i n c r e a s i n g  the  o p t i c a l  pa th  l e n g t h .  

However, e r r o r s  (no i se )  a r e  u s u a l l y  magn i f i ed  t o  the  same e x t e n t .  

Connecting an a m p l i f i e r  t o  t h e  

S e n s i t i v i t i e s  a re  seldom cons tan t  over  l a r g e  concen t ra t i on  ranges and 

s e n s i t i v i t i e s  a r e  t h e r e f o r e  meaningful  o n l y  when concen t ra t i ons  o r  concen t ra t i on  

ranges a r e  s p e c i f i e d .  

a wide v a r i e t y  o f  l i n e a r i z i n g  dev ices  a re  a v a i l a b l e .  

course, t h a t  any c a l i b r a t i o n  graph i s  acceptab le  t o  the  a n a l y t i c a l  chemist ,  and 

one must a t  l e a s t  be cau t ious  about  non - l i nea r  c a l i b r a t i o n  graphs. 

i ns tances ,  t h e o r e t i c a l  cons ide ra t i ons  can lead  t o  l i n e a r i z a t i o n  o f  C a l i  b r a t i o n  

graphs t h a t  a r e  f u l l y  j u s t i f i e d ,  and t h e  use o f  l oga r i t hms  i n  spectrophotometry 

(Boer-Lambert laws)  and po ten t i omet ry  (Nerns t )  i s  w e l l  known i n  t h i s  respec t .  

I n  o t h e r  ins tances ,  n o n - l i n e a r  graphs a re  due t o  s a t u r a t i o n  e f f e c t s ,  sometimes 

even r e s u l t i n g  i n  a change o f  s lope f rom p o s i t i v e  t o  nega t i ve .  

Here again,  s e n s i t i v i t i e s  can be e a s i l y  man ipu la ted  ; 

T h i s  does n o t  mean, o f  

I n  some 

The range ove r  which t h e  s e n s i t i v i t y  can be cons idered t o  be cons tan t  has, 

o f  course, a lower  and an upper l i m i t .  By d e f i n i t i o n ,  the  lower  l i m i t  w i l l  be 

the  d e t e c t i o n  l i m i t  (as de f i ned  i n  s e c t i o n  6.3) and the  concen t ra t i on  where the  

s e n s i t i v i t y  begins t o  change (go ing  f rom lower  t o  h i g h e r  concen t ra t i ons )  can be 

regarded as the  upper l i m i t .  I n  genera l ,  such a change w i l l  be g radua l  and t h e  

upoer l i m i t  cannot be s p e c i f i e d  un less  a s p e c i f i c a t i o n  i s  g i ven  o f  what i s  t o  

be cons idered t o  be a s t r a i g h t  c a l i b r a t i o n  graph. 

l i m i t  m igh t  be t h e  concen t ra t i on  where the  response d i f f e r s  by a c e r t a i n  

percentage ( f o r  i ns tance ,  3%) f rom t h e  response t h a t  m igh t  be expected f rom t h e  

s e , i s i t i v i t y  near the  d e t e c t i o n  l i m i t .  As f a r  as we know, no g e n e r a l l y  accepted 

d e f i n i t i o n  o f  t he  upper l i m i t  and thus  o f  t h e  l i n e a r  (dynamic) range f o r  

A d e f i n i t i o n  o f  t h e  upper 
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character iz ing a procedure has been proposed. 

i s  i l l u s t r a t e d  in  Fig. 6.3. The l i n e a r  range i s  usually expressed as the number 

of decades between the lower and upper l i m i t .  

The concept of the l i n e a r  range 

input ,  x 
Fig. 6.3. 

As has been s t a t e d ,  the s e n s i t i v i t y  as a means of character iz ing procedures 

i s  of l imited value, and t h i s  i s  par t icu lar ly  t rue  f o r  ca l ibra t ion  graphs near 

the (lower) l i m i t  of detect ion.  

general nature of analyt ical  procedures, the s e n s i t i v i t y  i s  a useful parameter 

( see  Part  V ) ,  and i t  i s  a l so  a useful parameter when discussing the s e l e c t i v i t y  

and speci f i  c i t y  of analyt ical  procedures (Chapter 7 ) .  

However, f o r  a good understanding of the 

6.3. D E C I S I O N  LIMIT 

When the ana ly t ica l  chemist accepts t h a t  random er rors  a r e  unavoidable, he 

a l so  has t o  accept t h a t  there  a re  l i m i t s  t o  the detect ion (and thus t o  the 

determination) of elements and compounds. 

no sense t o  de tec t  or determine amounts t h a t  are  smaller than the random er rors  

inherent t o  the procedure used. 

l i m i t  could be made by taking the value o f  the  standard deviation ( i n  uni t s  of 

concentration o r  amount). 

He i n t u i t i v e l y  may feel  t h a t  i t  makes 

In f a c t ,  a rough est imate  of the detect ion 

However, t h i s  rough p ic ture  needs some refinement. 
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The concen t ra t i on  o r  amount o f  t h e  component t o  be determined ( x )  can be 

c a l c u l a t e d  from t h e  measurement ( y )  by making use o f  t he  c a l i b r a t i o n  f u n c t i o n  

( y  = f ( x )  ) .  U s u a l l y  y i s  

regarded as t h e  d i f f e rence  between two measurements, i .e., a measurement o f  t h e  

unknown sample (y,) and a measurement o f  t h e  b lank  (ybl). Then t h e  problem can 

be fo rmu la ted  i n  two ways which a r e  e s s e n t i a l l y  t he  same : i t  can be ques t ioned 

whether yu- ybl d i f f e r s  s i g n i f i c a n t l y  f rom zero o r  whether yu d i f f e r s  

s i g n i f i c a n t l y  f rom yb,. 

o f  s t a t i s t i c s .  

t o  be made about  t h e  d i s t r i b u t i o n  o f  e r r o r s .  

o f  t h e  read ing  o f  t h e  b lank  i s  represented  i n  F i g .  6.4. 

i s  denoted by ubl and t h e  t r u e  va lue  o r  l i m i t i n g  mean o f  t h e  b lank  by ybl. 

The d i scuss ion  w i l l  be g i ven  i n  terms o f  s igna ls .  

O f  course, t h i s  problem can be a t tacked  o n l y  by means 

However, t o  make any statements a t  a l l  some assumptions have 

The case o f  a normal d i s t r i b u t i o n  

The s tandard  d e v i a t i o n  

F ig .  6.4. Normal d i s t r i b u t i o n  

I t  i s  c l e a r  t h a t  the  probab l i t y  o f  measuring s i g n a l s  ybl > L w i l l  be 
C 

where p(ybl) represents  t h e  d i s t r i b u t i o n  f u n c t i o n  o f  ybl. 

than t h e  d e c i s i o n  l i m i t ,  Lc, a r e  i n t e r p r e t e d  as "component p resen t " ,  a f r a c t i o n  

(x o f  t h e  measurements o f  t h e  b lank  i s  m i s i n t e r p r e t e d .  

If s i g n a l s  l a r g e r  
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The d e c i s i o n  l i m i t  can be expressed i n  terms o f  s i g n a l s  by 

Conversion i n t o  concen t ra t i ons  i s  e a s i l y  p o s s i b l e  by m u l t i p l i c a t i o n  w i t h  t h e  

c a l i b r a t i o n  cons tan t .  

I n t r o d u c i n g  a va lue  o f  kc = 3 leads  t o  1-a = 99.86%. Then Lc  i s  equal  t o  

K a i s e r ' s  d e t e c t i o n  l i m i t  (Ka iser ,  1947). 

and depends on t h e  conf idence t h a t  i s  r e q u i r e d  f o r  t h e  answer t o  t h e  ques t i on  

o f  whether t h e  component i s  de tec ted  o r  no t .  The dec i s ion  l i m i t ,  Lc,  cannot,  

i n  p r i n c i p l e ,  be used as a q u a l i t y  c r i t e r i o n  f o r  t he  a n a l y t i c a l  procedure (Cur r i e ,  

1968 ; Svoboda and Gerbatsch, 1968 ; Wilson, 1970).  Th is  i s  i l l u s t r a t e d  by 

F ig .  6.5, where t h e  two p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n s  o f  ybl and yu ove r lap .  

The d i s t r i b u t i o n  o f  yu i s  chosen t o  have a maximum a t  yu = Lc. 

represents  a s i t u a t i o n  o f  a l a r g e  number o f  repeated  measurements on a sample 

w i t h  a concen t ra t i on  cor respond ing  ( v i a  t h e  c a l i b r a t i o n  cons tan t )  t o  t h e  

d e c i s i o n  l i m i t ,  Lc. 

The cho ice  o f  kc,  o f  course, i s  a r b i t r a r y  

Thus, F i g .  6.5 

A 

F ig .  6.5. I l l u s t r a t i o n  o f  d e c i s i o n  l i m i t ,  

The s tandard  d e v i a t i o n s  crbl and uu a re  cons idered t o  be equal (which i s  

S igna ls  l a r g e r  than Lc can be u s u a l l y  t h e  case f o r  smal l  concen t ra t i ons ) .  

i n t e r p r e t e d  by "Component p resen t " .  However, a f r a c t i o n  o f  t he  measurements 
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on a sample with a content L c  of the component t o  be detected wi l l  y i e l d  s igna ls  

smaller than L c .  B i s  given by 

(6.4) 
L C  

B = J P(Y,) dyU 
-02 

From Fig. 6 .5 ,  i t  appears t h a t  B = 0.5 and the statement about the  absence o f  

the component i s  very unrel iable .  To express this d i f f e r e n t l y  : the  e r r o r  of 

the f i r s t  type (deciding t h a t  the component i s  present when i t  i s  n o t )  i s  

small ( a ) ,  whereas the e r r o r  of the  second type (deciding t h a t  the  component 

i s  absent when i t  i s  present)  i s  l a rge  (B )  (see a lso  3.2.1 and Chapter 2 ) .  

Signals l a r g e r  than L c  can be in te rpre ted  as  the detect ion of the component with 

quasi c e r t a i n t y ,  whereas s igna ls  smaller than L 

about the absence of the component. 

allow no decision t o  be made 
C 

6.4. DETECTION LIMIT 

The u p06Rehi0hi decision about the  presence of a component from a measured 

signal has resul ted in  a def in i t ion  of the decision l i m i t  as given above. I n  

order  to  character ize  an analyt ical  procedure, i t  i s  necessary t o  define a 

level  LD specifying the detect ion c a p a b i l i t i e s  of the ana ly t ica l  procedure. 

This l e v e l ,  the  detect ion l i m i t ,  should correspond t o  a concentration t h a t ,  with 

grea t  probabi l i ty ,  wil l  y i e l d  s igna ls  t h a t  can be dis t inguished from the s igna ls  

obtained from the  blank. 

the second type, and thus of reducing a.  
where a = 6. 

l i m i t ,  L D  

This ,  of course, corresponds t o  reducing the e r r o r  o f  

I n  F i g .  6.6 a s i t u a t i o n  i s  represented 

Here the l imit ing mean of yu can be used f o r  defining a detect ion 

LD = ybl t kd obi = L c  + k '  u d bl 

Here again the standard deviations of the  d is t r ibu t ions  p ( y b l )  and p(y,) have 

been assumed t o  be i d e n t i c a l .  

equal t o  the l i m i t  of guarantee of puri ty  as defined by Kaiser (1965) when 

The detect ion l i m i t  as defined by eqn. 6.5 i s  
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F i g .  6 .6.  I l l u s t r a t i o n  o f  d e t e c t i o n  l i m i t .  

kd  = 6 and k I d  = 3. 

be de tec ted  w i t h  99.86% c e r t a i n t y .  

un less  a s m a l l e r  con f idence i s  accepted. 

I f  a concen t ra t i on  i s  equal  t o  t h e  d e t e c t i o n  l i m i t ,  i t  can 

Smal le r  concen t ra t i ons  cannot be de tec ted  

6 .5 .  DETERMINATION LIMIT 

A de te rm ina t ion  l i m i t  can be de f i ned  as t h e  l i m i t  a t  which a g i ven  procedure 

w i l l  be s u f f i c i e n t l y  p r e c i s e  t o  y i e l d  a s a t i s f a c t o r y  q u a n t i t a t i v e  es t ima te  o f  

t he  unknown concen t ra t i on .  Such a l i m i t ,  L 

and obi, aga in  assuming t h a t  t he  s tandard  d e v i a t i o n s  f o r  b lank  and unknown 

a r s  i d e n t i c a l .  One can w r i t e  t h a t  t h e  corresponding s i g n a l  i s  

can be de f i ned  i n  terms o f  ybl 
q '  

and i t  can e a s i l y  be shown t h a t  t h e  r e l a t i v e  s tandard  d e v i a t i o n  ob ta ined  f rom 

measurements a t  t h i s  l e v e l  i s  l / k  

The r e l a t i v e  s tandard  a e v i a t i o n  o f  t h e  " q u a n t i t a t i v e "  measurement a t  t h e  

dec i s ion  l e v e l  Lc w i l l  be 335%, and a t  LD 163%. 

9 '  

1 2 

6.6. DISCUSSION 

No a t tempt  w i l l  be made t o  discu'ss i n  d e t a i l  the  severa l  aspect; o f  the  
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d e c i s i o n  l i m i t ,  the  d e t e c t i o n  l i m i t  and t h e  de te rm ina t ion  l i m i t ,  and the  

reader  i s  r e f e r r e d  t o  the  l i t e r a t u r e  a l ready  c i t e d  and t o  t h e  c o n t r i b u t i o n s  o f  

Ka ise r  (1966),  E h r l i c h  (1969),  L i t e a n u  and Rica (1973, 1975) and I n g l e  (1974).  

However, i t  i s  necessary t o  make some remarks about t h e  use o f  t he  concepts 

i n t roduced  i n  t h i s  chapter .  

l i m i t i n g  mean o f  t h e  b lank  (ybl) and the  s tandard  d e v i a t i o n .  

a l i m i t e d  number o f  exper iments w i l l  be a v a i l a b l e  f o r  t he  e s t i m a t i o n  o f  these 

q u a n t i t i e s .  I f  t h e  es t imates  are  used f o r  c a l c u l a t i o n  o f  t he  l i m i t s  o f  d e c i s i o n  

and d e t e c t i o n ,  an u n c e r t a i n t y  i s  i n t roduced ,  and dec id ing  whether a measurement 

o f  t h e  unknown d i f f e r s  s i g n i f i c a n t l y  f rom the  b lank  shou ld  t h e r e f o r e  be c a r r i e d  

o u t  w i t h  t h e  t - t e s t  ( C u r r i e ,  1968 ; Gabr ie l s ,  1970 ; Plesch, 1975). T h i s  means 

t h a t  t h e  'constants kc and kd  i n  eqns. 6.3 and 6.5 shou ld  be rep laced  by t - f a c t o r s  

d e r i v e d  f rom S tuden t ' s  t - d i s t r i b u t i o n .  Su re l y  t h e  d e t e c t i o n  l i m i t  does n o t  

change by o rde rs  o f  magnitude i f  a reasonable number o f  measurements o f  t he  

b lank  have been made. 

shou ld  never  be doubt  about t h e  way i n  which l i m i t s  have been ca l cu la ted .  In 

a way we agree w i t h  Wi lson  (1973),  who doubts t h e  use fu lness  o f  t h e  d e t e c t i o n  

l i m i t  as a performance c h a r a c t e r i s t i c .  Wi lson  proposes t o  supp ly  i n f o r m a t i o n  

on t h e  s tandard  d e v i a t i o n  o f  t h e  b lank .  

c a l c u l a t e d  from t h e  s tandard  d e v i a t i o n  and i t s  r e l i a b i l i t y  can be taken i n t o  

account when t h e  number o f  degrees o f  freedom i s  known. 

t h a t  i n  genera l  i t  i s  n o t  p e r m i s s i b l e  t o  c a l c u l a t e  d e t e c t i o n  l i m i t s  from 

s tandard  d e v i a t i o n s  ob ta ined  f rom measurements a t  concen t ra t i on  l e v e l s  much 

h i g h e r  than the  d e t e c t i o n  l i m i t ,  o r  a t  l e a s t  t h e  a n a l y s t  has t o  be aware o f  

t h e  p i t f a l l s  i n  do ing  so .  

concen t ra t i on .  

func t ion .  

Wi lson  (1976) and L i  teanu e t  a l .  (1976).  

D e f i n i t i o n s  have been fo rmu la ted  i n  terms o f  t he  

I n  p r a c t i c e ,  o n l y  

As l o n g  as t h e r e  i s  no consensus about d e f i n i t i o n s ,  t h e r e  

The d e t e c t i o n  l i m i t  i s  e a s i l y  

I t  shou ld  be no ted  

Standard d e v i a t i o n s  are  u s u a l l y  a f u n c t i o n  o f  

Compl ica t ions  can a l s o  a r i s e  f rom n o n - l i n e a r i t y  o f  t h e  c a l i b r a t i o n  

Fo r  d e t a i l s ,  t h e  reader  i s  r e f e r r e d  t o  t h e  papers by I n g l e  and 

De tec t i on  l i m i t s  shou ld  be regarded as c h a r a c t e r i s t i c s  o f  w e l l  desc r ibed  

a n a l y t i c a l  procedures.  It makes no sense, f o r  i ns tance ,  t o  s p e c i f y  t h e  d e t e c t i o n  
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l i n i t  f o r  t i t r a t i o n s  i n  genera l .  

i n  t h e  procedure and p o s s i b l y  t o  a change i n  t h e  l i m i t s .  

A change i n  cond i t i ons  w i l l  l e a d  t o  a change 

The na tu re  o f  t h e  procedure ( u s u a l l y  t he  measurement) w i l l  e i t h e r  l e a d  t o  

a f o r m u l a t i o n  o f  t h e  d e t e c t i o n  l i m i t  i n  terms o f  amounts o f  t h e  component t o  

be de tec ted  o r  i n  terms o f  concen t ra t i ons .  

concen t ra t i ons  can e a s i l y  be conver ted  i n t o  amounts, and vice v e ~ a .  O f  course, 

s i m i l a r  reason ing  a p p l i e s  t o  t h e  s e n s i t i v i t y  and t h e  l i n e a r  range. 

i s  e s s e n t i a l  t o  s p e c i f y  t h e  u n i t s  when q u o t i n g  va lues  f o r  t he  performance 

c h a r a c t e r i s t i c s  w i t h o u t  conver t ing ,  f o r  ins tance,  concen t ra t i ons  i n t o  amounts. 

Such a convers ion  can e a s i l y  obscure the  m e r i t s  o f  t h e  procedure.  

Wi th  s p e c i f i e d  amounts o f  sample, 

However, i t  

6.7. GAS CHROMATOGRAPH1 C DETECTORS 

The d e s c r i p t i o n  o f  a number o f  gas chromatographic de tec to rs  by Hartmann 

(1971) w i l l  se rve  as an i l l u s t r a t i o n  o f  t h e  (use of t h e )  concepts i n t roduced  

i n  t h i s  chapter .  

the  paper by Hartmann) c o n s i s t s  o f  t h e  s e n s i t i v i t y ,  t h e  no ise  and the  l i n e a r  

range. I n  a d d i t i o n ,  some o f  the  opera t i ng  cond i t i ons  have been s p e c i f i e d .  The 

reader  shou ld  be aware o f  the  f a c t  t h a t  f o r  purposes o f  s e l e c t i o n  o f  t h e  "bes t "  

de tec to r ,  t he  i n f o r m a t i o n  ga thered i n  t h i s  t a b l e  i s  incomple te .  

app ly  t o  a s e t  o f  s p e c i f i c  

t h a t  these o p e r a t i n g  c o n d i t i o n s  have been op t im ized.  

t h a t  t h e  f i g u r e s  w i l l  be d i f f e r e n t  f o r  d i f f e r e n t  compounds. 

The s e t  o f  c h a r a c t e r i s t i c s  as g i v e n  i n  Table 6 .1  ( taken  f rom 

The f i g u r e s  

opera t i ng  c o n d i t i o n s ,  a l t hough  i t  can be assumed 

I t  shou ld  a l s o  be no ted  

The s e n s i t i v i t y  used by Hartmann i s  e s s e n t i a l l y  t he  same c h a r a c t e r i s t i c  as 

de f i ned  i n  s e c t i o n  6.2. 

a gas chromatographic d e t e c t o r  would i n v o l v e  a feed o f  known concen t ra t i on  and 

measurement o f  t h e  ou tpu t .  

f rom peak areas, the  f l o w  v e l o c i t y  o f  t h e  c a r r i e r  gas and the  we igh t  o f  t h e  

sample i n j e c t e d .  

which, o f  course, a re  i d e n t i c a l  w i t h  t h e  s e n s i t i v i t i e s  p rov ided  t h a t  they  can 

be cons idered t o  be cons tan t  i n  t h e  concen t ra t i on  range covered by t h e  

However, a d i r e c t  measurement o f  t h e  s e n s i t i v i t y  o f  

The values i n  t h e  t a b l e  apparen t l y  a re  de r i ved  

The f i g u r e s  d e r i v e d  i n  t h i s  way a re  average s e n s i t i v i t i e s ,  
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chromatographic peak. I t  i s  impor tan t  t o  no te  t h a t  t h e  u n i t s  used n t h e  

express ion  f o r  t he  s e n s i t i v i t i e s  a re  dependent on the  na tu re  o f  t he  d e t e c t o r .  

Fo r  i ns tance ,  t h e  thermal c o n d u c t i v i t y  d e t e c t o r  responds t o  changes i n  

c o n c e n t r a t i o n  whereas t h e  f l a m e - i o n i z a t i o n  d e t e c t o r  responds t o  t h e  mass o f  

t ho  compound e n t e r i n g  t h e  d e t e c t o r  p e r  u n i t  t ime.  For  t h i s  reason, amongst 

o the rs  (see s e c t i o n  6 . 2 ) ,  i t  i s  d i f f i c u l t  t o  compare de tec to rs  by t h e i r  

sens i  t i  v i  t i e s .  

The no ise  quoted by Hartmann (1971) i s  de f i ned  as t h e  average peak-to-peak 

amol i tude measured a t  t h e  ou tpu t .  

average ampl i tude,  N ,  can be p u t  equal  t o  t h e  d e c i s i o n  l i m i t ,  Lc, as d e f i n e d  i n  

t h i s  chapter  ( N  rough ly  equals 40) and expressed i n  u n i t s  o f  t h e  o u t p u t  ( y ) .  

The d e t e c t a b i l i t y ,  2N/S, then  rough ly  approximates the  d e t e c t i o n  l i m i t ,  

expressed i n  u n i t s  o f  t h e  i n p u t  ( x )  o f  t h e  de tec to r .  

d i f f e r e n t  f o r  t h e  severa l  de tec to rs .  

Depending on t h e  na tu re  o f  t h e  no ise ,  t h e  

L D ’  

Again, these u n i t s  a re  

I n  o r d e r  t o  compare these de tec to rs  i n  combina t ion  w i t h  a chromatographic 

column, t h e  d e t e c t i o n  l i m i t  3 f  t h e  d e t e c t o r  has t o  be conver ted  i n t o  t h e  

d e t e c t i o n  l i m i t  o f  a gas chromatographic procedure.  

when t h e  c a r r i e r  gas v e l o c i t y ,  t h e  peak w i d t h  and the  amount o f  sample a r e  

known. Assuming t h a t  t he  c h a r a c t e r i s t i c s  would app ly  when the  c a r r i e r  gas 

v e l o c i t y  i s  50 ml/min.  i n  a l l  ins tances  and t h e  peak w i d t h  a t  h a l f  h e i g h t  i s  

1 2  sec. ( o r  10 m l ) ,  one can a r r i v e  a t  t he  d e t e c t i o n  l i m i t s  o f  t h e  procedure 

quoted  i n  Tab le  6 . 1  by s imp ly  m u l t i p l y i n g  t h e  d e t e c t i o n  l i m i t  o f  t h e  d e t e c t o r  

by the  peak w id th .  These d e t e c t i o n  l i m i t s  n e c e s s a r i l y  a r e  n o t  exac t  and can 

serve o n l y  as rough f i g u r e s  f o r  comparing de tec to rs .  

would be p o s s i b l e  o n l y  when more d e t a i l s  o f  t h e  behav iour  o f  t h e  whole system, 

i . e . ,  d e t e c t o r  + column + i n j e c t o r  + compound t o  be determined, a re  k n o w .  

Th is  can e a s i l y  be done 

A b e t t e r  comparison 
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Chapter 7 

SELECTIVITY AND SPECIFICITY 

7 .1 .  INTRODUCTION 

A q u a n t i t a t i v e  a n a l y s i s  o f  an element o r  a compound can be devised when a 

measurable p r o p e r t y  ( y )  t h a t  i s  dependent on t h e  concen t ra t i on  o r  amount t o  be 

determined ( x )  can be found. 

o t h e r  parameters, such as temperature and amount o f  sample and reagents .  

a w e l l  f o rmu la ted  procedure,  these parameters a r e  s p e c i f i e d  and have t o  be 

kep t  cons tan t ,  a l though i t  must be accepted t h a t  they  a r e  s u b j e c t  t o  f l u c t u a t i o n s  

t h a t  cannot be c o n t r o l l e d .  Apar t  f rom i n h e r e n t  (random) f l u c t u a t i o n s ,  t h e  

r e l a t i o n s h i p  between x and y i s  d e t e r m i n i s t i c .  

f u n c t i o n  y = f ( x ) ,  which i s  p r e f e r a b l y  b u t  n o t  n e c e s s a r i l y  l i n e a r ,  shou ld  be 

regarded as c h a r a c t e r i s t i c  o f  t h e  a n a l y t i c a l  procedure.  

Usua l l y  t h e  q u a n t i t y  y a l s o  depends on severa l  

I n  

Thus, t h e  a n a l y t i c a l  c a l i b r a t i o n  

However, a n a l y t i c a l  c a l i b r a t i o n  f u n c t i o n s  are  u s u a l l y  i n f l u e n c e d  by the  

presence o f  o t h e r  components than t h a t  which i s  t o  be determined, and then t h e  

r e l a t i o n s h i p  y = f ( x )  a p p l i e s  t o  o n l y  one k i n d  o f  m a t r i x .  

r e l a t i o n s h i p  found f o r  t he  de te rm ina t ion  o f  ca l c ium i n  a " s y n t h e t i c "  s o l u t i o n  

w i l l  n o t  n e c e s s a r i l y  h o l d  f o r  the  de te rm ina t ion  i n  a r e a l  sample such as sea 

water.  

a procedure.  

t o  be devoted t o  c i r cumven t ing  these d i f f i c u l t i e s .  

d i v i s i n g  s u i t a b l e  c a l i b r a t i o n  methods o r  by deve lop ing  s e l e c t i v e  and s p e c i f i c  

a n a l y t i c a l  procedures.  

Fo r  i ns tance ,  t h e  

Parameters t h a t  descr ibe  t h e  sample m a t r i x  must be s p e c i f i e d  when d e s c r i b i n g  

Th is ,  o f  course, i s  a severe comp l i ca t i on  and much e f f o r t  has 

Th is  can be done e i t h e r  by 

I n  bo th  s e l e c t i v e  and s p e c i f i c  a n a l y t i c a l  procedures, t h e  measurement used f o r  

t h e  de te rm ina t ion  i s  n o t  i n f l u e n c e d  by t h e  presence o f  o t h e r  components. 

d i f f e r e n c e  between t h e  two terms i s  t o  some e x t e n t  a r t i f i c i a l .  A s imp le  example 

concerning q u a l i t a t i v e  a n a l y s i s  can c l a r i f y  t he  meaning o f  and ' the d i f f e r e n c e  

between the  terms. 

The 
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I f  a reagent  g ives  a c o l o u r  w i t h  o n l y  one ion ,  t he  reagent  i s  s a i d  t o  be 

s p e c i f i c  f o r  t h a t  p a r t i c u l a r  i o n .  

b u t  w i t h  a d i s t i n c t  c o l o u r  f o r  each i o n ,  t h e  procedure o f  t h e  c o l o u r  r e a c t i o n  

migh t  be c a l l e d  s e l e c t i v e .  I n  bo th  i ns tances  the  outcome o f  t h e  d e t e c t i o n  o f  

t h e  i o n s  would n o t  be i n f l u e n c e d  by the  presence o f  o t h e r  i ons .  

t he re  a re  no i n t e r f e r e n c e s  ( m a t r i x  e f f e c t s ) .  

I f  the  reagent  y i e l d s  co lou rs  w i t h  many i o n s ,  

I n  o t h e r  words, 

I n  the  same sense, mult i -component a n a l y s i s  by means o f  gas chromatography 

y i e l d i n g  w e l l  reso lved  peaks f o r  a l l  o f  t h e  components o f  t he  sample can be 

regarded as a s e l e c t i v e  procedure.  

y i e l d  w e l l  reso lved  peaks f o r  a s e t  o f  elements, b u t  t he  s i z e  o f  each peak 

u s u a l l y  depends on t h e  con ten t  o f  t h e  cor respond ing  elements and on t h e  e n t i r e  

m a t r i x .  . T h i s  procedure c l e a r l y  i s  n o t  s e l e c t i v e .  

I n  con t ras t ,  X-ray f l uo rescence  a n a l y s i s  migh t  

When cons ide r ing  t h e  problem o f  s e l e c t i v i t y  (and o f  s p e c i f i c i t y )  i n  more 

d e t a i l ,  t h e  a n a l y s t  w i l l  d i scove r  t h a t  a d i s t i n c t i o n  between non-se lec t i ve  and 

s e l e c t i v e  i s  a r t i f i c i a l .  

sample i s  d i l u t e d  w i t h  borax, f o r  i ns tance .  

hence t h e r e  must be a bas i s  f o r  express ing  t h e  degree o f  s e l e c t i v i t y  (and/or  

o f  s p e c i f i c i t y )  i f  s e l e c t i v i t y  i s  t o  be used as a c h a r a c t e r i s t i c  o f  an a n a l y t i c a l  

procedure.  

t o  be compared. 

X-ray f luorescence can be made more s e l e c t i v e  when t h e  

S e l e c t i v i t y  can thus  be v a r i e d  and 

Moreover, i t  has t o  be a un i fo rm bas is  i f  d i f f e r e n t  procedures a re  

A t  p resen t  t h e r e  seems t o  be no u n i f o r m i t y  i n  t h e  a n a l y t i c a l  l i t e r a t u r e  when 

d e s c r i b i n g  s e l e c t i v i t y ,  s p e c i f i c i t y ,  i n t e r f e r e n c e s  and m a t r i x  e f f e c t s .  Well 

descr ibed a n a l y t i c a l  procedures usual l y  app ly  t o  we1 1 de f i ned  samples (b lood,  

s t e e l ,  sea water ,  e t c . ) .  

u s J a l l y  g i v e  some i n d i c a t i o n  o f  t he  i n t e r f e r e n c e s  t h a t  can be expected. 

some ins tances  maximum a l l owab le  concen t ra t i ons  o f  p o t e n t i a l l y  i n t e r f e r i n g  

components a re  g i ven  ( spec t romet r i c  techn iques) ,  w h i l e  i n  o t h e r  i ns tances  

s e l e c t i v i t y  c o e f f i c i e n t s  have been in t roduced  ( i o n - s e l e c t i v e  o r  s p e c i f i c  

e l e c t r o d e s ) .  I n  a way, t h e  r e s o l u t i o n  as used i n  chromatographic procedures,  

f a l l s  i n  t h i s  ca tegory .  

Papers t h a t  desc r ibe  procedures i n  a more general  way 

I n  
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7 . 2 .  QUANTIFICATION OF SELECTIVITY AND SPECIFICITY 

As has been stressed by Belcher (1965, 1966, 1976) and by Betteridge (1965) ,  

i t  i s  necessary t o  c l a r i f y  the term s e l e c t i v i t y  and t o  avoid the use of terms 

such as  highly s e l e c t i v e  and non-selective and a s e l e c t i v i t y  index was proposed 

f o r  t h i s  purpose. 

possible i n t e r f e r i n g  substances b u t  permits no real  quant i f ica t ion  of the 

in te r fe rences .  I t  i s  questionable whether the index proposed i s  more than a 

shorthand notation of information t h a t  usually i s  ( o r  ra ther  should be made) 

avai 1 able  when proposing a procedure. 

compression of the necessary information i n t o  one index would be confusing and 

might lead t o  ambiguity. 

This index gives some information about ( the  number o f )  

W i  1 son (1965) considered t h a t  the 

Another, more quant i ta t ive ,  approach was followed by Kaiser (1972). The 

concepts of s e l e c t i v i t y  and s p e c i f i c i t y  as proposed by Kaiser a r e  c lose ly  re la ted  

t o  a more general form of the  ca l ibra t ion  function y = f ( x ) .  When matrix 

e f f e c t s  o r  interferences are  present ,  the analyt ical  ca l ibra t ion  function 

y = f ( x ) ,  a l l  o ther  parameters being kept constant ,  has t o  be extended t o  

y i  = f i  ( x l ,  ........, x i - l ,  x i ,  X i + 1 ,  ........, 'n) ( 7 . 1 )  

The concentration ( o r  amount) of component i ( x i )  can be derived from the 

measurement yi  , provided t h a t  concentrations of a l l  of the o ther  components 

present ( x ~ ,  .. . , x i - l ,  x i + l ,  ..., x n )  are  known. 

known, they have t o  be determined even i f  one i s  not in te res ted  i n  the e n t i r e  

composition of the sample. ( I t  i s ,  of course, possible t o  choose a s u i t a b l e  

ca l ibra t ion  procedure ih  order to  reduce eqn. 7.1 t o  the simpler ca l ibra t ion  

function y = f ( x ) .  This i s  usually possible by using standards of almost the 

same composition as the  unknown sample.) 

I f  these concentrations a re  

I f  the e n t i r e  composition i s  t o  be determined, whether one i s  in te res ted  in  

i t  o r  n o t ,  a s e t  of measurements yl,,  y p ,  ... , y, i s  necessary. 

m Ihas t o  be equal t o  o r  grea te r  than n for the problem t o  be solved. 

I t  i s  c l e a r  t h a t  

Thus the 
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f o l l o w i n g  s e t  o f  equat ions  i s  necessary 

‘n) y1 = f1(x1, x2, ......... 

y2 = f2(X1’ x2, ........ Y Xn) 

‘n) y, = fm(xly X2 ’  . . . . . . . . I  

I n  p r a c t i c e ,  t h e  s e t  o f  equat ions  f o r  a number of components exceeding two or 

t h r e e  can be handled o n l y  when the  f u n c t i o n s  are  l i n e a r .  

can be l i n e a r i z e d  o r  a l i m i t e d  range o f  composi t ions w i t h  a l i n e a r  dependence 

can be considered. Then eqn. 7.2 reduces t o  

E i t h e r  t h e  f u n c t i o n s  

y1 = s x t S12X2’ ......... s x 

y2 = Sz1X1 t SZ2X2 ’  . . ....... s 

y = s x t Sm2X2’ ......... s x 

11 1 I n  n 

2n n 

m m l  1 mn n 

x (7 .3 )  

For  a f u l l  d e s c r i p t i o n  o f  t h e  system ( s e t  o f  equat ions) ,  m needs n o t  exceed n .  

Hence a s e t  o f  m.n (minimal n ) cons tan ts  i s  requ i red .  These can be ob ta ined  

from a c a l i b r a t i o n  w i t h  n samples o f  d i f f e r e n t  composi t ion,  each y i e l d i n g  rn 

measurements. Fo r  ins tance,  a c a l i b r a t i o n  f o r  an n-component spec t rophotomet r ic  

a n a l y s i s  r e q u i r e s  n samples t o  be measured a t  a t  l e a s t  n wavelengths.  

2 

It can be observed t h a t  t h e  cons tan ts  Sji i n  eqn. 7.3 can be regarded as 

p a r t i a l  s e n s i t i v i t i e s ,  i .e. 

( 7 . 4  ......... ’ xl’ ......... xi-l, Xitl’ ‘n 
sji = (ay j /ax . )  

It i s  c l e a r  t h a t  t h e  mathematical  model o f  a mult i -component a n a l y s i s  as g i ven  

by  eqn. 7.3 i s  an i d e a l i z e d  model ( l i n e a r  dependence, no c ross  terms such as 

x1x2). However, i t  w i l l  show t h e  p o s s i b i l i t i e s  and l i m i t a t i o n s  o f  p r e s e n t i n g  

s e l e c t i v i t y  and s p e c i f i c i t y  i n  an e f f i c i e n t  way. 

The i d e a l i z e d  model o f  an a n a l y s i s  of n components u s i n g  n independent 
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measurements as expressed by eqn. 7.3 ( w i t h  m = n )  represents  a s e l e c t i v e  

method i f  a l l  b u t  t h e  n c o e f f i c i e n t s  Sii(i = 1, ..., n )  a re  zero  ; then each 

measurement depends on o n l y  one component i n  t h e  sample. 

i ns tance ,  represents  a gas chromatographic de te rm ina t ion  o f  n components where 

the  concen t ra t i ons  are  d e r i v e d  f rom t h e  areas o f  a s e t  o f  n w e l l  reso lved  peaks. 

Th is  model, f o r  

2 
S p e c i f i c i t y  i s  a spec ia l  case o f  s e l e c t i v i t y .  O f  a l l  n c o e f f i c i e n t s ,  o n l y  

one ( p a r t i a l )  s e n s i t i v i t y  r e t a i n s  a va lue .  

example aga in  : t h e  d e t e c t o r  senses o n l y  one component i f  t h e  procedure i s  

spzc i  f i c .  

Taking gas chromatography as an 

F u l l  s e l e c t i v i t i e s  (and s p e c i f i c i t i e s )  a re  r a r e  f o r  a n a l y t i c a l  procedures.  

There fore ,  Ka ise r  i n t roduced  a parameter t o  express t h e  degree o f  s e l e c t i v i t y  

( o r  s p e c i f i c i t y ) .  

eqn. 7.3, t h e  s e l e c t i v i t y  parameter B i s  d e f i n e d  as 

Expressed i n  t h e  same symbols as those used i n  the  s e t  o f  

lsjj I 
- 1  n = Min  (7 .5 )  

For  each equa t ion  o f  t he  s e t  o f  n eqns. 7.3, t he  sum o f  t h e  p a r t i a l  s e n s i t i v i t i e s  

S . .  w i t h  i # j i s  determined . I f  t h i s  sum i s  smal l  
i = l  J1 

compared w i t h  S .  t he  express ion  i n  eqn. 7.5 i s  l a r g e ,  i . e . ,  f o r  t h e  element 

i = j w i t h  measurement j t he  procedure i s  s e l e c t i v e .  F u l l  s e l e c t i v i t y  corresponds 

t o  a va lue  o f  i n f i n i t y .  

o f  t h e  exp ress ion  i n  eqn. 7.5 i s  t h e  weakest p a r t  o f  t h e  procedure and, acco rd ing  

t o  Ka iser ,  t h i s  minimum va lue  determines the  s e l e c t i v i t y  o f  t he  e n t i r e  procedure.  

It i s  c l e a r  t h a t ,  when reduc ing  t h e  s e t  o f  n p a r t i a l  s e n s i t i v i t i e s  t o  one 

s e l e c t i v i t y  parameter E, much i n f o r m a t i o n  concern ing  the  procedure i s  l o s t .  

Wi lson (1974), i n  d i scuss ing  the  performance c h a r a c t e r i s t i c s ,  cons iders  t h i s  

t o  be a se r ious  drawback. Indeed, a procedure w i t h  a low va lue  o f  E i s  t o  be 

cons idered as a poor procedure.  However, i n  the  absence o f  t h e  component 

respons ib le  f o r  t he  low va lue  o f  f ,  a poor  procedure can be acceptab le .  

J j  , 

The equa t ion  o f  t h e  s e t  y i e l d i n g  t h e  sma l les t  va lue  

2 

I t  
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therefore  appears t o  be necessary t o  quote par t ia l  s e n s i t i v i t i e s  f o r  a l l  possibly 

in te r fe r ing  elements or compounds ra ther  than compressing the required information 

i n t o  one parameter. 

I t  i s  possible  t o  define a parameter f o r  the s p e c i f i c i t y  in  an analogous way. 

However, s p e c i f i c i t y  i s  met even more infrequent ly  than s e l e c t i v i t y .  

parameter expressing the  degree of s p e c i f i c i t y  has the  same disadvantages as 

the s e l e c t i v i t y  parameter and therefore  wil l  n o t  be discussed in  t h i s  chapter. 

For a fur ther  discussion,  we a l so  r e f e r  t o  Pszonicki (1977) and Pszonicki a n d  

Lukszo-Bienkowska (1977) who used a somewhat more complex model t o  define 

(non)spec i f ic i ty .  

e n t i r e l y  d i f f e r e n t  context ,  and we shal l  re turn t o  these aspects in  Chapter 17. 

The 

The concepts introduced by Kaiser ( 1 9 7 2 )  a re  useful in  a n  

7.3. SOME EXAMPLES 

Ion-specif ic  ( ion-select ive)  e lectrodes a re  not a s  s p e c i f i c  o r  s e l e c t i v e  as 

the term suggests. 

equation, can be replaced with a n  equation of the type 

The electrode poten t ia l ,  normally represented by the Nernst 

where E i s  the electrode potent ia l  E .  the (s tandard)  potent ia l  ( f o r  a c t i v i t i e s  

a .  = 1 a n d  a l l  a i  = 0 )  and n i  the  valency of the ion i .  

a re  termed s e l e c t i v i t y  constants and  a re  usually quant i f ied in publications on 

ion-select ive electrodes.  

e a s i l y  be calculated i f  eqn. 7.6 i s  transformed i n t o  a l i n e a r  equation 

j J O  

The constants k . .  
J J 1  

The s e l e c t i v i t y  parameter defined by Kaiser can 

y .  = exp 
1 

E q n .  7 . 7  

n .F n . / n .  n 
J = c s . .  x. (7 .7)  

J 0  RT J i + j  j i  a i  i = l  J 1  1 
( E j  - E .  ) -i!-. 3 = a .  + C k 

s reduced t o  a n  equation s imi la r  t o  one of the s e t  of eqns. 7.3. 

The s e l e c t i v i t y  coef f ic ien ts  can be considered as par t ia l  s e n s i t i v i t i e s  i f  the 

potent ia l  measurements a re  transformed logarithmically and the a c t i v i t i e s  a re  

assumed t o  be equal or proportional t o  the concentrations. 
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This, of course, appl ies  only under cer ta in  conditions. Also, the system has 

t o  show a l i n e a r i t y ,  which wil l  seldom be the  case. 

the  concept o f  Kaiser i s  o f  l imited value. 

Again, we conclude t h a t  

Another example i l l u s t r a t i n g  a much b e t t e r  use o f  the s e l e c t i v i t y  parameter 

i s  i t s  appl icat ion i n  spectrophotometric determinations i n  general and the 

determination of chlor ine and bromine in  p a r t i c u l a r .  

coef f ic ien ts  of C1 

I n  Table 7.1 the absorption 

and Br2 i n  chloroform a t  s i x  wavenumbers are given 2 

Table 7. I 

Absorpt ivi t ies  of C 1 2  and Br2 in chloroform (Landolt-Bornstein, 1951) 

wavenumber 5 absorptivi t i e s  
(cm-l)x 10-3 a 

a C 1  9 Br, 
L L 

22 4.5 168 
24 8.4 211 
26 20 158 
28 56 30 
30 100 4.7 
32 71 5 .3  

Obviously f o r  the  determination o f  chlor ine and bromine, only two measurements 

a re  required. 

with a cer ta in  s e l e c t i v i t y .  Each o f  the  possible 15 combinations has a cer ta in  

s e l e c t i v i t y  and the combination with the highest s e l e c t i v i t y  i s  most a t t r a c t i v e  

f o r  analyt ical  purposes. 

u = 24 . lo3 cm-’ and 5 = 30 . 10 cm-l leads t o  the best s e l e c t i v i t y .  

ana ly t ica l  ca l ibra t ion  functions a re  

A combination of two possible  wavelengths leads t o  a procedure 

The reader can e a s i l y  ver i fy  t h a t  the combination of 

3 The 

A1 = 8.4 Ccl + 211 CBr, 
L L 

where A1 and A 2  a re  the absorbancies a t  the two wavelengths. The s e l e c t i v i t y  

parameter 5 = 16.6.  Inspection of 

the spectra  might e a s i l y  lead t o  the same conclusion as can be shown by Fig. 7 .1 .  

However, the  concepts i l l u s t r a t e d  here can be used f o r  s i t u a t i o n s  where 

The example given here i s  ra ther  simple. 
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I/ I ', d 

! 
0 

judgement by eye i s  not easy. 

problems wil l  be discussed i n  Chapter 17. 

The use o f  these pr inciples  i n  some optimization 

I' 

.'Br2 

15 20 25 30 35 , 
wavenumber v '+  10 cm- 

Fig. 7 .1 .  Spectra o f  C 1 2  and B r 2  i n  Chloroform (Landolt-Bornstein, 1951) 
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Chapter 8 

INFORMATION 

8.1. INTRODUCTION 

I n  t h e  a n a l y t i c a l  chemical l i t e r a t u r e ,  q u a l i t a t i v e  a n a l y t i c a l  methods a re  

o f t e n  r e f e r r e d  t o  as "good", " va luab le " ,  " e x c e l l e n t " ,  " s p e c i f i c " ,  e t c . ,  w i t h  no 

f u r t h e r  exp lana t ion  o f  these terms. 

i s  n o t  easy and t h e r e f o r e  the  r e s u l t i n g  cho ice  o f  methods o f t e n  does n o t  have 

a comple te ly  r a t i o n a l  bas is .  Whereas q u a n t i t a t i v e  a n a l y t i c a l  methods can be 

eva lua ted  by u s i n g  c r i t e r i a  such as p r e c i s i o n ,  accuracy and r e l i a b i l i t y ,  and 

o t h e r  c r i t e r i a  discussed i n  the  preced ing  chapters ,  no comparable and g e n e r a l l y  

accepted c r i t e r i a  e x i s t  f o r  q u a l i t a t i v e  a n a l y s i s .  

An o b j e c t i v e  i n t e r p r e t a t i o n  o f  such terms 

I n f o r m a t i o n  theo ry ,  i n t roduced  i n  a n a l y t i c a l  chemis t ry  some years  ago (see 

f o r  i ns tance  Ka ise r ,  1970), pe rm i t s  a mathematical  e v a l u a t i o n  o f  q u a l i t a t i v e  

methods by c a l c u l a t i o n  o f  t h e  expected o r  average amount o f  i n f o r m a t i o n  ob ta ined  

from the  ana lys i s .  

p r i n c i p l e s  o f  i n f o r m a t i o n  theo ry  (see f o r  i ns tance  D o e r f f e l  and H i l deb rand t ,  

1970 ; Eckschlager,  1971, 1972 a, b, 1973 a, b y  1975 ; Gr iep ink  and D i j k s t r a ,  

1971). 

f o r  q u a l i t a t i v e  ana lys i s ,  where i t  f u l f i l s  a need f o r  c r i t e r i a .  I n  e x p l a i n i n g  

t h e  use o f  i n f o r m a t i o n  theo ry  i n  a n a l y t i c a l  chemis t ry  we s h a l l  t h e r e f o r e  c o n f i n e  

t h e  d i scuss ion  t o  q u a l i t a t i v e  ana lys i s .  

Q u a n t i t a t i v e  methods can a l s o  be eva lua ted  on the  bas i s  o f  

However, t h e  a p p l i c a t i o n  o f  i n f o r m a t i o n  theo ry  i s  c l e a r l y  more impor tan t  

The aim o f  an a n a l y s i s  i s  t o  reduce the  u n c e r t a i n t y  w i t h  respec t  t o  t h e  

sample t o  be analysed. 

i s  cons idered t o  be e q u i v a l e n t  t o  o b t a i n i n g  i n f o r m a t i o n .  

t h ?  common use o f  t h e  terms u n c e r t a i n t y  and i n f o r m a t i o n .  

o n l y  news ( i n f o r m a t i o n )  i f  the  reader  has n o t  y e t  been in fo rmed about  the  events 

through o t h e r  communication channels. 

It w i l l  be app rec ia ted  t h a t  t he  r e d u c t i o n  o f  U n c e r t a i n t y  

Th is  corresponds w i t h  

A newspaper o f f e r s  

I f  he hccn been in fo rmed,  he i s  (a lmost )  
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c e r t a i n  about t h e  conten ts  o f  t he  pages o f  t he  newspaper. 

q u a l i t a t i v e  ana lys i s  : t h e  a n a l y s i s  i s  c a r r i e d  o u t  because t h e r e  i s  an u n c e r t a i i t y  

about t h e  i d e n t i t y  o f  t h e  components i n  the  sample. A f t e r  t he  a n a l y s i s ,  t h e  

s t a t e  o f  u n c e r t a i n t y  i s  ( h o p e f u l l y )  t u r n e d  i n t o  a s t a t e  o f  c e r t a i n t y  ( o r ,  a t  

l e a s t ,  o f  l e s s  u n c e r t a i n t y )  ; i n  o t h e r  words, t h e  ana lys i s  has y i e l d e d  a c e r t a i , i  

amount o f  i n f o r m a t i o n .  

The same i s  t r u e  o f  

8.2. INFORMATION CONTENT 

I n  o r d e r  t o  use i n f o r m a t i o n  as an e v a l u a t i o n  c r i t e r i o n ,  t he  u n c e r t a i n t y  be fo re  

and a f t e r  ana lys i s ,  and thus  the  i n f o r m a t i o n ,  has t o  be q u a n t i f i e d .  F o r  t h i s  

q u a n t i f i c a t i o n  we assoc ia te  1 arge and smal 1 u n c e r t a i n t i e s  w i  t h  1 arge and smal l 

numbers o f  p o s s i b l e  i d e n t i t i e s  o f  t h e  components i n  t h e  sample. 

c e r t a i n t y  t h e r e  i s  o n l y  one p o s s i b l e  i d e n t i t y .  

I n  t h e  case o f  

I n f o r m a t i o n  theo ry  i s  r e l a t e d  t o  c l a s s i c a l  p r o b a b i l i t y  t heo ry .  For  a l a r g e  

number o f  p o s s i b l e  i d e n t i t i e s  the  p r o b a b i l i t y  o f  each w i l l ,  i n  genera l ,  be sma l l .  

S i m i l a r l y ,  i f  t h e r e  a re  a smal l  number o f  p o s s i b l e  i d e n t i t i e s ,  t h e  p r o b a b i l i t y  

of  each w i l l  be l a r g e .  Fo l l ow ing  t h i s  reasoning, we can a r r i v e  a t  an express ion  

f o r  t h e  i n f o r m a t i o n  ob ta ined  f rom an ana lys i s .  

u n c e r t a i n t y  can e i t h e r  be expressed i n  terms o f  t he  number o f  p o s s i b l e  i d e n t i t i e s ,  

no, each hav ing  a p r o b a b i l i t y  p, = l / no .  

o f  p o s s i b l e  i d e n t i t i e s  i s  reduced t o  ni w i t h  p r o b a b i l i t i e s  pi = l /n i .  

i n f o r m a t i o n  Ii obta ined  f rom t h e  i t h  exper iment can be d e f i n e d  by ( B r i l l o u i n ,  

1960). 

Before  the  exper iment t h e  

A f t e r  t h e  i t h  exper iment the  number 

The 

Ii = k log, (no / ” )  

Th is  express ion  can be rep laced by 

where l o g z  i s  t he  l o g a r i t h m  t o  the  base z and k i s  a cons tan t  ; bo th  z and k 
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depend on t h e  u n i t s  used f o r  express ing  the  i n f o r m a t i o n .  

t o  2 and k equal t o  1. 

S t r i c t l y ,  t h e  i n f o r m a t i o n  expressed by eqns. 8.1 and 8.2 i s  t h e  i n f o r m a t i o n  

Usua l l y  z i s  p u t  equal 

Then Ii i s  expressed i n  b i t s  ( b i n a r y  d i g i t s ) .  

ob ta ined  f rom one p a r t i c u l a r  outcome o f  an exper iment.  

i s  a l s o  c a l l e d  s p e c i f i c  i n f o r m a t i o n  ( A r b e i t s k r e i s  Automat ion i n  de r  Analyse, 1974). 

However, i f  a l l  p o s s i b l e  outcomes o f  t he  exper iment y i e l d  the  same s p e c i f i c  

i n f o r m a t i o n  ( f o r  i ns tance ,  a l l  m e l t i n g  p o i n t s  l e a d  t o  the  same u n c e r t a i n t y  a f t e r  

a n a l y s i s )  , t h e  average i n f o r m a t i o n  i s  equal t o  the  s p e c i f i c  i n f o r m a t i o n .  

eqns. 8.1 and 8.2 are  a l s o  expressions f o r  t he  i n f o r m a t i o n  con ten t  o f  t he  

procedure ( f o r  i ns tance ,  i d e n t i f i c a t i o n  by means o f  m e l t i n g  p o i n t s ) .  

Th i s  amount o f  i n f o r m a t i o n  

Then 

The a p p l i c a t i o n  o f  eqns. 8.1 and 8.2 assumes a s imp le  model o f  t h e  a n a l y t i c a l  

p rob lem,  i n  which each o f  t h e  p o s s i b l e  i d e n t i t i e s  has the  same p r o b a b i l i t y  

be fo re  ana lys i s .  However, u s u a l l y  some i d e n t i t i e s  (substances) a re  more l i k e l y  

t o  be found than o the rs .  Fu r the r ,  i t  shou ld  be no ted  t h a t  t he  model a p p l i e s  

o n l y  t o  the  i d e n t i f i c a t i o n  o f  pure substances. 

A numerical  example w i l l  i l l u s t r a t e  t h e  concepts i n t roduced  so f a r .  L e t  us 

assume t h a t  i n  a q u a l i t a t i v e  a n a l y s i s  i t  i s  known t h a t  t h e  sample t o  be analysed 

i s  one o f  100 p o s s i b l e  substances and t h a t  t he  measurement y i e l d s  a s i g n a l  

cor respond ing  t o  10 p o s s i b l e  i d e n t i t i e s .  

leads t o  the  s p e c i f i c  i n f o r m a t i o n  I = log2(100/10) o r  I = log2(0.1/0.01) = 3.32 

b i t s .  I f  a l l  p o s s i b l e  r e s u l t s  o f  t he  exper iment l e a d  t o  t h e  same r e d u c t i o n  o f  

p o s s i b l e  i d e n t i t i e s ,  t he  i n f o r m a t i o n  con ten t  o f  t he  procedure a l s o  i s  3.32 b i t s .  

Suzh a s i t u a t i o n  can be met i n  t h i n - l a y e r  chromatography when o n l y  10 groups o f  

10 substances each can be d i s t i n g u i s h e d  by t h e i r  R f  values. 

Then, the  a p p l i c a t i o n  o f  eq. 8.1 o r  8.2 

With d i f f e r e n t  r e d u c t i o n  f a c t o r s ,  t h e  i n f o r m a t i o n  con ten t  c l e a r l y  i s  n o t  

equal t o  the  s p e c i f i c  i n f o r m a t i o n  f o r  t he  severa l  ( r e s u l t s  o f  t h e )  exper iments .  

Suppose t h a t  i n  t h e  t h i n - l a y e r  chromatographic exper iment 10 substances have 

i d e n t i c a l  RF values ( o r  RF values t h a t  cannot be d i s t i n g u i s h e d )  and t h a t  a l l  

o t h e r  substances have, f o r  i ns tance ,  RF values o f  zero.  Then i n  10% o f  t h e  

exper iments t h e  i n f o r m a t i o n  ob ta ined  w i l l  be 3.32 b i t s ,  whereas i n  90% an 
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information of only I = log2(100/90) = 0.15 b i t  i s  obtained. 

average f o r  the s p e c i f i c  information or the information content of such a th in  

- layer  chromatographic procedure will be I = 0.1  x 3.32 + 0.9 x 0.15 = 0 . 4 7  

b i t s  (assuming t h a t  a l l  100 substances a re  t o  be found with the same probabi l i+ ' 

The weighted 

In symbol form, the equation used can be wri t ten as 

i 'i 1 = C - -  log ( - )  = c p .  I 
n 

i '0 2 n 0  i i i  

where I i s  the information content of the procedure, no the number of possible  

i d e n t i t i e s  before the experiment ( w i t h  equal p r o b a b i l i t i e s )  and n i  the number 

of possible i d e n t i t i e s  a f t e r  in te rpre ta t ion  of the experiment with r e s u l t  yi 

(s ignal  y i ) .  

and pi i s  the  probabi l i ty  of measuring a signal y i .  

I i  i s  the information obtained from the experiment with r e s u l t  yi 

For general use, a more generally appl icable  model has t o  be introduced. 

This model wil l  represent a s e t  of possible i d e n t i t i e s  before the experiment 

( x l ,  x 2 ,  .. . , x .  

before the experiment, H ,  can be expressed by means of the equation of Shannon 

(Shannon and Weaver, 1949) 

. .. , x n ) ,  each having a probabi l i ty  p The uncertainty 
3 '  j *  

n 
H = C - p .  log2 

j=1 J 

The uncertainty H 

Eckschlager, 1975 

i s  a l so  ca l led  entropy (Shannon and Weaver, 1949 ; 

; Belyaev and Koveshnikova, 1972), because of i t s  analogy 

with the entropy expression as used i n  thermodynamics. 

experiment with r e s u l t  yi 

S imi la r ly ,  a f t e r  the 

where p 

see f o r  instance Raeside, 1976 ; Chapter 25) of ident i ty  x provided t h a t  the 

experiment has yielded a signal y i ( i  = 1, ..., m ) .  The uncertainty or entropy 

i s  the (condi t iona l )  probabi l i ty  (a l so  cal led Bayes' probabi l i ty  : 
j / i  

j '  
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Hi depends, o f  course, on the  s i g n a l  measured. 

t h e  s p e c i f i c  i n f o m a t i o n .  

i n f o r m a t i o n  con ten t ,  we have t o  take  t h e  weighted average o f  H-Hi, which leads  

t o  t h e  exp ress ion  

The d i f f e r e n c e  H-Hi i s  equal  t o  

C l e a r l y ,  i n  o rde r  t o  a r r i v e  a t  an equat ion  f o r  t h e  

m 
I = H -  1 P . H .  

1 1  i = l  

where pi i s  t h e  p r o b a b i l i t y  o f  measuring a s i g n a l  yi. 

Shannon's u n c e r t a i n t y  equat ion ,  eqn. 8.6 can be w r i t t e n  as 

By making use o f  

n m n 

C a l c u l a t i o n  o f  t h e  i n f o r m a t i o n  con ten t  i n  genera l  r e q u i r e s  a knowledge o f  

t h e  f o l l o w i n g  p r o b a b i l i t i e s  : 

( a )  The p r o b a b i l i t i e s  o f  t he  i d e n t i t i e s  o f  t he  unknown substance b e f o r e  

The f i r s t  t e rm on t h e  r i g h t - h a n d  s i d e  o f  eqn. 8.7 represents  a n a l y s i s  ( p . ) .  

what i s  known about t h e  a n a l y t i c a l  problem i n  a fo rmal  way, o r  t h e  "p re - in fo rma t ion " .  

The a n a l y t i c a l  problem i n  terms o f  t h e  p r o b a b i l i t i e s  p .  i s  e s s e n t i a l  f o r  

c a l c u l a t i n g  t h e  i n f o r m a t i o n  con ten t .  

each hav ing  a very  smal l  p r o b a b i l i t y  (approaching zero)  represents  a s i t u a t i o n  

w i t h o u t  p re - in fo rma t ion .  

a n a l y t i c a l  problem r e q u i r e s  an i n f i n i t e  amount o f  i n f o r m a t i o n .  

( b )  The p r o b a b i l i t i e s  o f  t h e  severa l  p o s s i b l e  s i g n a l s  (p i ) .  

J 

J 

An i n f i n i t e  number o f  p o s s i b l e  i d e n t i t i e s  

The u n c e r t a i n t y  i s  i n f i n i t e l y  l a r g e  and s o l v i n g  t h e  

These 

p r o b a b i l i t i e s  depend on t h e  r e l a t i o n s h i p  between the  i d e n t i t i e s  and t h e  s i g n a l s  

( t a b l e s  o f  m e l t i n g  p o i n t s ,  RF values, spec t ra ,  e t c . ) ,  and a l s o  on t h e  substances 

expected t o  be identified ( p . ) .  

cor respond ing  s i g n a l  i s  n o t  l i k e l y  t o  be measured. 

i d e n t i t y  can l e a d  t o  severa l  s i g n a l s  because o f  t h e  presence o f  exper imenta l  

e r r o r s .  

I f  an i d e n t i t y  i s  n o t  l i k e l y  t o  be found, the  
J 

I t  shou ld  be no ted  t h a t  one 

( c )  The p r o b a b i l i t i e s  o f  t h e  i d e n t i t i e s  when the  s i g n a l  i s  known (pjIi). 

I n  f a c t ,  these p r o b a b i l i t i e s  a re  t h e  r e s u l t  o f  t he  i n t e r p r e t a t i o n  o f  t h e  measured 
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s i g n a l s  i n  terms o f  p o s s i b l e  i d e n t i t i e s .  

" i n t e r p r e t a t i o n "  r e l a t i o n s h i p  can be used 

To t h i s  end the  f o l l o w i n g  

P j  * P i / j  

pj/ i  = c p j  . piIj 
J 

Th is  r e l a t i o n s h i p  shows t h a t  t h e  p r o b a b i l i t i e s  f o r  t he  i d e n t i t i e s  a f t e r  a n a l y s i s  

can be c a l c u l a t e d  f rom the  p r e - i n f o m a t i o n  ( p . )  and t h e  r e l a t i o n s h i p s  between 

the  i d e n t i t i e s  and the  s i g n a l s  (p  ) .  Equat ion  8.8 i s  found i n  t h e  l i t e r a t u r e  

as Bayes' theorem (see f o r  i ns tance  Raeside, 1976 ; Chapter 2 5 ) .  

observed t h a t  one p a r t i c u l a r  s i g n a l  can correspond w i t h  more than one i d e n t i t y .  

J 

i / j  

I t  shou ld  be 

A few f i n a l  remarks w i l l  conclude t h i s  sec t i on .  As has been shown, u n c e r t a i n t i e s  

and i n f o r m a t i o n  can be r e l a t e d  t o  p r o b a b i l i t i e s .  

severa l  p o s s i b l e  equat ions  t h a t  can be used t o  d e f i n e  u n c e r t a i n t y  o r  en t ropy  

and i n f o r m a t i o n  (Aczel  and Darbczy, 1975 ; Eckschlager and Vadja, 1974). It 

must be s t ressed  t h a t  t he  i n f o r m a t i o n  con ten t  i s  a c h a r a c t e r i s t i c  o f  an 

a n a l y t i c a l  procedure i n  r e l a t i o n  t o  t h e  a n a l y t i c a l  problem. The same procedure 

a p p l i e d  t o  d i f f e r e n t  problems can have d i f f e r e n t  i n f o r m a t i o n  conten ts .  

Shannon's equa t ion  i s  one o f  

The f o l l o w i n g  sec t i ons  w i l l  se rve  as i l l u s t r a t i o n s  o f  t h e  p r i n c i p l e s  

i n t roduced  so f a r .  For  more extended t rea tments  the  reader  i s  r e f e r r e d  t o  t h e  

1 i t e r a t u r e  a1 ready c i t e d .  

8.3. AN APPLICATION TO THIN-LAYER CHROMATOGRAPHY 

I n  t h i n - l a y e r  chromatography (TLC), t h e  s i g n a l  t h a t  pe rm i t s  the  i d e n t i f i c a t i o n  

o f  an unknown substance i s  an RF va lue .  

values d i f f e r  by 0.05 can be d i s t i n g u i s h e d ,  t h e  complete range o f  RF values can be 

d i v i d e d  i n t o  20 groups (0-0.05, 0.06-0.10, . . . ) .  Such a s i m p l i f i e d  model 

leads  t o  a s i t u a t i o n  where substances w i t h  RF values o f ,  f o r  i ns tance ,  

0.05 and 0.06 a re  cons idered t o  be separated, which c l e a r l y  i s  n o t  r e a l .  

However, t h e  model a l l ows  an easy c a l c u l a t i o n  o f  approximate values o f  t h e  

i n f o r m a t i o n  con ten t .  Fu r the r ,  a t  l e a s t  i n  t h i s  a p p l i c a t i o n ,  i t  i s  n o t  

impor tan t  t o  d i s t i n g u i s h  e x a c t l y  which substances a re  separated and which a r e  no t ,  

I f  we assume t h a t  substances whose RF 
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as t h e  purpose i s  r a t h e r  t o  see how w e l l  t h e  substances a re  spread o u t  ove r  t h e  

p l a t e .  

Each o f  t he  20 groups o f  RF values can then be cons idered as a p o s s i b l e  

s igna l  (yl, yz, ..., y20)  and the re  i s  a d i s t i n c t  p r o b a b i l i t y  (pl, pz ,  ..., p20) 

t h a t  an unknown substance w i l l  have an RF va lue  w i t h i n  the  l i m i t s  o f  one o f  t h e  

groups. L e t  us cons ider  a TLC procedure t h a t  i s  used t o  i d e n t i f y  a substance 

be long ing  t o  a s e t  o f  no substances and t h a t  nl substances f a l l  i n t o  group 1, 

nz i n t o  group 2, e t c .  

be t h e  unknown compound, eqn. 8.3 can be used f o r  c a l c u l a t i o n  o f  t he  i n f o r m a t i o n  

conten t .  

i n v e s t i g a t e  some extreme cond i t i ons .  

I f  a l l  substances have t h e  same a p h i a h i  p r o b a b i l i t y  t o  

To understand f u r t h e r  t h e  meaning o f  t h e  i n f o r m a t i o n  conten t ,  l e t  us 

( a )  A l l  substances f a l l  i n t o  t h e  same group ni. 

I n  t h i s  i ns tance  ni/no = 1 and thus  Ii = 0. 

same R va lue ,  t h e  exper iment does n o t  i n d i c a t e  any th ing  t o  the  observer .  No 

i n f o r m a t i o n  i s  ob ta ined  because, i n  B r i l l o u i n ' s  te rmino logy ,  t h e r e  i s  no 

u n c e r t a i n t y  as t o  which event  ( s i g n a l ,  RF va lue )  w i l l  occur  : whatever t h e  unknown 

s u x t a n c e ,  t he  r e s u l t  w i l l  always be t h e  same. 

As a l l  o f  t h e  substances y i e l d  the  

F 

( b )  A l l  substances f a l l  i n t o  d i f f e r e n t  groups. 

The i n f o r m a t i o n  con ten t  i s  maximal as each substance w i l l  y i e l d  a d i f f e r e n t  

RF value. 

equal  t o  

The i n f o r m a t i o n  conten t ,  f rom eqn. 8.3 w i t h  a l l  ni = 1, w i l l  now be 

I 
l o g 2  7 = - l o g  n 0 2 0  

I t  can be shown t h a t  t h i s  i s  indeed the  maximum va lue  which can be ob ta ined.  

I t  i s  equal  t o  t h e  i n f o r m a t i o n  necessary t o  o b t a i n  an unambiguous, complete 

i d e n t i f i c a t i o n  o f  each substance. Th is  i n f o r m a t i o n  con ten t  i s  equal t o  t h e  

en t ropy  be fo re  a n a l y s i s ,  H. 

From these extreme c o n d i t i o n s ,  i t  f o l l o w s  t h a t  i n  o r d e r  t o  o b t a i n  a maximum 

i n f o r m a t i o n  conten t ,  t he  TLC system shou ld  cause an equal spread o f  t he  RF values 

over  t h e  e n t i r e  range. O f  course, i f  t h e r e  are  more groups o f  RF values than 
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t h z r e  a r e  substances, t he  maximum i n f o r m a t i o n  con ten t  i s  r e l a t e d  t o  t h e  number 

o f  substances, w h i l e  i f  t h e r e  a re  more substances than groups, t h e  maximum 

o b t a i n a b l e  i n f o r m a t i o n  con ten t  i s  l i m i t e d  by t h e  number o f  groups, i n  t h e  

model i n t roduced  I = l o g 2  20 = 4.32 b i t s .  

was used by Souto and Gonzales de Va les i  (1970) and by Massart  (1973) f o r  

comparison o f  TLC systems. 

i n f o r m a t i o n  theo ry  t o  t h e  RF values o f  DDT and r e l a t e d  compounds determined by 

B ishara  e t  a l .  (1972) a re  sumnarized i n  Table 8.1. 

systems V,  X V ,  X V I ,  X V I I ,  X X I ,  X X I I ,  X X X ,  X X X I I  and X X X I I I  were o f  no i n t e r e s t .  

The b e s t  separa t ions  were ob ta ined w i t h  so l ven ts  I X ,  XI11 and X X I X  and f u r t h e r  

i n v e s t i g a t i o n s  shou ld  be aimed a t  o p t i m i z i n g  smal l  changes i n  t h e  bes t  t h r e e  

so l ven ts  ( f o r  i ns tance ,  by app ly ing  one o f  t he  techniques descr ibed i n  P a r t  11) .  

The o b j e c t  o f  a q u a l i t a t i v e  a n a l y s i s  i s  t o  o b t a i n  an amount o f  i n f o r m a t i o n  

A model very  s i m i l a r  t o  t h a t  descr ib2d 

The r e s u l t s  o f  t h e  a p p l i c a t i o n  by Massart  o f  

I t  was concluded t h a t  

t h a t  i s  equal t o  t h e  u n c e r t a i n t y  be fo re  a n a l y s i s .  

n o t  p o s s i b l e  w i t h  a s i n g l e  t e s t  and more exper iments t h e r e f o r e  have t o  be combined 

i n  o r d e r  t o  achieve t h i s  aim. Fo r  example, i n  the  t o x i c o l o g i c a l  a n a l y s i s  o f  

b a s i c  drugs (Mo f fa t ,  1974), one w i l l  combine techniques such as UV and I R  

spec t romet ry ,  TLC and GLC o r  one w i l l  use two ( o r  more) TLC procedures,  e t c . ,  

i n  o rde r  t o  o b t a i n  t h e  necessary amount o f  i n f o r m a t i o n .  

which has t o  be answered i s  how t o  c a l c u l a t e  t h e  i n f o r m a t i o n  con ten t  o f  two o r  

more methods. 

Th is ,  i n  p r a c t i c e ,  i s  o f t e n  

Hence the  n e x t  ques t i on  

When two TLC systems a re  combined, one can cons ider  t h e  combinat ion o f  t h e  

two RF values bo th  o f  which f a l l  i n  t he  range 0.00-0.05 as one event  ( s i g n a l  yll), 

an RF va lue  o f  0.00-0.05 f o r  system 1 and o f  0.05-0.10 f o r  system 2 as a s i g n a l  y 

e t c .  

n . .  / n  = pij. 

system 2 c o n t a i n i n g  m2 c lasses ,  eqn. 8.3 can be conver ted  i n t o  

12 '  

As be fo re  one can d e f i n e  a p r o b a b i l i t y  pij f o r  s i g n a l  y.  ., so  t h a t  
1J 

For  the  general  case o f  system 1 c o n t a i n i n g  ml c lasses  and 
1 J  0 

(8.10) 
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A t  f i r s t  s i g h t  one m igh t  assume t h a t  I i s  t h e  sum o f  t h e  i n f o r m a t i o n  con ten t  

o f  t he  systems 1 and 2 

I = 1 (1 )  + 1 (2 )  (8.11) 

T h i s  i s  t r u e  o n l y  i f  t h e  d i f f e r e n t  i n f o r m a t i o n  y i e l d e d  by systems 1 and 2 i s  

n o t  c o r r e l a t e d ,  i . e . ,  i f  no p a r t  o f  t he  i n f o r m a t i o n  i s  redundant. Th is  can be 

understood more e a s i l y  by cons ide r ing  a s imp le  example represented  by t h e  

RF values f o r  e i g h t  substances i n  t h r e e  d i f f e r e n t  so l ven ts  (Tab le  8.11). 

Table 8.11 

R, values o f  e i g h t  substances i n  t h r e e  d i f f e r e n t  so l ven ts  

Substance So lven t  I Solvent  I 1  So lven t  I11 

A 0.20 0.20 0.20 
B 0.20 0.40 0.20 
C 0.40 0.20 0.20 
D 0.40 0.40 0.20 
E 0.60 0.20 0.40 
F 0.60 0.40 0.40 
G 0.80 0.20 0.40 
H 0.80 0.40 0.40 

1 1 I n f o r m a t i o n  
con ten t  

Wi th  s o l v e n t  I one ob ta ins  2 b i t s  o f  i n f o r m a t i o n ,  w h i l e  3 b i t s  a re  necessary 

f o r  t h e  complete i d e n t i f i c a t i o n  o f  each p o s s i b l e  substance. 

each a l l o w  t h e  a c q u i s i t i o n  o f  1 b i t .  

then  w i t h  s o l v e n t  I 1  does indeed p e r m i t  complete i d e n t i f i c a t i o n  : 3 b i t s  a re  

ob ta ined  w i t h  t h i s  combinat ion.  

d i f f e r e n t  RF values, t h e  l a t t e r  does n o t  y i e l d  any more i n f o r m a t i o n  than t h a t  

ob ta ined  w i t h  s o l v e n t  I. 

so lven ts  a r e  used i s  s t i l l  2 b i t s .  Both o f  these cases are ,  o f  course, extreme 

and t h e  combina t ion  o f  two TLC procedures,  and i n  general  o f  any two procedures,  

w i l l  l e a d  t o  an amount o f  i n f o r m a t i o n  t h a t  i s  l e s s  than t h a t  which would be 

ob ta ined  by add ing  t h e  i n f o r m a t i o n  con ten t  o f  bo th  procedures b u t  equal  t o  o r  

h i g h e r  than t h e  i n f o r m a t i o n  con ten t  o f  a s i n g l e  procedure.  

So lvents  I 1  and I 1 1  

Running a p l a t e  f i r s t  w i t h  s o l v e n t  I and 

A l though so l ven ts  I and I 1 1  have c l e a r l y  

The i n f o r m a t i o n  con ten t  o f  a procedure i n  which bo th  

I n  p r a c t i c e ,  i t  i s  
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im?robable t h a t  two chromatographic systems would y i e l d  comple te ly  "unco r re la ted  

i n fo rma t ion "  and even when combining methods such as chromatography and 

sp2c t rophotomet ry  some c o r r e l a t i o n  must be expected. 

The i n f o r m a t i o n  conten t  o f  combined procedures and the  e f f e c t s  o f  c o r r e l a t i o n  

upon t h e  i n f o r m a t i o n  conten t  a re  t r e a t e d  more e x t e n s i v e l y  i n  Chapter 17. 

The most impor tan t  conc lus ions  f rom t h i s  s e c t i o n  are  t h a t  t h e  h i g h e s t  

i n f o r m a t i o n  con ten t  f o r  i n d i v i d u a l  systems i s  ob ta ined  when t h e  substances a r e  

d i s t r i b u t e d  even ly  over  the  c lasses  which can be d i s t i n g u i s h e d ,  and t h a t  f o r  

combinat ions o f  methods, t he  " c o r r e l a t e d  i n f o r m a t i o n "  shou ld  be kep t  as low as 

poss ib le .  Th i s  can be achieved by choosing u n s i m i l a r  systems. 

no ted  here  t h a t  t h e  amount o f  c o r r e l a t e d  i n f o r m a t i o n  ( a l s o  c a l l e d  mutual  

i n f o r m a t i o n )  can be used as a s i m i l a r i t y  c o e f f i c i e n t  between systems (see 

Chapter 18). 

I t  shou ld  be 

N e i t h e r  conc lus ion  i s  s u r p r i s i n g .  A n a l y t i c a l  chemists know t h a t  a TLC separa t i on  

i s  b e t t e r  when t h e  substances a r e  d i v i d e d  ove r  t h e  complete R F  range and they  

a l s o  understand t h a t  two TLC systems i n  combina t ion  shou ld  n o t  be t o o  s i m i l a r .  

I n f o r m a t i o n  theo ry  a l l ows  one t o  f o r m a l i z e  t h i s  i n t u i t i v e  knowledge and t o  

q u a n t i f y  i t ,  so t h a t  an op t ima l  method can be devised. 

The de te rm ina t ion  o f  t he  i n f o r m a t i o n  con ten t  o f  s p e c t r a l  peaks ( f o r  i ns tance ,  

i n  mass spec t romet ry ) ,  i s  ve ry  s i m i l a r  t o  t h e  a p p l i c a t i o n  o f  i n f o r m a t i o n  theo ry  

t o  TLC as descr ibed above. For  b i n a r y  coded peaks (peaks e i t h e r  absent o r  

p resent ,  thus  two i n t e n s i t y  l e v e l s )  t he  i n f o r m a t i o n  con ten t  pe r  peak p o s i t i o n  

can be expressed by t h e  s imp le  equa t ion  

where p i s  t he  p r o b a b i l i t y  o f  a peak be ing  p resen t  a t  t h e  peak l o c a t i o n  

cons idered (Gro tch ,  1970 ; E r n i ,  1972 ; van Marlen and D i j k s t r a ,  1 9 7 6 ) .  The 

i n f o r m a t i o n  con ten t  f o r  combinat ions o f  peak l o c a t i o n s  i s  cons idered i n  

Chapter 17. 
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8.4. AN APPLICATION TO GAS CHROMATOGRAPHY 

A1 though t h e  i d e n t i f i c a t i o n  o f  substances by means o f  gas chromatographic 

r e t e n t i o n  i n d i c e s  i s  e s s e n t i a l l y  the  same as t h e i r  i d e n t i f i c a t i o n  by means o f  

TLC RF values, i t  i s  a l s o  p o s s i b l e  t o  cons ider  i t  i n  another  way. 

necessary e s p e c i a l l y  when the  number o f  p o s s i b l e  i d e n t i t i e s  i s  l a r g e  and when 

an assessment i s  t o  be made o f  t he  i n f o r m a t i o n  con ten t  o f  a gas chromatographic 

i d e n t i f i c a t i o n  by us ing  more than one r e t e n t i o n  index .  

Th is  i s  

As was remarked i n  s e c t i o n  8.2, t h e  i n f o r m a t i o n  con ten t  i s  c a l c u l a t e d  f rom 

the  p r o b a b i l i t i e s  o f  t h e  severa l  p o s s i b l e  i d e n t i t i e s  be fo re  and a f t e r  a n a l y s i s .  

A c t u a l l y ,  t he  i d e n t i f i c a t i o n  i s  r e a l i z e d  by f i r s t  measuring the  s i g n a l  ( r e t e n t i o n  

i ndex )  and subsequent ly i n t e r p r e t i n g  t h i s  s i g n a l  i n  terms o f  p o s s i b l e  i d e n t i t i e s .  

Fo r tuna te l y ,  i t  i s  p o s s i b l e  t o  conver t  eqn. 8 .7  i n t o  an equa t ion  f o r  t he  i n f o r m a t i o n  

con ten t  i n  terms o f  p o s s i b l e  s i g n a l s  r a t h e r  than p o s s i b l e  i d e n t i t i e s  ( t h i s  i s  

p o s s i b l e  o n l y  when u n c e r t a i n t i e s  have been expressed by t h e  Shannon equa t ion ) .  

I t  can be shown t h a t  t he  i n f o r m a t i o n  con ten t  i s  

m n m 
I = c - pi l o g *  pi - c P j  c - Pi/j l o g 2  Pi/j 

i = l  j=1  i = l  
(8.12) 

where pi i s  t h e  p r o b a b i l i t y  o f  measuring a s i g n a l  yi and p 

p r o b a b i l i t y  o f  measuring a s i g n a l  yi p rov ided  t h a t  t he  substance has the  

i d e n t i t y  x 

severa l  i d e n t i t i e s  and the  r e l a t i o n s h i p  between the  i d e n t i t i e s  and s i g n a l s  ( t a b l e  

o f  r e t e n t i o n  i n d i c e s ,  t a k i n g  i n t o  account t h a t  t he  s igna l  i s  measured w i t h  a 

c e r t a i n  e r r o r ) .  rep resen t  the  e r r o r s  o f  t h e  measurements 

because t h e  p.  .s rep resen t  t h e  p r o b a b i l i t i e s  o f  t h e  d i f f e r e n t  s i g n a l s  yi found 

when t h e  i d e n t i t y  o f  t he  component i s  known t o  be x 

these e r r o r s  can be, b u t  need n o t  t o  be, d i f f e r e n t .  

t h e  ( c o n d i t i o n a l )  
i / j  

The values o f  pi can be d e r i v e d  from t h e  p r o b a b i l i t i e s  o f  t h e  
j *  

The values o f  p 
i / j  

1/J 

For  d i f f e r e n t  values yi 
j* 

Eqn. 8.12 f o r  d i s c r e t e  s i g n a l s  ( w i t h  d i s c r e t e  p r o b a b i l i t i e s )  can be conver ted  

i n t o  an equa t ion  f o r  con t inuous ly  v a r i a b l e  s i g n a l s  ( represented  by p r o b a b i l i t y  

d i s t r i b u t i o n  f u n c t i o n s  o f  t he  s i g n a l s ) ,  as f o l l o w s  

iranchembook.ir/edu

https://iranchembook.ir/edu


177 

where p ( y )  is t he  d i s t r i b u t i o n  f u n c t i o n  o f  t h e  expected s i g n a l s  ( b e f o r e  a n a l y s i s )  

and p . represents  the  e r r o r  d i s t r i b u t i o n  f u n c t i o n  f o r  substance x I f  t h e  

e r r o r s  a re  t h e  same f o r  a l l  i d e n t i t i e s ,  eqn. 8.13 can be t rans formed i n t o  
eJ j. 

(8.14) 

I n  work on t h e  comparison o f  gas chromatographic columns (Dupuis and D i j k s t r a ,  

1975 ; Eskes e t  a l . ,  1975) both  p ( y )  and-pe(y )  were assumed t o  be Gaussian. 

For  t h i s  s i t u a t i o n ,  eqn. 8.14 reduces t o  t h e  s imp le  express ion  

(8.15) 

where s 2  i s  t he  es t ima te  o f  t h e  var iance o f  t h e  measured s i g n a l s  ( r e t e n t i o n  

i ndex  t e r r o r ) ,  5 2  i s  t h e  es t ima ted  var iance o f  t he  " t r u e "  s i g n a l s  ( r e t e n t i o n  

m 

i ndex  w i t h o u t  e r r o r s )  and s L  i s  t h e  es t ima te  o f  t h e  var iance o f  t he  e r r o r s .  e 

As expected, t he  i n f o r m a t i o n  con ten t  w i l l  be l a r g e  when t h e  r e t e n t i o n  i n d i c e s  

d i f f e r  w i d e l y  and t h e  exper imenta l  e r r o r  o f  measuring t h e  r e t e n t i o n  i ndex  i s  

sma l l .  The i n f o r m a t i o n  conten ts  c a l c u l a t e d  by Eskes e t  a l .  (1975) are  about 

6.3 b i t s ,  depending s l i g h t l y  on the  s t a t i o n a r y  phase and t h e  na tu re  o f  t h e  

substances t h a t  were s t u d i e d  (a l coho ls ,  e the rs  and carboxy l  compounds). To 

s t r e s s  once more : t h e  i n f o r m a t i o n  con ten t  i s  a c r i t e r i o n  o f  a procedure i n  

r e l a t i o n  t o  t h e  a n a l y t i c a l  problem (group o f  substances l i k e l y  t o  be i d e n t i f i e d ) .  

The i n f o r m a t i o n  c a l c u l a t e d  w i t h  eqn. 8.15 us ing  a l i m i t e d  number o f  r e t e n t i o n  

i n d i c e s  a p p l i e s  t o  a l a r g e  number o f  substances p rov ided  t h a t  t h e  va lue  sm i s  

a r e l i a b l e  es t ima te  o f  t h e  popu la t i on .  

2 

The conc lus ions  t o  be drawn i n  t h i s  s e c t i o n  a re  t h e  same as those drawn i n  

s e c t i o n  8.3, and t h e  remarks made i n  s e c t i o n  8.3 about combining procedures 

a l s o  app ly  t o  chromatography. 

d iscussed i n  Chapter 17. 

The combina t ion  o f  s t a t i o n a r y  phases i s  
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8.5. D ISCUSSION 

The i n f o r m a t i o n  con ten t  o f  an a n a l y t i c a l  procedure i s  one o f  seve ra l  p o s s i b l c  

i n f o r m a t i o n  parameters. 

u n c e r t a i n t y  f u n c t i o n s  which l e a d  t o  o t h e r  i n f o r m a t i o n  conten ts  can be used. 

Apar t  f rom the  cho ice  o f  t h e  u n c e r t a i n t y  f u n c t i o n ,  one o t h e r  fundamenta l l y  

d i f f e r e n t  i n f o r m a t i o n  parameter has been used i n  a n a l y t i c a l  chemis t ry .  Th is  

parameter has been c a l  l e d  the  " i n f o r m i n g  power" and was used, f o r  i ns tance ,  by 

Ka ise r  (1970), Huber and S m i t  (1969), Palm (1971), Massart  and Smits (1974) 

and Ecksch lager  (1976 a, b )  f o r  c h a r a c t e r i z i n g  spec t romet r i c  and chromatographic 

methods. 

and t h e  m e t r i c  i n f o r m a t i o n  de f i ned  by MacKay (1950),  whereas t h e  i n f o r m a t i o n  

con ten t  m igh t  be compared w i t h  MacKay's s e l e c t i v e  i n f o r m a t i o n .  

c a l c u l a t i o n  o f  t h e  i n f o r m i n g  power use can be made o f  t h e  sampl ing theorem 

o f  Shannon and Weaver (1949) and the  s igna l - to -no ise  r a t i o .  The va lue  o f  t h i s  

c h a r a c t e r i s t i c  inc reases  when the  number o f  independent measurements ( r e q u i r e d  

f o r  r e c o n s t r u c t i o n  o f  t h e  e n t i r e  spectrum) i s  inc reased and when the  

s i g n a l - t o - n o i s e  r a t i o  i s  inc reased.  

o f  independent measurements i s  p r o p o r t i o n a l  t o  t h e  r e s o l u t i o n .  

r e s o l u t i o n ,  t h e  g r e a t e r  i s  t h e  number of peaks t h a t  can be reso lved  o r  

d i s t i n g u i s h e d .  

d i s c r i m i n a t i o n  between peaks o f  d i f f e r e n t  magnitude. 

r e s o l u t i o n  and s i g n a l - t o - n o i s e  r a t i o  leads  t o  a measure o f  t h e  number o f  

d i f f e r e n t  spec t ra  o r  chromatograms t h a t  m i g h t  be envisaged. 

i n f o r m i n g  power u s u a l l y  w i  11 be 1 a rge r  than t h e  i n f o r m a t i o n  con ten t ,  because 

t h e  number o f  spec t ra  t h a t  m igh t  be d i s c r i m i n a t e d  by employing f u l l y  t h e  power 

o f  t h e  spec t rometer  i s  u s u a l l y  l a r g e r  than the  number o f  d i f f e r e n t  spec t ra  t h a t  

occu r  i n  p r a c t i c e .  Nature has s e t  l i m i t s  t o  the  d i f f e r e n c e s  i n  spec t ra .  The 

w i d t h  o f  t h e  peaks measured i s  o f t e n  determined by t h e  n a t u r a l  w i d t h  o f  t h e  

peaks r a t h e r  than by t h e  r e s o l u t i o n ,  and a l s o  t h e  number o f  d i f f e r e n t  spec t ra  

i s  l i m i t e d  owing t o  c o r r e l a t i o n s  ( s imu l taneous ly  o c c u r r i n g  peaks) o r  t o  empty 

I n s t e a d  o f  Shannon's u n c e r t a i n t y  f u n c t i o n ,  o t h e r  

The i n f o r m i n g  power i s  c l o s e l y  r e l a t e d  t o  the  s t r u c t u r a l  i n f o r m a t i o n  

F o r  t h e  

Ka ise r  (1970) has shown t h a t  t h e  number 

The h i g h e r  t h e  

An inc rease  i n  t h e  s i g n a l - t o - n o i s e  r a t i o  pe rm i t s  a b e t t e r  

Hence the  combina t ion  o f  

There fore ,  t h e  
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s p 2 c t r a l  reg ions .  Hence the  i n f o r m i n g  power i s  o f  l i m i t e d  use i n  a n a l y t i c a l  

chemis t ry  as t h e  p o t e n t i a l  o f  t he  procedure i s  e q u a l l y  w e l l  descr ibed by t h e  

r e s o l u t i o n  and s i g n a l - t o - n o i s e  r a t i o .  However, t h e  i n f o r m i n g  power as a 

composite c h a r a c t e r i s t i c  migh t  serve as a c r i t e r i o n  when ba lanc ing  s i g n a l - t o - n o i s e  

r a t i o  and r e s o l u t i o n .  I t  a l s o  i s  a u s e f u l  t o o l  f o r  problems r e l a t e d  t o  da ta  

hand1 i ng. 

Some remarks shou ld  be made about t h e  models used f o r  t h e  c a l c u l a t i o n  o f  

i n fo rma t ion  con ten ts .  

they  are  e q u a l l y  a p p l i c a b l e  t o  q u a n t i t a t i v e  ana lys i s .  A l l  models shou ld  take  

i n t o  account t h e  occurrence o f  e r r o r s  : i n  the  TLC model cons idered i n  s e c t i o n  

8.3, t h e  e r r o r  i s  taken i n t o  account t o  a c e r t a i n  e x t e n t  by d i v i d i n g  the  e n t i r e  

R F  range i n t o  a l i m i t e d  number of  RF sub-ranges (o f ,  f o r  ins tance,  0.05 u n i t ) .  

Never the less ,  i n  an ac tua l  exper iment i t  may happen t h a t  a c e r t a i n  substance 

w i l l  f a l l  i n t o  t h e  wrong sub-range, t h e  p r o b a b i l i t y  o f  such a wrong r e s u l t  has t o  

be taken i n t o  account and i n  o r d e r  t o  o b t a i n  an exac t  va lue  o f  t h e  i n f o r m a t i o n  

con ten t  a c o r r e c t i o n  shou ld  be i n t roduced .  I n  t h i s  p a r t i c u l a r  a p p l i c a t i o n  the  

c o r r e c t i o n s  are  smal l  and approx imate ly  i d e n t i c a l  f o r  a l l  systems. There fore ,  

a comparison o f  systems us ing  i n fo rma t ion  conten ts  t h a t  have n o t  been c o r r e c t e d  

f o r  t he  e r r o r  i s  pe rm iss ib le .  

A1 though these models were used f o r  qua1 i t a t i  ve a n a l y s i s  

Another aspect o f  the  mode l l i ng  i s  t he  assumption o f  a p r o b a b i l i t y  d i s t r i b u t i o n  

f u n c t i o n  f o r  a l a r g e  number o f  measurements f rom a l i m i t e d  number o f  such 

measurements. I n  t h e  a p p l i c a t i o n  t o  gas chromatography i n  s e c t i o n  8.4, a Gaussian 

(normal )  d i s t r i b u t i o n  was assumed. 

2 t e s t e d  w i t h  t h e  x t e s t  f o r  goodness o f  f i t ,  which i s  de f i ned  as 

The v a l i d i t y  o f  such an assumption can be 

(8.16) 

where Oi i s  t h e  va lue  o f  t he  i t h  measurement and Ai i s  t h e  c a l c u l a t e d  va lue  on 

the  bas i s  o f  t h e  assumption o f  t he  d i s t r i b u t i o n .  

o f  x correspond t o  a b e t t e r  agreqment between the  observed and the  c a l c u l a t e d  

values and thus correspond t o  a g r e a t e r  p r o b a b i l i t y  o f  t he  v a l i d i t y  o f  t he  

Obv ious ly ,  sma l le r  values 

2 
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ass ump t i on. 

The x 2 t e s t  was used by Dupuis and D i j k s t r a  (1975 and by Eskes e t  a l .  (1975) 

f o r  v e r i f y i n g  t h e  assumption o f  a Gaussian d i s t r i b u t  on f o r  t he  r e t e n t i o n  

i n d i c e s .  

t h e r e f o r e  a1 so f o r  r e c t a n g u l a r  d i s t r i b u t i o n s  . 
t h a t  t h e  h i g h e s t  i n f o r m a t i o n  con ten t  i s  ob ta ined  when t h e  substances a re  d i s t r i b u t e d  

r e g u l a r l y  over  t h e  (RF) range o f  measurements. 

(TLC) systems by means o f  t h e i r  x values ( f o r  a r e c t a n g u l a r  d i s t r i b u t i o n )  

2 runs p a r a l l e l  w i t h  t h e  e v a l u a t i o n  by t h e  i n f o r m a t i o n  conten ts .  A smal l  x 

i n d i c a t e s  a n e a r l y  r e c t a n g u l a r  d i s t r i b u t i o n  and t h e r e f o r e  a r a t h e r  good separa t i on .  

De C lercq  and Massart  (1975) compared t h e  x c r i t e r i o n  and the  i n f o r m a t i o n  con ten t  

f o r  t h e  c l a s s i f i c a t i o n  o f  TLC systems used f o r  t h e  q u a l i t a t i v e  a n a l y s i s  o f  100 

b a s i c  drugs. 

by P lo f fa t  was a l s o  made. M o f f a t  e t  a l .  (1974) regard  two compounds as be ing  

d i s c r i m i n a t e d  i n  a p a r t i c u l a r  system ( i )  i f  t h e  d i f f e r e n c e  between t h e i r  

c h a r a c t e r i s t i c  values exceeds a c e r t a i n  c r i t i c a l  va lue ,  which i s  termed the  

e r r o r  f a c t o r  (Ei). 

spectrophotometry,  two substances a re  cons idered t o  be separated i f  t h e  

wavelengths o f  two substances d i f f e r  by 2 nm (Ei = 2 nm). 

chromatography, Ei i s  equal  t o  a c e r t a i n  number o f  RF u n i t s .  

two substances w i t h  RF values o f  0.08 and 0.10 a r e  cons idered t o  be und isc r im ina ted  

w h i l e  those w i t h  RF values o f  0.08 and 0.16 are  d i sc r im ina ted .  

power (DP) i s  d e f i n e d  as t h e  p r o b a b i l i t y  t h a t  two compounds s e l e c t e d  a t  random 

f rom a l a r g e  p o p u l a t i o n  would be d i sc r im ina ted .  To c a l c u l a t e  t h e  DP o f  a system 

i n  which N compounds a re  i n v e s t i g a t e d ,  t h e  t o t a l  number, PI, o f  und isc r im ina ted  

p a i r s  o f  compounds ( w i t h i n  t h e  l i m i t s  o f  Ei) i s  counted. 

then g i v e n  by 

It can be used f o r  t e s t i n g  t h e  v a l i d i t y  o f  any d i s t r i b u t i o n ,  and 

I n  s e c t i o n  8 . 3  i t  was concluded 

I t i s  obvious t h a t  e v a l u a t i n g  

2 

2 

I n  t h i s  s tudy  a comparison o f  t he  d i s c r i m i n a t i n g  power i n t roduced  

For example, when t h e  q u a l i t a t i v e  techn ique used i s  UV 

For  t h i n - l a y e r  

For  Ei = 0.05, 

The d i s c r i m i n a t i n g  

The va lue  o f  DP i s  

2M D P = 1 - -  N ( N - 1 )  (8 .17)  

This  c r i t e r i o n  was a p p l i e d  w i t h  success t o  t h e  s e l e c t i o n  o f  op t ima l  t h i n - l a y e r  
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and paper chromatographic systems f o r  t h e  q u a l i t a t i v e  a n a l y s i s  o t  100 b a s i c  

drugs. 

o f  d i f f e r e n t  techniques, such as t h i n - l a y e r  chromatography, g a s - l i q u i d  

chromatography, UV and IR spectrophotometry and mass spec t romet ry .  

i t s  a p p l i c a t i o n  can be extended t o  t h e  e v a l u a t i o n  o f  combinat ions o f  methods. 

The DP and x c r i t e r i a  have t h e  m e r i t  o f  s i m p l i c i t y  and i n  many ins tances  a re  

e q u a l l y  u s e f u l  as the  i n f o r m a t i o n  conten t .  

fundamental na tu re  and t h e r e f o r e  l e s s  amenable t o  t h e o r e t i c a l  cons ide ra t i ons .  

I t  was a l s o  a p p l i e d  t o  a comparison o f  t he  d i s c r i m i n a t o r y  e f f e c t i v e n e s s  

F i n a l l y ,  

2 

However, t hey  a r e  of a l e s s  

8.5. TESTS OF FIT 

I n  t h i s  sec t i on ,  t e s t s  t o  determine the  under l y ing  d i s t r i b u t i o n  o f  a s e t  o f  

observa t ions  w i l l  be examined. 

L e t  xl, x2, . .., xn be independent random observa t ions  o f  a v a r i a b l e  w i t h  

an unknown p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  f ( x ) .  

whether f ( x )  i s  equal  t o  some p a r t i c u l a r  d i s t r i b u t i o n  f u n c t i o n  f 6 ( x )  i s  c a l l e d  

a goodness -o f - f i t  problem (see Kendal l  and S t u a r t ,  1973). The t e s t  can be 

w r i t t e n  as 

The problem o f  t e s t i n g  

Ho : f ( x )  = f o ( x )  

HI : f ( x )  # f o ( x )  

HO 
When f o ( x )  i s  comple te ly  s p e c i f i e d ,  i . e . ,  a l l  o f  i t s  parameters a re  known, 

w i l l  be c a l l e d  a s imp le  hypothes is ,  whereas i f  some parameters a re  unknown i t  

w i l l  be c a l l e d  composite. 

suPpose t h a t  t h e  s e t  qf values which can be taken by the  random v a r i a b l e  x i s  

d i v i d e d  i n t o  k c lasses .  Using t h e  comple te ly  known d i s t r i b u t i o n  f u n c t i o n  f o ( x ) ,  

i t  i s  p o s s i b l e  t o  c a l c u l a t e  t h e  p r o b a b i l i t y  f o r  an obse rva t i on  t o  be w i t h i n  each 

o f  t h e  c lasses .  

sum must be u n i t y .  

k 
The observed f requenc ies  o f  t h e  c lasses  w i l l  be c a l l e d  fl,f2, ..., fk ( 1 

i =1 

L e t  us cons ider  t h e  s imp le  hypothes is  problem and 

These p r o b a b l l i t i e s  w i l l  be c a l l e d  pl, p2, ..., pk and t h e i r  

The n observa t ions  can a l s o  be d i v i d e d  i n t o  the  k c lasses .  

f .  = n ) .  
1 
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These probabi 1 i t i e s  a re  es t imators  of the probabi 1 i t i  es  of the "true" 

d i s t r i b u t i o n .  

on the  s t a t i s t i c  x 
The t e s t  proposed by Pearson (1900) f o r  hypothesis Ho i s  based 

2 

2 2 which i s  analogous t o  8.16. He showed t h a t  x has an approximately x ~ - ~  
d i s t r i b u t i o n .  This approximation i s  very accurate when the n p .  a re  almost 

equal. 

Using t h i s  r e s u l t ,  a value X: can be found i n  s t a t i s t i c a l  t ab les  with the 

property t h a t  

1 

Values f o r  the x2 d is t r ibu t ion  are  given i n  Table I1 of the  Appendix. 

I f  

2 2  x < x u  

the  hypothesis Ho will be accepted. 

The general i ty  of t h i s  t e s t  i s  due t o  the weakness o f  the underlying 

assumptions. 

observations can be divided i n t o  classes  t o  which theore t ica l  hypothetical 

p robabi l i t i es  can be associated.  

Example 

I t  can be used f o r  any type o f  s t a t i s t i c a l  s c a l e s  provided t h a t  the 

Thin layer  chromatography o f  200 compounds was performed. The re,sults a re  

grouped i n  10 c lasses  and the c l a s s  width i s  0.1 Rf  un i t s .  

frequencies a re  

The observed 

f l  = 17 ; f 2  = 22 ; f = 25 ; f4 = 16 ; f 5  = 15 ; 3 

f 6  = 21 ; f, = 12 ; f8  = 23 ; fg = 29 ; f I 0  = 20 

The question i s  asked whether o r  n o t  the observed frequencies correspond t o  a 
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r e c t a n g u l a r  d i s t r i b u t i o n .  

The n u l l  hypothes is  Ho = t h e  d i s t r i b u t i o n  i s  r e s t a n g u l a r  o r  fi = 20. 

a l t e r n a t i v e  hypothes is  HI = fi # 20. 

Using equa t ion  8 .16  x i s  c a l c u l a t e d  as f o l l o w s  

The 

2 

2 (17-20)2  +-t- (22-20)2  (25-20)' t- (16-20)' + (15-20)' x = -  
20 20 20 20 20 

+- (21-20)' t (12-20)2  (23-20)' (29-20)' (20-20)' 

20 20 20 20 20 

2 1  x = - 
20 

( 9  t 4 t 25 t 16 t 25 t 1 + 64 t 9 t 81)  = 11.70  

2 A 5% s i g n i f i c a n c e  l e v e l  i s  chosen. The value o f  x a t  9 degrees o f  freedom 

and c1 = 0.05  equals 16.919. The n u l l  hypothes is  i s  accepted which means t h a t  

t he  d i s t r i b u t i o n  i s  n o t  s i g n i f i c a n t l y  d i f f e r e n t  from a r e c t a n g u l a r  d i s t r i b u t i o n .  
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Chapter 9 

P R A C T I  CAB1 LITY 

9.1. INTRODUCTION 

I n  the  preced ing  chapters  a s e r i e s  o f  c h a r a c t e r i s t i c s  d e s c r i b i n g  t h e  q u a l i t y  

of  t he  a n a l y t i c a l  procedure o r  t he  q u a l i t y  o f  t h e  a n a l y t i c a l  r e s u l t s  have been 

discussed. The Connni t t e e  on Standards o f  t h e  I n t e r n a t i o n a l  Federa t ion  o f  

C l i n i c a l  Chemistry (B i j t t ne r ,  1976) used these c h a r a c t e r i s t i c s  t o  desc r ibe  t h e  

r e l i a b i l i t y  o f  an a n a l y t i c a l  method f o r  r o u t i n e  use. 

r e l i a b i l i t y  as determined by t h e  s p e c i f i c i t y ,  accuracy,  p r e c i s i o n  and d e t e c t i o n  

l i m i t ,  t h e r e  i s  a s e t  o f  parameters t h a t  determine t h e  p r a c t i c a b i l i t y ,  which 

comprises speed, cos t ,  t e c h n i c a l  s k i l l  requirements,  d e p e n d a b i l i t y  and l a b o r a t o r y  

sa fe ty .  The d i v i s i o n  i n t o  two c lasses  o f  parameters i s  a r t i f i c i a l  t o  some 

ex ten t .  However, i f  one cons iders  t h e  r e l i a b i l i t y  as a measure o f  t he  q u a l i t y  

o f  ( t h e  r e s u l t s  ob ta ined  by)  t h e  procedure,  p r a c t i c a b i l i t y  i n  a sense i s  t h e  

p r i c e  t h a t  has t o  be p a i d  f o r  t h i s  q u a l i t y .  

upon t h e  f a c t  t h a t  i n  a way a l l  o f  t h e  c h a r a c t e r i s t i c s  a re  i n t e r r e l a t e d  ; we 

r e t u r n  t o  t h i s  p o i n t  l a t e r  i n  t h i s  chapter .  

I n  a d d i t i o n  t o  t h i s  

Wi th  t h i s  statement we a l s o  touch 

I n  d i scuss ing  the  p r a c t i c a b i l i t y  o f  a n a l y t i c a l  procedures we meet some 

d i f f i c u l t i e s ,  t h e  most impor tan t  o f  which i s  p robab ly  t h e  i m p o s s i b i l i t y  o r  

d i f f i c u l t y  o f  q u a n t i f y i n g  a l l  o f  t h e  c h a r a c t e r i s t i c s  t h a t  determine t h e  

p r a c t i c a b i l i t y .  

c r i t e r i a  i n  fo rmal  o p t i m i z a t i o n  procedures.  Apar t  f rom t h e  i m p o s s i b i l i t y  o f  

a q u a n t i f i c a t i o n ,  i t  i s  sometimes imposs ib le  even t o  d e f i n e  these parameters i n  

a s a t i s f a c t o r y  way. 

Therefore,  i t  i s  d i f f i c u l t  t o  use these c h a r a c t e r i s t i c s  as 

Al though the  a n a l y t i c a l  l i t e r a t u r e  has l i t t l e  da ta  on t h e  c o s t  o f  analyses, 

i t  i s  p robab ly  the  most impor tan t  c h a r a c t e r i s t i c  t h a t  governs the  p r a c t i c a b i l i t y ,  

as t h e  a p p l i c a t i o n  o f  an ana lys i s  i s  u s u a l l y  governed by economic f a c t o r s .  

iranchembook.ir/edu

https://iranchembook.ir/edu


186 

Although a cost-benefi t  analysis  i s  seldom e x p l i c i t l y  made, i t  i s  usually found 

t o  be present i n  an impl ic i t  way. 

c l e a r  on t h i s  point and, whenever possible ,  t o  make a cost-benefi t  ana lys i s .  

Several aspects of such a cost-benefi t  analysis  were c l e a r l y  i l l u s t r a t e d  in  a 

paper on the economic benef i t s  t o  Austral ia  of atomic-absorption spectroscopy 

(Brown, 1969) ,  b u t  i t  i s  beyond the scope of t h i s  chapter t o  discuss t h i s  paper 

in  d e t a i l  ( see  f o r  some aspects a l so  Part  IV).  

Of course, i t  would be much b e t t e r  t o  be 

There a re  some propert ies  or charac te r i s t ics  of analyt ical  procedures ( o r  of 

instruments) which wil l  influence the choice of the analyt ical  procedure b u t  

which wil l  not be discussed, and aspects t h a t  are  beyond the scope of t h i s  book 

are  those re la ted  t o  the safe ty  of ( re )agents  a n d  apparatus, t ransportabi  1 i t y ,  

ease of handling procedures and instruments. 

area of a more subject ive choice mechanism although we do not deny the importance 

of ergonomic s tudies  re la ted  t o  t h i s  aspect. Even more subject ive i s  the 

judgement of whether a procedure o r  apparatus i s  nice t o  look a t  o r  n o t  ! 

Again, i t  cannot be denied t h a t  even these aspects wil l  influence a 

non-rational choice. 

With the l a s t  aspect  we en ter  the 

9.2 COST 

The cos t  of analysis  depends on a large number o f  fac tors .  To a la rge  extent  

i t  depends on the nature of the analyt ical  procedure, b u t  possibly i t  a l so  

deDends t o  a s imi la r  extent  on  the organization of the analyt ical  laboratory.  

Analysis involves the use of labour, instruments, chemicals a n d  energy, and 

a l l  of these fac tors  can be expressed in  terms of money. 

cost-determining f a c t o r s ,  there  are  o ther  aspects t h a t  have t o  be taken i n t o  

account when the t o t a l  amount t h a t  has t o  be paid i s  calculated.  Analytical 

procedures have t o  be developed before i t  i s  possible t o  introduce them i n  the 

( rout ine)  laboratory ; maintenance of labora tor ies ,  machines, e t c . ,  has t o  be 

provided ; e f f i c i e n t  organization o f  the tasks t o  be done and appropriate  

communication channels a r e  required i n  order  t o  produce ana ly t ica l  r e s u l t s  in  

Apart  from these 
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a s a t i s f a c t o r y  way 

Rather than g i v i n g  a d e t a i l e d  d i scuss ion  o f  a l l  o f  these f a c t o r s ,  and r a t h e r  

than supp ly ing  accura te  abso lu te  f i g u r e s  on t h e  cos t  of a n a l y s i s ,  we p r e f e r  t o  

p resen t  some general  aspects.  For t h i s  purpose we can cons ide r  a graph pub l i shed  

some years  ago t h a t  represents  the  r e l a t i o n s h i p  between t h e  c o s t  o f  a n a l y s i s  and 

the  number o f  analyses t o  be c a r r i e d  o u t  per  day (Leemans, 1971). 

abso lu te  f i g u r e s  no l onger  app ly ,  t h e  t rends  emerging a re  s t i l l  v a l i d .  

graph ( F i g .  9 .1 ) ,  t h e  c o s t  o f  seven procedures f o r  de te rm in ing  the  t o t a l  

n i t r o g e n  con ten t  o f  f e r t i l i z e r s  i s  p l o t t e d .  

A l though t h e  

I n  t h e  

Table 9.1. 

Some c h a r a c t e r i s t i c s  o f  procedures f o r  t he  de te rm ina t ion  o f  n i t r o g e n  (Leemans, 1971) 

A n a l y t i c a l  procedure Dead t ime o f  Standard d e v i a t i o n  

T o t a l  N, c l a s s i c a l  
d i  s t i  11 a t i o n  

T o t a l  N, DSM 
automated ana lyze r  

NO3-N, Techni con 
Au toAnal y z e r  

NO3-N, i o n - s p e c i f i c  
e l e c t r o d e  

NH4N03 : CaC03 r a t i o ,  
X-ray d i f f r a c t i o n  

To ta l  N, f a s t  neut ron  
- a c t i v a t i o n  a n a l y s i s  

S p e c i f i c  g r a v i t y  
y - ray  abso rp t i on  

ana lys i s  (min) o f  ana lys i s  ( %  N )  

75 0.17 

12 0.25 

15 0 .51  

10 0.76 

8 0.8 

5 0.17 

1 0.64 

One shou ld  bear  i n  mind t h a t  o n l y  p r i c e s  a re  compared i n  F ig .  9 .1  and o t h e r  

c h a r a c t e r i s t i c s  (some o f  which a re  g i ven  i n  Table 9.1) can be d i f f e r e n t .  From 

t h e  graph, t h e  f o l l o w i n g  t rends  can be d iscerned.  

( 1 )  The c o s t  pe r  a n a l y s i s  i s  a lmost  independent o f  t he  number o f  analyses 

t o  be c a r r i e d  o u t  when t h e  procedure requ i res  much labour  and cheap ins t rumen ts  

( o r  no i ns t rumen ts ) .  

(manual t i t r a t i o n ,  g r a v i m e t r i c  ana lys i s ,  e t c . ) ,  such as, i n  t h e  n i t r o g e n  

de te rm ina t ion ,  t o  the  c l a s s i c a l  d i s t i l l a t i o n  procedure.  The c o s t  o f  chemicals 

i s  usual  l y  n e g l i g i b l e  when a p p l y i n g  such procedures.  

Th is  s i t u a t i o n  u s u a l l y  a p p l i e s  t o  " c l a s s i c a l "  a n a l y s i s  
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F i g .  9.1. Costs o f  some o f f - l i n e  a n a l y t i c a l  techniques f o r  t he  a n a l y s i s  o f  
i n o r g a n i c  n i t r o g e n  (1968) (Leemans, 1971).  
Repr in ted  w i t h  permiss ion .  Copy r igh t  by t h e  American Chemical Soc ie ty .  

( 2 )  F u l l y  automated ( e i t h e r  l a b o r a t o r y  o r  o n - l i n e )  equipment d e l i v e r s  r e s u l t s  

a t  an a lmost  cons tan t  p r i c e  p e r  u n i t  t ime.  

equipment, t h e  c o s t  pe r  a n a l y s i s  decreases as the  i n v e r s e  o f  t he  number o f  analyses 

p e r  u n i t  t ime.  

Up t o  the  (maximum) c a p a c i t y  o f  t he  

(3 )  The ac tua l  s i t u a t i o n  i s  u s u a l l y  i n te rmed ia te  between (1 )  and ( 2 ) .  

Expressed as an equat ion ,  t h e  t o t a l  c o s t  Kt p e r  a n a l y s i s  f o r  a s e r i e s  o f  n 

analyses p e r  u n i t  t ime  i s  

a 
t n  

K = - t b  

where a and b are  cons tan ts .  

B e c h t l e r  (1970). 

E s s e n t i a l l y  t he  same equa t ion  was g i ven  by 

The cons tan t  a c o n s i s t s  o f  t h e  c o s t  o f  apparatus,  inves tment ,  
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maintenance, amortization and the research and development required p r i o r  t o  

introducing the procedure in  the  analyt ical  laboratory.  Labour, chemicals and 

energy are  included i n  the  constant b .  

required f o r  addi t ional  t e s t s  such as ca l ibra t ions ,  i n  addition t o  the labour 

required f o r  the  actual ana lys i s .  

internal  and external communications ( i n  general ,  cos t s  a r i s ing  from the 

organizat ion)  a re  t o  be included i n  e i t h e r  of the constants a o r  b i s  t o  some 

exten t  a r b i t r a r y .  

Labour, of  course, includes the e f f o r t s  

Whether overhead cos ts  such as those f o r  

Haeckel ( 1 9 7 6 ) ,  in  a book on the ra t iona l iza t ion  of a c l in ica l  laboratory,  

gave a much more extended treatment o f  the  cos t  aspects .  

equations t h a t  express these aspects more e x p l i c i t l y  t h a n  eqn. 

f ixed costs  per day are given by 

We can c i t e  two 

9.1. The 

S L(l+m' G 
t - t E  t R  
I f f  

K - -  
f -  r r 

'2' ' 3  ' 4  

where 

L = catalogue pr ice  of apparatus ; 

S 

T1 = T2 minus guarantee period i n  years ; 

T2 = expected number of years t h a t  the apparatus can be used ; 

T3 = number of work days per year  ; 

G = cost  of glassware ; 

T4 = expected number of days t h a t  glassware can be used ; 

E f  = f ixed costs  of mater ia ls  per s e r i e s  of analyses ; 

Rf = f ixed costs  o f  reagents per s e r i e s  of analyses. 

= serv ice  cost  per year  as a percentage of L ; 

The var iable  costs per s e r i e s  of analysis  are  expressed by 

K v  = ( E  + R ) . n t P . t n  P P  ( 9 . 3 )  
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where 

E = cos t  of material per sample ; 

R = cost  of reagents per sample ; 

P = cos t  of labour per minute ; 

tn = time required f o r  one s e r i e s  of analyses. 

P 

P 

( 4 )  From the above, i t  i s  c l e a r  t h a t  the method t o  be preferred wil l  be 

d i f f e r e n t  f o r  d i f f e r e n t  labora tor ies .  I n  general ,  simple non-instrumental and 

non-automated methods wil l  be most economic when only a few determinations a re  

t o  be made. Instrumentation and automation should be considered and  a re  

j u s t i f i e d  only f o r  large s e r i e s  of analyses. However, i t  i s  possible  t h a t  an 

advanced and cos t ly  instrumentation and automation scheme may be a t t r a c t i v e  f o r  

reasons o ther  than economic, f o r  instance,  i n  order t o  achieve b e t t e r  

reproduci bi 1 i t y .  

Ta j le  9.11 

Cost summary f o r  12 determinations per specimen : glucose, a1 kal I ne phosphatase, 

S.G.O.T.,  t o t a l  p ro te in ,  hydrogen carbonate, albumin, b i l i r u b i n ,  phosphate, 

sodium, potassium a n d  calcium (from Horne, 1970) 

I tem 300 600 
samples samples 

Amortization, maintenance and 24 80 24 80 

Sa lar ies  3 12 4 37 

32 30 30 Materials : v i a l s ,  control s e r a ,  

Total da i ly  cos t  43 25 59 47 

L P  . t P  

servicing over 10 years 

reagents, e t c .  15 

1,200 1,800 
samoles samoles 

a P  % P  
24 80 24 80 

6 87  9 37 

60 20 90 20 

91 92 124 37 

Cost per sample 14.4 p 9.9  p 7 .7  p 6 .9  p 

The trends and fac tors  discussed above a r e  re f lec ted  in  a cos t  analysis  made 

by Horne (1970) f o r  chemical analysis  with the Vickers Multichannel 300 

apaaratus .  As shown i n  Table 9 .11 ,  the  cos t  per analysis  decreases when the 

number o f  analyses i s  increased : on going from 300 t o  600 analyses, there  i s  
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a sharp decrease, on going from 600 t o  1200 the decrease i s  much smaller and 

eventual ly  a nearly constant cost  per analysis  i s  obtained. 

9 .3 .  TII-IE ASPECTS 

I n  o rder  t o  determine the cos t  of an analysis  the time required f o r  the 

analysis  has t o  be known (compare eqn. 9 .3 ) ,  and i s  therefore  an important 

parameter. 

usefulness of the  analysis  ( see  Par t  I V ) .  

of d i f f e r e n t  parameters and a d i s t i n c t i o n  has t o  be made between two charac te r i s t ic !  

The dead time, td (or time l a g ) ,  of an analysis  can be defined as the time t h a t  

e lapses  between t h e  sampling and the reporting of the  r e s u l t s .  

parameter defines the  number of analyses per un i t  time t h a t  can be car r ied  o u t  

by an analyst  and/or with a n  instrument, and wil l  be re fer red  t o  as the (average) 

sampling time, ta. 

and thus the (average) time t h a t  e lapses  between the reporting of two successive 

r e s u l t s .  The reciprocal of the  sampling time i s  ident ica l  with the frequency 

of analysis  and hence i s  a measure of the capacity of the procedure (operator  

and  equipment). 

f o r  calculat ing the  cost  per analysis .  

t h a t  i s  required f o r  the calculat ion of the cos t .  

a l s o  necessary t o  k n o w  the time u t i l i z e d  by the analyst  ( labour)  and the 

instrument required f o r  the ana lys i s .  This time i s  n o t  necessar i ly  ident ical  w i t h  

t h ?  dead time (or time lag)  as  defined above. 

i l l u s t r a t i o n  ( a  possible  use of the  parameters td and ta wil l  be t rea ted  in  

Par t  I V ) .  

elapses between the  in jec t ion  of the sample and the end of the  e lu t ion  of the 

l a s t  peak. However, i f  the  sample i s  t o  be pre- t reated i n  some way before 

su5jecting i t  t o  the chromatographic separat ion,  the time required f o r  the 

pro-treatment has  t o  be included i n  the time lag.  S imi la r ly ,  the time required 

f o r  processing the chromatogram (cal  cul a t ion of the r e s u l t )  has t o  be i ncl uded. 

I n  addi t ion ,  the time aspect  in  i t s e  f i s  important when judging t h o  

However, the time aspect cons is t s  

The second 

I t  equals the (average) time between two successive samplings 

This frequency i s ,  as has been observed, an important parameter 

However, i t  i s  not the  only time parameter 

For t h i s  ca lcu la t ion ,  i t  i s  

An  example may serve as 

A gas chrom;tographic procedure has a time lag equal t o  the time t h a t  
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The t ime  l a g  i s  e s s e n t i a l l y  a parameter o f  importance when cons idered f rom t h e  

v iewpo in t  o f  the  person who requ i res  t h e  r e s u l t ,  who i s  n o t  i n t e r e s t e d  i n  what 

has t o  be done i n  o r d e r  t o  o b t a i n  t h a t  r e s u l t  b u t  mere ly  i n  t h e  t ime  he has t o  

w a i t  a f t e r  he has s u p p l i e d  t h e  sample. 

The sampl ing t ime needs n o t  be i d e n t i c a l  w i t h  t h e  t ime l a g .  Whi le t h e  

chromatograph i s  separa t i ng  the  sample i n t o  i t s  components, t he  a n a l y s t  o f t e n  

can prepare  t h e  nex t  sample and c a l c u l a t e  the  r e s u l t s  o f  t h e  preceed ing  run .  

I t  i s  a l s o  c l e a r  t h a t  t he  t ime aspec t  r e q u i r e d  f o r  c a l c u l a t i n g  t h e  c o s t  o f  

a n a l y s i s  i s  n o t  n e c e s s a r i l y  equal  t o  the  t ime l a g .  I t  a l s o  need n o t  be equal 

t o  t h e  sampl ing t ime, as i n  many ins tances  i t  i s  f e a s i b l e  t h a t  one a n a l y s t  

can opera te  seve ra l  chromatographs s imu l taneous ly .  

9.4. SOME RELATIONSHIPS BETWEEN CHARACTERISTICS 

Some remarks shou ld  be made about t h e  r e l a t i o n s h i p s  between the  parameters 

cons idered so f a r .  

as ve ry  c l e a r  and d e f i n i t e  r u l e s ,  they  a re  o f t e n  vague. 

have t o  be borne i n  mind when op t ima l  procedures are t o  be e s t a b l i s h e d  o r  when 

e x i s t i n g  procedures a re  t o  be op t im ized.  O p t i m i z a t i o n  w i t h  respec t  t o  one 

parameter can e a s i l y  make a procedure worse f rom another  p o i n t  o f  v iew. 

F i g .  9.2 shows schemat i ca l l y  t h e  r e l a t i o n s h i p s  between some c h a r a c t e r i s t i c s .  

A l though i n  some ins tances  these r e l a t i o n s h i p s  can be s t a t e d  

Never the less ,  t hey  

PREC IS1 ON 

F ig .  9.2. Some r e l a t i o n s h i p s  between t h e  c h a r a c t e r i s t i c s .  

The f o l l o w i n g  d i scuss ion  i s  i n tended  t o  c l a r i f y  some o f  t h e  r e l a t i o n s h i p s .  

A w e l l  desc r ibed  procedure has a c e r t a i n  p r e c i s i o n ,  accuracy, e t c .  The p r e c i s i o n  
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o f  an i n s u f f i c i e n t l y  p r e c i s e  procedure can be improved i n  severa l  ways, 

depending on t h e  reason f o r  t h e  imprec i s ion ,  one o f  t h e  most comnon techn iques  

be ing  t o  c a r r y  o u t  r e p l i c a t e  analyses. 

i n  a p r e c i s i o n  o f  t h e  average r e s u l t  t h a t  i s  a f a c t o r  6 b e t t e r  than t h e  

p r e c i s i o n  o f  a r e s u l t  de r i ved  from a s i n g l e  a n a l y s i s  ; repea t ing  a procedure a l s o  

leads t o  an improvement i n  t h e  s i g n a l - t o - n o i s e  r a t i o .  

p r i  n c i  p l  e can be found i n , f o r  i nstance , nuc lea r  magnet! c resonance spectroscopy 

and i s  u s u a l l y  c a l l e d  s i g n a l  averag ing .  

t he  spectrum 100 ( o r  more) t imes and adding t h e  spec t ra .  

s imp ly  added, whereas the  (random) no ise  i s  magn i f i ed  by o n l y  a f a c t o r  

when 100 spec t ra  a r e  added. Obv ious ly  t h e  t ime r e q u i r e d  f o r  t h e  measurement 

i s  inc reased 100- fo ld  and t h e  c o s t  asc r ibed  t o  t h e  apparatus i s  i nc reased  by 

t h e  same t a c t o r .  I t  i s  c l e a r  t h a t  by t h e  same techn ique the  d e t e c t i o n  l i m i t  

i s  a l s o  lowered. Another reason f o r  a low p r e c i s i o n  can be a low s e l e c t i v i t y  

o f  t h e  procedure.  

i n a c c u r a t e  r e s u l t s .  

i ns tances  can be regarded as a source o f  imprec i s ion .  

be c i rcumvented  by improv ing  the  s e l e c t i v i t y  o f  t h e  procedure by, f o r  i ns tance ,  

i n t r o d u c i n g  a separa t i on  p r i o r  t o  t h e  measurement o r  by i n t r o d u c i n g  a more 

e l a b o r a t e  c a l i b r a t i o n  procedure.  However, such techniques w i l l  i n f l u e n c e  t h e  

speed and c o s t  o f  ana lys i s .  

Repeat ing a procedure n t imes r e s u l t s  

An a p p l i c a t i o n  o f  t h i s  

T h i s  techn ique c o n s i s t s  i n  measur ing 

Resonance peaks a r e  

An i n s u f f i c i e n t l y  s e l e c t i v e  procedure can r e s u l t  i n  

Inaccu ra te  r e s u l t s  f o r  d i f f e r e n t  samples i n  a number o f  

These i n t e r a c t i o n s  can 

One i s  tempted t o  fo rmu la te  some genera l  r u l e s  f o r  express ing  t h e  

r e l a t i o n s h i p s  between t h e  c h a r a c t e r i s t i c s .  One o f  these r u l e s  m igh t  be t h a t  

2 an i nc rease  i n  p r e c i s i o n  by a f a c t o r  n w i l l  i nc rease  t h e  c o s t  by a f a c t o r  n . 
However, i t  i s  doubt fu l -whether  t h e  r e l a t i o n s h i p  between speed and p r e c i s i o n  

w i l l  h o l d  i n  genera l .  Some procedures a r e  more p r e c i s e  than  o the rs  and some 

r e q u i r e  l e s s  t ime than  o the rs  because o f  t he  d i f f e r e n t  p r i n c i p l e s  on which 

they  a re  based. Never the less ,  i t  can be cons idered as a genera l  r u l e  t h a t  a 

b e t t e r  p r e c i s i o n  and a r e d u c t i o n  i n  t h e  t ime  o f  a n a l y s i s  w i l l  r e s u l t  i n  a h i g h e r  

c o s t  o f  t he  a n a l y s i s ,  due t o  e i t h e r  t h e  use o f  more s o p h i s t i c a t e d  ins t ruments  
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o r  more s k i l f u l  l abour .  

may r e q u i r e  more research  and development. 

The development o f  more p r e c i s e  and r a p i d  procedures 
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Chapter 10 

CHARACTERIZATION OF CONTINUOUS PROCEDURES 

10.1. CONTINUOUS VERSUS DISCONTINUOUS PROCEDURES 

Most a n a l y t i c a l  procedures c a r r i e d  o u t  i n  t h e  l a b o r a t o r y  can be cons idered 

Ana lys i s  by means of  such procedures i n v o l v e s  t a k i n g  a as ba tch  processes. 

c e r t a i n  amount o f  sample ( f o r  ins tance,  by we igh ing) ,  t r e a t i n g  t h i s  sample i n  

some way (heat ing ,  d i l u t i n g ,  e t c . )  and pe r fo rm ing  one o r  more measurements on 

the  p r e - t r e a t e d  sample. 

measurement(s) f rom which t h e  i d e n t i t y  o r  t h e  compos i t ion  o f  t h e  sample can be 

de r i ved .  

a f t e r  a c e r t a i n  t ime,  depending on the  c h a r a c t e r i s t i c s  o f  t h e  procedure used. 

Ana lys i s  o f  a d i s c r e t e  sample leads  t o  one ( s e t  o f )  

The a n a l y t i c a l  r e s u l t  i s  ob ta ined  w i t h  a c e r t a i n  p r e c i s i o n  and accuracy 

I n  c o n t r a s t  t o  these ba tch  o r  d i s c r e t e  procedures, which f o r  obvious reasons 

m igh t  a1 so be c a l  l e d  d iscont inuous  procedures,  a number o f  procedures a re  based 

on an e n t i r e l y  d i f f e r e n t  way o f  hand l i ng  t h e  sample. 

cont inuous sampling, f o l l o w e d  by cont inuous p re - t rea tmen t  o f  and subsequent 

cont inuous measurements on the  sample. 

t h e  sample composi t ion,  t he  measurements w i l l  y i e l d  a con t inuous ly  v a r y i n g  

s i g n a l .  The s i g n a l  measured a t  a c e r t a i n  i n s t a n t  w i l l  n o t  be r e l a t e d  s imp ly  

th rough t h e  c a l i b r a t i o n  cons tan t  t o  the  sample compositon a t  t h a t  i n s t a n t .  The 

c a l i b r a t i o n  f u n c t i o n  as used f o r  t h e  c a l c u l a t i o n  o f  t h e  sample compos i t ion  f rom 

t h e  measurement(s) has t o  be rep laced  by a time-dependent f u n c t i o n .  

t ime-dependent f u n c t i o r n  a re  comnonly used i n ,  f o r  ins tance,  t he  e l e c t r o n i c s  

and process eng ineer ing  and c o n t r o l  f i e l d s .  

d e s c r i p t i o n  o f  cont inuous procedures i s  g i v e n  i n  t h i s  chapter  ; f o r  f u r t h e r  

d e t a i l s  t h e  reader  i s  r e f e r r e d  t o  tex tbooks  on e l e c t r o n i c s  (Connor, 1975), process 

eng ineer ing ,  c o n t r o l  t heo ry  (Van de r  G r i n t e n  and Leno i r ,  1973) o r ,  i n  a more 

general  sense, t o  ( l i n e a r )  systems theo ry  (Zadeh and Desoer, 1963 ; Papou l is ,  

These procedures i n v o l v e  

As a r e s u l t  o f  cont inuous v a r i a t i o n s  o f  

Such 

A conc ise  d i scuss ion  o f  t h e  
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1965 ; Gabel and Roberts,  1973 ; F l a g l e  e t  a l . ,  1960). 

I n  genera l ,  cont inuous methods can be a p p l i e d  o n l y  t o  t h e  a n a l y s i s  o f  l i q u i d s ,  

a l t hough  i n  some ins tances  a p p l i c a t i o n  t o  s o l i d s  i s  poss ib le .  

f o r  c o n t r o l  purposes were designed f o r  t he  a n a l y s i s  o f  sample streams. 

chemical a n a l y s i s  by u s i n g  t h e  cont inuous f low approach i s  nowadays a l s o  w i d e l y  

a p p l i e d  i n  t h e  a n a l y t i c a l  l a b o r a t o r y ,  e s p e c i a l l y  i n  the  c l i n i c a l  l a b o r a t o r y .  

Some rev iews on the  a p p l i c a t i o n  o f  cont inuous f l o w  ana lys i s  were pub l i shed  by 

B laede l  and Laess ig  (1966) , Skeggs (1966) , Kies (1974) , Snyder e t  a l .  (1976) , 

and books by S i g g i a  (1959) and L e i t h e  (1964) a l s o  c o n t a i n  i n f o r m a t i o n  on 

cont inuous  a n a l y s i s .  

e s p e c i a l l y  o f  t h e  Technicon Auto Ana lyzer  system,can be found i n  t h e  s e r i e s  

Advances i n  Automated Ana lys i s  (Technicon).  

i n  the  f o l l o w i n g  sec t i ons  app ly  n o t  o n l y  t o  cont inuous procedures,  b u t  a l s o  t o  

p a r t s  o f  procedures t h a t  opera te  on a cont inuous bas i s .  

f o r  gas chromatography, l i q u i d  chromatography, e t c .  , can be descr ibed i n  t h e  

same way. 

Many ana lysers  

Automated 

Many a p p l i c a t i o n s  and d i scuss ions  o f  t he  p r i n c i p l e s ,  

The p r i n c i p l e s  t h a t  w i l l  be descr ibed 

Fo r  i ns tance ,  de tec to rs  

10.2. NOISE AND DRIFT 

Noise and d r i f t  of ( p a r t s  o f )  a n a l y t i c a l  ins t ruments  a r e  f a m i l i a r  phenomena. 

These phenomena can p r a g m a t i c a l l y  be de f i ned  as e v e r y t h i n g  t h a t  c o n t r i b u t e s  t o  

t h e  u n c e r t a i n t y  of t h e  measurement. 

by u s i n g  f i l t e r s ,  b u t  t h e  q u a l i t y  o f  t h e  a n a l y t i c a l  r e s u l t s  i s  a l s o  i n f l u e n c e d  

by these f i l t e r s ,  i n  e i t h e r  a nega t i ve  o r  a p o s i t i v e  sense. 

I t  i s ,  o f  course, easy t o  overcome them 

I n  o r d e r  t o  c h a r a c t e r i z e  no ise ,  o r  t o  q u a n t i f y  i t s  magnitude, one can proceed 

i n  e s s e n t i a l l y  t h e  same manner as i n  e s t i m a t i n g  t h e  p r e c i s i o n  f o r  d i scon t inuous  

analyses. 

t he  cont inuous  measurements w i l l  c o n s i s t  o f  a s e r i e s  o f  cons tan t  values i f  d r i f t  

When feed ing  a cons tan t  amount o f  sample t o  a cont inuous  ana lyser ,  

and n o i s e  a r e  absent. 

cons tan t  value, o r  r a t h e r  average value, o f  t he  s i g n a l  w i l l  be observed. 

e f f e c t  i s  shown schemat i ca l l y  i n  F i g .  10.1. 

I n  t h e  presence o f  no i se  and d r i f t ,  d e v i a t i o n s  f rom t h i s  

T h i s  
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1 - 
t 

F ig .  10.1. Outpu t  o f  an a n a l y t i c a l  i ns t rumen t  f o r  cons tan t  feed.  

I n  agreement w i t h  t h e  d e f i n i t i o n  o f  p r e c i s i o n  i n  terms o f  t h e  var iance ( o r  

second moment), t h e  magnitude o f  d r i f t  and no ise  i s  c h a r a c t e r i z e d  by t h e  

var iance,  u 2 

1 2 l n  T 
o2 = l i m  - 1 ( A y ( t ) )  d t  2 l i m  - C (Ay ( t i ) )2  

T*T  o n i=l 
(10.1) 

where A y ( t )  i s  t h e  d i f f e r e n c e  between t h e  s i g n a l  a t  t ime t minus t h e  average 

s i g n a l  and n i s  t h e  number o f  d i s c r e t e  measurements a t  t imes ti. 

Eqn. 10 .1  can be used o n l y  f o r  t h e  c h a r a c t e r i z a t i o n  o f  s t a t i o n a r y  random 

f l u c t u a t i o n s ,  where t h e  term s t a t i o n a r y  i m p l i e s  t h a t  t he  expected values o f  t h e  

average s i g n a l  and the  va r iance  a r e  n o t  a f f e c t e d  by a s h i f t  i n  t h e  t ime  o r i g i n  

(Papou l is ,  1965). 

o f  eqn. 10.1 ove r  a l i m i t e d  p e r i o d  o f  t ime .  

c e r t a i n l y  cannot  be cons idered as random and s t a t i o n a r y .  

t h e  n o i s e  by i t s  va r iance ,  t he  values o f  A y ( t )  must f i r s t  be c o r r e c t e d  f o r  d r i f t .  

However, c h a r a c t e r i z i n g  n o i s e  by i t s  magnitude i s  n o t  adequate f o r  j u d g i n g  

I n  p r a c t i c e ,  t h e  var iance i s  es t ima ted  by t a k i n g  t h e  i n t e g r a l  

Then slow f l u c t u a t i o n s  ( d r i f t )  

I n  o r d e r  t o  c h a r a c t e r i z e  

t h e  p r a c t i c a b i l i t y  o f  con t inuous  a n a l y t i c a l  procedures.  A more e l a b o r a t e  

c h a r a c t e r i z a t i o n  c o n s i s t s  e s s e n t i a l l y  o f  t he  q u a n t i t a t i o n  o f  what i s  t o  be 

understood by q u i c k l y  and s l o w l y  f l u c t u a t i n g  s i g n a l s .  

can cons ider  t h e  f l u c t u a t i n g  s i g n a l  as be ing  composed o f  a s e r i e s  o f  p e r i o d i c  

s i n e  o r  cos ine  f u n c t i o n s ,  each w i t h  i t s  own frequency and ampl i tude.  

t h i s  p i c t u r e  can be m is lead ing  ; i t  c e r t a i n l y  i s  i n c o r r e c t  i n  t h e  mathematical  

sense, see Papou l is  (1965)) .  

I n  a popu la r i zed  way one 

(However, 

P l o t t i n g  t h e  square o f  the  ampl i tude versus t h e  
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f requency  y i e l d s  the  power spectrum o f  t h e  no ise .  

spectrum, taken from a paper by S m i t  and Na lg  (1975), i s  shown i n  F i g .  10.2, 

whgre t h e  power s p e c t r a l  d e n s i t y  o f  a f l a m e - i o n i z a t i o n  de tec to r ,  expressed as 

t h e  square o f  t h e  ou tpu t  (no ise)  d i v i d e d  by t h e  f requency i s  p l o t t e d  versus t h e  

f requency, v (cps,  cyc les  p e r  second). 

An example o f  a power 

The va lue  o f  t h i s  d e n s i t y  f u n c t i o n  a t  

ul 

# 
n - 

rY > 

1 o - ~  I 

0 . 6 4  

0.32  

f roq.  in cps 

F ig .  10.2. Power spectrum o f  f l a m e - i o n i z a t i o n  d e t e c t o r  (Smi t  and Walg, 1975).  

a f requency v m u l t i p l i e d  by dv represents  t h e  power o f  t h e  no ise  w i t h  f requenc ies  

between v and v + d v .  

square o f  t he  o u t p u t  i n  t h e  presence o f  f i l t e r s  w i t h  d i f f e r e n t  f requenc ies  

c u t t i n g  t h e  no ise  above o r  below c e r t a i n  f requenc ies .  

be deduced t h a t  t he  a p p l i c a t i o n  o f  a f i l t e r  which cu ts  f requenc ies  h i g h e r  than 

16 cps has v i r t u a l l y  no e f f e c t  on the  magnitude o f  t he  no ise .  

t h e  power o f  t h e  no ise ,  which i s  equal  t o  t h e  squared ampl i tude or t h e  var iance,  

can be c a l c u l a t e d  by t a k i n g  t h e  i n t e g r a l  o f  t h e  d e n s i t y  f u n c t i o n  ove r  the  

i n t e r v a l  0-16 cps. 

cu ts  f requenc ies  above approx imate ly  6 cps reduces t h e  power o f  t h e  no ise  by 

about h a l f .  

The d e n s i t y  f u n c t i o n  migh t  be determined by measur ing t h e  

From F i g .  10.2, i t  can 

I n  t h i s  i ns tance  

S i m i l a r l y ,  i t  can be seen t h a t  a p p l i c a t i o n  o f  a f i l t e r  wh ich  

The i n f o r m a t i o n  represented  by t h e  power spectrum can a l s o  be ob ta ined  by 

making use o f  au to-covar iance f u n c t i o n s  o r  t h e  r e l a t e d  a u t o - c o r r e l a t i o n  f u n c t i o n s .  

When t h e  n a t u r e  o f  t h e  f l u c t u a t i o n s  o f  t h e  s i a n a l  i s  random, and when one i s  
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d e a l i n g  w i t h  s t a t i o n a r y  no ise ,  t h e  expected d e v i a t i o n s  (Ay) a re  determined 

l a r g e l y  by t h e  va r iance  o f  t he  no ise  and i t  i s  p o s s i b l e  t o  g i v e  t h e  p r o b a b i l i t y  

o f  a c e r t a i n  d e v i a t i o n  o c c u r r i n g  a t  any i n s t a n t .  However, i f  a t  a c e r t a i n  t ime  

t t h e  d e v i a t i o n  A y ( t )  i s  known, the  d e v i a t i o n  A y ( t t A t )  can o n l y  assume a va lue  

c l o s e  t o  A y ( t )  un less  A t  i s  l a r g e .  

au to-covar iance f u n c t i o n ,  which i s  de f i ned  as 

Th is  c o r r e l a t i o n  can be expressed by the  

T 
r ( A y ( t ) ,  A y ( t t A t ) )  = r ( A t )  = l i m  = 1 I A y ( t ) . A y ( t t A t ) . d t  (10.2) 

T- 

The au to-covar iance i s  g i ven  by t h e  

f rom t h e  average va lue  o f  t h e  s igna 

‘ 0  

average o f  t he  p roduc t  o f  two d e v i a t i o n s  

[ A y ( t )  and A y ( t t A t )  3 separa ted  by a t ime 

i n t e r v a l  A t .  The au to-covar iance f o r  A t  = 0 i s  equal  t o  t h e  var iance as 

d e f i n e d  by eqn. 10.1. 

coherence o r  t h e  c o r r e l a t i o n  between t h e  magnitude o f  t h e  s i g n a l s  a t  d i f f e r e n t  

t ime i n t e r v a l s .  

than the  c o r r e l a t i o n  w i t h  the  s i g n a l  observed a t  some l a t e r  stage. 

t ime  i n t e r v a l s  (and randomly f l u c t u a t i n g  s i g n a l s ) ,  t h e r e  i s  no r e l a t i o n s h i p  

between the  two values observed. Then a combinat ion o f  two p o s i t i v e  d e v i a t i o n s  

i s  e q u a l l y  p robab le  as t h e  combina t ion  o f  a p o s i t i v e  w i t h  a nega t i ve  d e v i a t i o n .  

Consequently t h e  average o f  t he  p roduc t  A y ( t ) . A y ( t t A t )  f o r  l a r g e  A t  w i l l  be 

zero  and t h e  r e s u l t i n g  va lue  o f  t he  covar iance i s  zero .  An example o f  a 

covar iance f u n c t i o n  i s  shown i n  F ig .  10.3. 

The au to-covar iance f u n c t i o n  descr ibes  t h e  degree o f  

The c o r r e l a t i o n  o f  t he  s i g n a l  w i t h  i t s e l f  i s  c l e a r l y  l a r g e r  

Fo r  l a r g e  

F igs .  10.2 and 10.3 rep resen t  t h e  same i n f o r m a t i o n  about the  f l a m e - i o n i z a t i o n  

de tec to r ,  i . e .  , i n f o r m a t i o n  about t h e  magnitude and speed o f  t he  f l u c t u a t i o n s .  

Mathemat ica l l y ,  t he  r e l a t i o n s h i p  between t h e  two f u n c t i o n s  i s  a F o u r i e r  

t rans fo rm (Wiener-Khinchin r e l a t i o n s ) .  

spectrum y i e l d s  t h e  au to-covar iance f u n c t i o n  (Papou l is ,  1965). I t  i s  n o t  o u r  

i n t e n t i o n  t o  cons ide r  t h e  mathematical  d e t a i l s ,  b u t  r a t h e r  t o  show t h e  use o f  

bo th  func t i ons .  

t h i s  use can be demonstrated b e t t e r  w i t h  some i d e a l i z e d  f u n c t i o n s .  I f  t h e  

The F o u r i e r  t rans fo rm o f  t h e  power 

As F igs .  10.2 and 10.3 rep resen t  r a t h e r  compl ica ted  f u n c t i o n s ,  
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0 

- 0.36 4 
F i g .  10.3.  Auto-covar iance f u n c t i o n  o f  f l a m e - i o n i z a t i o n  d e t e c t o r  no i se  
(Smi t  and Walg, 1975). 

c o r r e l a t i o n  t ime,  T , o f  t h e  
Y 

2 - A t l . r y  
R(At )  = s e 

i s  r e l a t e d  t o  t h i s  f requency 

a l s o  can be expressed as t h e  

au to-covar iance f u n c t i o n  i s  exponen t ia l ,  t h e  cor respond ing  power spectrum i s  

f l a t  up t o  a c e r t a i n  f requency uo (see F i g .  10.4). The ( t i m e )  cons tan t  o r  

exponent i  a1 au to-covar i  ance f u n c t i o n  

(10.3) 

( i n  &ps i f  T and A t  a re  expressed i n  seconds ; i t  

angu la r  f requency w0 i n  r a d i a l s  pe r  second, r p s )  
Y 

by t h e  s imp le  r e l a t i o n s h i p  uo l / T  
Y Y 

t h e  same measure f o r  t he  speed o f  t h e  f l u c t u a t i n g  process, whereas s 

shown i n  F ig .  10.4. C l e a r l y  T and wo are  

2 

2 2 s  s y  
p o w 0  r = 
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A p p l i c a t i o n s  o f  t h e  au to-covar iance f u n c t i o n  a re  d iscussed i n  more d e t a i l  i n  

Chapter 26 ( P a r t  I V ) .  

10.3. RESPONSE AS A FUNCTION OF TIME 

Cont inuous procedures a r e  designed t o  measure (changes i n )  t he  compos i t ion  o f  

a cont inuous  sample stream, and no ise  adds a f l u c t u a t i o n  t o  t h e  s i g n a l  t h a t  

cannot be a s c r i b e d  t o  t h i s  composi t ion.  Hence t r a n s l a t i o n  o f  t h e  ( t o t a l )  s i g n a l  

i n t o  sample compos i t ion  by means o f  t h e  c a l i b r a t i o n  f u n c t i o n  leads  t o  imprec i se  

r e s u l t s .  

procedures.  

i s  n o t  t h e  o n l y  reason f o r  erroneous r e s u l t s  be ing  produced. 

I n  t h i s  respec t  t h e r e  i s  no e s s e n t i a l  d i f f e r e n c e  w i t h  d i scon t inuous  

However, when us ing  cont inuous procedures the  presence o f  no i se  

I n  genera l ,  ins t ruments  t h a t  opera te  con t inuous ly  r e q u i r e  some t ime  t o  reach 

an e q u i l i b r i u m  t h a t  corresponds t o  t h e  sample compos i t ion .  Continuous procedures 

cannot adequate ly  measure t h e  compos i t ion  o f  a sample stream when t h e  compos i t ion  

i s  changing r a p i d l y .  

i s  i n  genera l  s m a l l e r  than t h e  r e a l  f l u c t u a t i o n s  t h a t  would be ob ta ined  when 

app ly ing  t h e  c a l i b r a t i o n  f u n c t i o n .  Measuring w i t h  a slow, con t inuous ly  work ing  

i ns t rumen t  i s  e s s e n t i a l l y  t he  same as a p p l y i n g  a f i l t e r  i n  o r d e r  t o  remove t h e  

no ise .  

ga thered by t h e  cont inuous i ns t rumen t .  

be f a s t  w i t h  respec t  t o  the  f l u c t u a t i o n s  t h a t  have t o  be measured, which r e q u i r e s  

a q u a n t i f i c a t i o n  o f  what i s  t o  be understood by f a s t .  

t ime  aspec t  o f  the  f l u c t u a t i o n s  can be q u a n t i f i e d  by the  covar iance f u n c t i o n  

o r  t he  power spectrum (analogous t o  the  d e s c r i p t i o n  o f  t he  no ise ) .  

o f  a cont inuous i ns t rumen t  can be cha rac te r i zed  i n  e s s e n t i a l l y  two ways : 

d e s c r i p t i o n  by a t ime parameter o r  by a f requency parameter.  

The magnitude o f  t h e  f l u c t u a t i o n s  as shown by the  i ns t rumen t  

I t  c l e a r l y  i s  d e s i r a b l e  n o t  t o  l o s e  t h e  i n f o r m a t i o n  t h a t  has t o  be 

The response o f  t h e  i ns t rumen t  has t o  

As has been shown, t h e  

The respons. 

As  an example t o  i l l u s t r a t e  t h e  response o f  a cont inuous procedure we can 

cons ider  a f l o w  c e l l  as used i n  many ins t rumen ts  t h a t  a r e  opera ted  con t inuous ly .  

I n  some ins tances  such a f l o w  c e l l  a c t s  as a so  c a l l e d  i d e a l  d i l u t o r  ( i  .e. ,  

w i t h  very  good m ix ing  c h a r a c t e r i s t i c s ) .  Here t h e  sample ( o r  r a t h e r  p a r t  o f  
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t h e  sample stream) e n t e r i n g  the  c e l l  i s  mixed w i t h  the  e n t i r e  conten ts  as soon 

as i t  e n t e r s  t h e  c e l l .  It w i l l  be c l e a r  t h a t  a sudden (s tepwise)  change o f  

concen t ra t i on  i n  t h e  sample stream from, say, 0 t o  a causes a g radua l  change 

f rom c o n c e n t r a t i o n  0 t o  a i n  t h e  sample c e l l .  

i s  represented  by V (m l )  and t h e  f l o w  by v (ml/sec),  t h e  d i f f e r e n t i a l  equa t ion  

d e s c r i b i n g  t h e  concen t ra t i on  x ( t )  i n  the  f l o w  c e l l  as a f u n c t i o n  o f  t ime  i s  

I f  the  volume o f  t h e  f l o w  c e l l  

(10.4) 

A t  t ime t = 0 the  concen t ra t i on  of  t he  s o l u t i o n  e n t e r i n g  t h e  c e l l  changes f rom 0 

t o  a and t h e  concen t ra t i on  i n  t h e  c e l l  i s  g i ven  by 

(10.5) 

The dynamic behav iour  o f  t h i s  f l o w  c e l l  i s  f i r s t  o rde r .  The cons tan t  c h a r a c t e r i z i n g  

t h i s  f i r s t - o r d e r  process i s  v/V and has t h e  dimensions o f  r e c i p r o c a l  t ime ; 

t h i s  t ime  i s  c a l l e d  t h e  t ime  cons tan t  o f  t h e  c e l l  ( r a  = ,). A smal l  t ime cons tan t  

and thus  a f a s t  response i s  ob ta ined  f o r  l a r g e  f l ow- ra tes  and smal l  volumes. 

I f  t h e  f l o w  c e l l ,  f o r  i ns tance ,  serves as a c e l l  f o r  measuring the  absorbance A 

and i f  t h e  measurement o f  t he  absorbance i s  very  f a s t ,  t he  t o t a l  response o f  

t h e  f l o w  c e l l  and t ransducer  f o r  measuring t h i s  absorbance i s  g i ven  by 

V 

- t / T a  
y ( t )  = A ( t )  = Sx (1-e ) (10 .6 )  

where S i s  t h e  s e n s i t i v i t y  as i n t roduced  i n  Chapter 6. 

an i l l u s t r a t i o n  o f  such a response. From eqn. 10.6 and F i g .  10.4, i t  i s  c l e a r  

t h a t  a f t e r  a t ime equal  t o  t h e  t ime cons tan t  T~ t h e  response i s  0.63 Sx. 

a t ime 5?,the va lue  o f  y ( t )  i s  w i t h i n  1% o f  i t s  f i n a l  value. 

F i g .  10.5 serves as 

A f t e r  

I n  p r a c t i c e ,  t h e  behav iour  o f  many ( p a r t s  o f )  cont inuous procedures can be 

approximated by f i  r s t - o r d e r  processes, a1 though t h e  phys i ca l  model may be 

ve ry  d i f f e r e n t  from the  one descr ibed.  These procedures a re  adequate ly  

c h a r a c t e r i z e d  by a f i r s t - o r d e r  t i m e  cons tan t  ra. However, n o t  a l l  procedures 
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't 

t 
F i g .  10.5. F i r s t - o r d e r  response o f  cont inuous procedure.  

behave as f i  r s t - o r d e r  processes and t h e r e f o r e  another  c h a r a c t e r i s t i c  parameter 

has t o  be i n t roduced .  I n  some ins tances  a sudden change i n  t h e  compos i t ion  o f  

t h e  feed does n o t  cause a response u n t i l  a t ime td a f t e r  t he  d i s tu rbance  i n  

concen t ra t i on  has been imposed. 

f o r  t h i s  t ype  o f  response i s  a tube o f  c e r t a i n  l e n g t h  th rough which t h e  sample 

stream i s  moving. 

a t  t h e  o t h e r  end o f  t h e  tube a t  a t ime  dependent on the  l e n g t h  o f  t h e  tube and 

t h e  l i n e a r  v e l o c i t y  o f  t h e  moving l i q u i d  o r  gas. 

r e f e r r e d  t o  as the  dead t ime o r  t ime  l a g  o f  t h e  system. 

A phys i ca l  model t h a t  i s  approx imate ly  v a l i d  

A d i s tu rbance  a t  one end a t  t he  tube w i l l  man i fes t  i t s e l f  

Th is  t ime, td, i s  u s u a l l y  

I t  a l s o  i s  poss ib le ,  and i n  many ins tances  advantageous t o  desc r ibe  t h e  

response o f  con t inuous  procedures i n  another  way. 

response t o  s tepwise  changes i n  t h e  concen t ra t i on ,  t h e  response t o  concen t ra t i ons  

t h a t  f l u c t u a t e  s i n u s o i d a l l y  can be observed. Such a p e r i o d i c a l l y  changing feed  

w i l l  cause a p e r i o d i c a l l y  changing s i g n a l ,  a s i n e  wave w i t h  the  same frequency. 

Th is  i s  o n l y  t r u e  f o r  systems t h a t  can be descr ibed by a l i n e a r  d i f f e r e n t i a l  

equat ion  w i t h  cons tan t  c o e f f i c i e n t s .  

f o l l o w  t h e  changes i n  concen t ra t i on  such t h a t  the  response a t  any t ime i s  g iven  by 

the  c a l i b r a t i o n  f u n c t i o n ,  y ( t )  = S x ( t ) .  Fo r  h i g h e r  f requenc ies ,  t h e  i ns t rumen t  

cannot f o l l o w  the  changes and t h e r e  w i l l  be a phase d i f f e r e n c e  between the  

i n p u t  and t h e  ou tpu t .  

I n s t e a d  o f  d e s c r i b i n g  t h e  

I f  the  frequency i s  low t h e  i ns t rumen t  w i l l  

Moreover, t he  ampl i tude o f  t he  s i g n a l  f l u c t u a t i o n s  i s  

iranchembook.ir/edu

https://iranchembook.ir/edu


204 

smaller than the amp1 i tude t h a t  might be expected from the c a l i b r a t i o n  funct ion.  

Before the  measurement has reached i t s  maximum possible response, the concentration 

i s  already decreasing, and before the  minimum i s  reached the concentration i s  

i ncreasi ng again. 

The phase difference and amplitudes a re  functions of t h e  frequency. For  

a f i r s t - o r d e r  process these dependences a r e  as  shown i n  Fig. 10.5 ; such diagrams 

usually a r e  ca l led  Bode-diagrams. 

decreases i s  here equal t o  the band width ; i t s  re la t ionship  with the time 

constant i s  shown in Fig. 10.6. 

i n  pr inc ip le  has an i n f i n i t e  band width. 

undisturbed through the instrument, a1 though the pass i s  character ized by a 

time delay (phase s h i f t ) .  

The frequency a t  which the response sharply 

An instrument character ized by a time lag td 

Sine waves o f  a l l  frequencies pass 

- 4  

0 -r - - - - -  

7- 
4 

-If 

- - .  

- - ?  

2 l/ra l o g  frequency E p s )  

om: -r - - - - -  

-If 
2 

-- 

Fig. 10.6. Frequency response of f i r s t - o r d e r  process 

We sha l l  n o t  consider the mathematical d e t a i l s ,  nor sha l l  we discuss higher 

order processes. We sha l l  remark only t h a t  the response as expressed by 

Fig. 10.6,  i s  re la ted  t o  the s t e p  response o f  Fig. 10 .5  (through Fourier 

and Laplace transforms), 
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10.4. DISCUSSION 

Some aspects o f  cont inuous f l o w  systems f o r  automated chemical a n a l y s i s  may 

serve as an i l l u s t r a t i o n  o f  t he  use o f  t h e  c h a r a c t e r i s t i c s  i n t roduced  i n  t h i s  

chapter .  

l a b o r a t o r i e s  where d i s c r e t e  samples have t o  be analysed. 

use a cont inuous  f l o w  system these d i s c r e t e  samples have t o  be conver ted  i n t o  

sample streams, which i n  p r a c t i c e  i s  e f f e c t e d  by c r e a t i n g  a stream of sample 1 

du r ing  a l i m i t e d  p e r i o d  o f  t ime f o l l o w e d  by a stream o f  b lank  (wash f l u i d ) ,  a 

stream o f  sample 2, a stream o f  b lank ,  and so on. The r e s u l t  i s  a s e r i e s  o f  

s tepwise  changes i n  concen t ra t i on ,  f rom 0 t o  xl, f rom x1 t o  0, from 0 t o  x2,  

e t c . ,  w i t h  a t ime i n t e r v a l  A t  between t h e  s teps .  I f  t h e  cont inuous f l o w  system 

shows a f i r s t - o r d e r  response, t h e  s i g n a l s  y measured as a f u n c t i o n  o f  t ime  w i l l  

show a p a t t e r n  as represented  by F ig .  10.7. 

i s  about  5-ra,with the  r e s u l t  t h a t  a smal l  p l a t e a u  w i t h  a v i r t u a l l y  cons tan t  

response cor respond ing  t o  y = Sx i s  ob ta ined.  

5.rathe maximum response i s  n o t  ob ta ined.  

has t o  be a t  l e a s t  tw ice  5.raand t h e  sampl ng frequency w i l l  be the r e c i p r o c a l  o f  t h a t  

value. Hence a decrease i n  g w i l l  pe rm i t  a l a r g e r  number o f  samples t o  be 

analysed w i t h i n  a c e r t a i n  t ime  span w i t h  t h e  same ins t rumen t .  

Many systems o f  t h i s  type  a r e  i n  use i n  a n a l y t i c a l  and c l i n i c a l  

I n  o rde r  t o  be a b l e  t o  

Here t h e  d i s tance  between t h e  s teps  

I f  t h e  d i s tance  i s  sma l le r  than 

I t i s  c l e a r  t h a t  t h e  sampl ing t ime  

i n  
ou 

p u t  x 

tpu t  Y 

F i g .  10.7. Response o f  a cont inuous f l o w  system. 

I n  r e a l i t y  t h e  response i s  more compl ica ted  owing t o  a more compl ica ted  

p a t t e r n  o f  t h e  s t ream i n  t h e  i ns t rumen t .  

dynamic behav iour  as r e f l e c t e d  by t h e  response can serve as an a i d  i n  improv ing  

t h e  ins t rument .  

and t h e  reader  i s  r e f e r r e d  t o  the  paper by Snyder e t  a1 . (1976).  

A more d e t a i l e d  ana lys i s  o f  t h e  

A d i scuss ion  o f  these aspects i s  beyond t h e  scope o f  t h i s  chapter ,  

iranchembook.ir/edu

https://iranchembook.ir/edu


206 

A l though some aspects o f  t h e  use o f  a n a l y t i c a l  procedures f o r  m o n i t o r i n g  

purposes a re  t r e a t e d  i n  Chapter 26, a b r i e f  d i scuss ion  on t h e  c h a r a c t e r i s t i c s  

i n t r o d u c e d  i n  r e l a t i o n  t o  t h i s  m o n i t o r i n g  i s  u s e f u l  here .  

f u n c t i o n s  have been i n t r o d u c e d  t o  c h a r a c t e r i z e  the  o u t p u t  o f  t h e  cont inuous 

procedure.  

over  a l o n g  p e r i o d  o f  t ime ( l o n g  w i t h  respec t  t o  the  t ime cons tan t  o f  t he  

covar iance f u n c t i o n ) ,  t he  no ise  can be decreased by the  process o f  averag ing  o r  

f i l t e r i n g .  The p r e c i s i o n  t h e r e f o r e  can be inc reased a t  t h e  expense o f  t ime.  

However, i f  t h e  concen t ra t i on  i s  c o n s t a n t l y  va ry ing ,  such a f i l t e r i n g  procedure 

cannot be app l i ed .  

b u t  a l s o  the  (unknown) v a r i a t i o n s  i n  t h e  concen t ra t i on .  F i l t e r i n g  w i t h o u t  

l o s i n g  e s s e n t i a l  i n f o r m a t i o n  i s  p o s s i b l e  o n l y  when the  power d e n s i t y  f u n c t i o n  

o f  t h e  v a r i a t i o n s  t o  be measured does n o t  app rec iab l y  ove r lap  w i t h  t h e  power 

d e n s i t y  f u n c t i o n  o f  t he  no ise .  

The d i scuss ion  o f  spec ia l  c o r r e l a t i o n  techniques i n  chromatography and 

Var iance and covar iance 

I f  a stream w i t h  a cons tan t  concen t ra t i on  i s  f e d  i n t o  t h e  i ns t rumen t  

There i s  always a r i s k  t h a t  n o t  o n l y  the  n o i s e  i s  d i sappear ing  

spectroscopy f a l l s  o u t s i d e  t h e  scope o f  t h i s  book. 

t o  no te  t h a t  i n s t e a d  o f  m u l t i p l y i n g  the  s i g n a l  by i t s e l f  as measured A t  e a r l i e r ,  

which l eads  t o  the  au to-covar iance o r  a u t o - c o r r e l a t i o n ,  t h e  s i g n a l  (ou tpu t )  can 

a l s o  be m u l t i p l i e d  by the  feed ( i n p u t )  a t  a t ime A t .  I n  t h a t  case a 

c r o s s - c o r r e l a t i o n  between t h e  i n p u t  and o u t p u t  i s  ob ta ined.  

i n  chromatography when a s p e c i a l  sample i n t r o d u c t i o n  techn ique i s  used ; i t  i s  

c a l l e d  c o r r e l a t i o n  chromatography and r e s u l t s  i n  t h e  enhancement o f  t h e  

s i g n a l - t o - n o i s e  r a t i o  ( o r  a decrease i n  t h e  l i m i t  o f  d e t e c t i o n )  (Annino, 1976).  

S i m i l a r  a p p l i c a t i o n s  o f  c o r r e l a t i o n  techniques a r e  used i n  spectroscopy ( H o r l i c k ,  

1973) .  

o f  t he  cont inuous  f l o w  systems i n  o r d e r  t o  improve t h e  performance o f  such 

systems (see f o r  i ns tance ,  Snyder and Ad ler ,  1976 a and b ) .  

However, i t  i s  i n t e r e s t i n g  

T h i s  can be a p p l i e d  

A lso  o u t s i d e  t h e  scope o f  t h i s  book f a l l s  t h e  s tudy  o f  t h e  c h a r a c t e r i s t i c s  
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10.5. STOCHASTIC PROCESSES (MATHEMATICAL) 

A s t o c h a s t i c  process y i s  d e f i n e d  as a func t i on  which assoc ia tes  a random 

v a r i a b l e  y ( t )  t o  each i n s t a n t  t 

The process i s  c a l l e d  s t a t i o n a r y  i f  t h e  f o l l o w i n g  t h r e e  c o n d i t i o n s  a r e  f u l f i l l e d  

(10.9) 

(10.10) 

Cond i t ions  10.8 and 10.9 i n d i c a t e  t h a t  t he  mean va lue  and var iance do n o t  change 

w i t h  t ime.  Cond i t i on  10.10 i n d i c a t e s  t h a t  t h e  covar iance between two random 

v a r i a b l e s  y ( t )  and y ( t t A t )  taken from t h e  process depends o n l y  on t h e  t ime  

i n t e r v a l  A t .  

When t h e  p r o b a b i l i t y  f u n c t i o n  o f  t h e  random v a r i a b l e s  y ( t )  a re  unknown, these 

parameters must be es t imated  by us ing  a r e a l i z a t i o n  o f  t h e  process d u r i n g  a 

s u f f i c i e n t l y  l o n g  p e r i o d  o f  t ime. 

I n  t h i s  way, t h e  mean va lue  7 can be found f rom 

Such a r e a l i z a t i o n  i s  c a l l e d  a t ime s e r i e s .  

I t  i s  an es t ima te  o f  t h e  t r u e  mean va lue  g i ven  by 

1 '  
1~ = l i m  - 1 y ( t )  d t  

T+m o 

The var iance o2 i s  g i v e n  by 

T 1 A y ( t ) 2  d t  
0 u2 = l i m  1 1 ( y ( t ) - Y f d t  = 

I d t  
T+m 0 

0 

(10.11) 

(10.12) 

(10.13) 
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where A y ( t )  i s  t h e  d e v i a t i o n  f rom t h e  mean va lue  7 

The auto-covar iance f u n c t i o n  g i ven  by eqn 

T 1 
r ( A y ( t ) , A y ( t t A t )  ) = r ( A t )  = l i m  - 1 Ay 

T-tm o 

m 

1 A y ( t )  A y ( t t A t )  d t  
- 0  

m 

1 d t  
0 

(10.14) 

10.10 can be w r i t t e n  as 

t )  A y ( t t A t )  d t  (10.15) 

I t  can be es t ima ted  by means o f  C(At ) ,  g i ven  by 

T n 1 

T O  i = l  
C(At )  = - 1 A y ( t )  A y ( t t A t )  d t  2 f C Ay( t i )  Ay(titl) (10.16) 

The a u t o - c o r r e l a t i o n  f u n c t i o n  which expresses t h e  au to-covar iance i n  terms o f  

t h e  va r iance  can then be es t imated  f rom 

R(At )  = 
S 

2 where s2 i s  an es t ima te  o f  g i ven  by 

2 l n  T 
s2 = 1 ( y ( t ) - 7 )  d t  2 C ( y ( t i ) - y ) 2  

T o  i=l 

(10.17) 

(10.18) 

Th is  o f  course f a r  f rom exhausts t h e  s u b j e c t  o f  t i m e  s e r i e s  a n a l y s i s .  

r e c e n t  years  t h e  s u b j e c t  has w i tnessed a wide v a r i e t y  o f  developments. These 

can be d i v i d e d  i n t o  severa l  impor tan t  types o f  approaches among which s p e c t r a l  

a n a l y s i s  and t ime  domain a n a l y s i s  a re  t h e  most impor tan t .  

t he  reg ress ion  methods, t h e  smoothing methods and t h e  Box-Jenkins techn ique a re  

e s p e c i a l l y  wor th  ment ion ing ,  

I n  

I n  t h e  l a t t e r  type  
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Readers i n t e r e s t e d  i n  these developments can f ind  d e t a i l s  i n  the  books by 

Box and Jenkins (1970), Nelson (1973), Koopmans (1974) and Papoulis (1965). 
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Chapter 11 

SURVEY OF EXPERIMENTAL OPTIMIZATION METHODS 

11.1. INTRODUCTION - THE NEED FOR FORMAL METHODS 

One of t h e  most general  problems i n  a n a l y t i c a l  chemis t ry  i s  t he  o p t i m i z a t i o n  

o f  an e x i s t i n g  procedure,  t h e  o b j e c t  be ing  t o  o p t i m i z e  (maximize o r  min imize)  

t h e  response o f  t h i s  procedure,  Response i n  t h i s  con tex t  i s  t o  be understood 

as t h e  q u a n t i t y  used t o  eva lua te  t h e  method, i . e . ,  t h e  o p t i m i z a t i o n  c r i t e r i o n .  

I n  many ins tances  t h i s  w i l l  be ( o r  shou ld  be) one of  t h e  e v a l u a t i o n  c r i t e r i a  

( p r e c i s i o n ,  s e n s i t i v i t y ,  e t c . )  d iscussed i n  P a r t  I o r  a phys i ca l  q u a n t i t y  

r e l a t e d  t o  one o f  these c r i t e r i a  ( f o r  example, o p t i c a l  absorbance, r e l a t e d  t o  

s e n s i t i v i t y ) .  

parameters (cont inuous  and d i s c r e t e )  such t h a t  t h e  b e s t  p o s s i b l e  response i s  

ob ta ined.  As  an example, cons ide r  t h e  c o l o r i m e t r i c  de te rm ina t ion  o f  phosphate 

and suppose t h a t  t h e  o p t i m i z a t i o n  c r i t e r i o n  i s  t he  o p t i c a l  absorbance. 

wants t o  know the  op t ima l  concen t ra t i ons  of  t he  molybdate and reduc ing  agent,  

t he  op t ima l  t ime  f o r  c o l o u r  development, whether one shou ld  use asco rb i c  a c i d  

o r  t i n  (11) c h l o r i d e  f o r  t h e  reduc t i on ,  whether an e x t r a c t i o n  s tep  shou ld  be 

i n t roduced ,  e t c .  

The o p t i m i z a t i o n  cons is t s  i n  t h e  s e l e c t i o n  of t h e  values o f  t h e  

One then 

I n  genera l  , t h e r e  a r e  two k inds  o f  ques t i ons ,  namely : 

( a )  what i s  t h e  op t ima l  va lue  of a parameter (such as a reagent  concen t ra t i on  

o r  a r e a c t i o n  t ime)  ; 

( b )  what a r e  t h e  be@ exper imenta l  c i rcumstances o r  t he  bes t  a t t r i b u t e s  ( shou ld  

one add an e x t r a c t i o n  s tep ,  what i s  t h e  b e s t  reagent,  e t c . ) .  

I t  i s  sometimes necessary t o  ask t h e  two k inds  o f  ques t ions  toge the r .  

Category ( a )  ques t ions  can be so lved w i t h  t h e  methods descr ibed i n  a l l  t he  

chapters  of  t h i s  p a r t  o f  t h e  book. 

o n l y  w i t h  t h e  f a c t o r i a l  methods o f  Chapters 12 and 13. 

Ques t ions  o f  ca tegory  (b )  can be so lved 
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Before d e s c r i b i n g  the  fo rmal  methods t h a t  have been developed f o r  o p t i m i z a t i o n  

i n  an op t ima l  way, l e t  us cons ide r  f i r s t  how an op t im iza t i o , )  such as the  

de te rm ina t ion  of  phosphate would u s u a l l y  be c a r r i e d  o u t  i n  p r a c t i c e .  

assumed t h a t  o n l y  two parameters a r e  o f  importance, namely t h e  concen t ra t i ons  

o f  ammoniummolybdate and t h e  reduc ing  agent.  

keep one o f  these f a c t o r s  cons tan t  and determine t h e  op t ima l  va lue  o f  t h e  o t h e r ,  

then a t  t h i s  va lue  he w i l l  determine t h e  op t ima l  va lue  of  t h e  fo rmer .  Th is  i s  

shown i n  F i g .  11.1, where A i s  t h e  s t a r t  ( i n i t i a l  c o n d i t i o n s )  o f  t h e  o p t i m i z a t i o n  

procedure o r  search and 0 t h e  optimum t o  be a t t a i n e d .  

I t  i s  

Probably the  i n v e s t i g a t o r  w i l l  

x 2  

F i g .  11.1. U n i v a r i a t e  search procedure . A = S t a r t i n g  p o i n t  ; 0 = optimum 
(based on D.L. Massart  e t  a l . ,  1977) 

Hand l ing  the  o p t i m i z a t i o n  i n  t h i s  way has severa l  d isadvantages, t h e  most 

i m ? o r t a n t  o f  which a r e  t h e  f o l l o w i n g  

(1) Other  and more impor tan t  f a c t o r s  may i n f l u e n c e  t h e  r e s u l t  ; 

( 2 )  The op t ima l  va lue  found i s  n o t  t h e  r e a l  op t ima l  va lue  because t h e  f a c t o r s  

I n  F ig .  11.1, B would be ob ta ined  by o p t i m i z i n g  f a c t o r  x1 a t  cons tan t  i n t e r a c t .  

x2 and C by subsequent o p t i m i z a t i o n  o f  x2  a t  t he  va lue  o f  B f o r  xl. 

i s  n o t  op t ima l  a t  a l l .  

t h i s  "one f a c t o r  a t  a t ime" ,  s i n g l e - s t e p  o r  u n i v a r i a t e  search procedure.  

C l e a r l y ,  C 

The optimum c o u l d  have been ob ta ined  by r e p e t i t i o n  o f  
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However, t h i s  necess i ta tes  a l a r g e  number o f  exper iments,  p a r t i c u l a r l y  when 

more than two f a c t o r s  have t o  be considered. 

disadvantage : 

T h i s  leads  us t o  t h e  t h i r d  main 

(3)  The u n i v a r i a t e  o p t i m i z a t i o n  s t r a t e g y  wastes l a b o u r  because i t  i s  i n e f f i c i e n t  

i n  the  sense t h a t  a l a r g e r  number of  exper iments than necessary a r e  c a r r i e d  ou t .  

Formal o p t i m i z a t i o n  methods u s u a l l y  a l l o w  one t o  a v o i d  these d i f f i c u l t i e s  ; 

they  y i e l d  more i n f o r m a t i o n  and r e q u i r e  l e s s  work. 

Nal imov (1972) remarked t h a t  one o f  t h e  more n o t i c e a b l e  t rends  i n  modern 

sc ience i s  t o  pass on f rom the  s tudy  o f  w e l l  o rgan ized systems t o  bad ly  0rganizr .d 

o r  d i f f u s e  systems. From t h e  beg inn ing  o f  modern sc ience i n  t h e  17 th  cen tu ry  

t o  the  m idd le  o f  t h e  20th century ,  workers i n  t h e  phys i ca l  sc iences  t r i e d  t o  

s tudy  w e l l  o rgan ized systems w i t h  as smal l  a number o f  v a r i a b l e s  as p o s s i b l e .  

Dur ing  many c e n t u r i e s  i t  was impressed on new i n v e s t i g a t o r s  t h a t  t h e  one- fac to r  

exper iment i s  t h e  o n l y  acceptab le  one. 

c o n s u l t  o n l y  a few a n a l y t i c a l  chemis t ry  j o u r n a l s  t o  encounter many examples . 
:4athematical s t a t i s t i c s  and systems theo ry  i n i t i a t e d  a change i n  these b e l i e f s  

f rom around 1935. I n  a n a l y t i c a l  chemis t ry ,  t h i s  has r e s u l t e d  i n  severa l  

d i f f e r e n t  approaches t o  o p t i m i z a t i o n .  

Th is  b e l i e f  s t i l l  ho lds  and one has t o  

One can c a r r y  o u t  t h e  k i n d  o f  o p t i m i z a t i o n  d iscussed i n  t h i s  p a r t  o f  t h e  book 

i n  two general  ways : 

( i )  The a n a l y t i c a l  approach, where the  word " a n a l y t i c a l "  i s  used i n  i t s  

mathematical  sense. I n  a n a l y t i c a l  chemistry,  t h i s  means t h a t  one has t o  i d e n t i f y  

t h e  u n d e r l y i n g  physico-chemical  p r i n c i p l e s  and t o  develop an exac t  equa t ion  t h a t  

descr ibes  t h e  process. 

( i i )  The b l a c k  box approach : one cons iders  t h e  method from t h e  p u r e l y  

exper imenta l  s ide ,  i . e . ,  one observes the  e f f e c t s  o f  changing t h e  f a c t o r s  on 

the  response, and one does t h i s  by changing a l l  o f  t h e  f a c t o r s  more o r  l e s s  a t  

the  same t ime.  

These are  t h e  methods we wish t o  d iscuss  i n  t h i s  book and we c a l l  them 

fo rmal  o p t i m i z a t i o n  methods. It shou ld  be no ted  here t h a t  t h e  b l a c k  box i s  a 
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n o t i o n  stemming from systems theo ry  and t h a t  i t  w i l l  be d iscussed i n  more d e t a i l  

i n  P a r t  V .  

The f i r s t  method can be c a l l e d  the  semi -ana ly t i ca l  approach, and c o n s i s t s  i n  

d e s c r i b i n g  approx imate ly  t h e  process s t u d i e d  us ing  a mathematical  equa t ion  

ob ta ined  by reg ress ion  techniques. 

procedures (see s e c t i o n  11.2) belong t o  t h i s  ca tegory .  

one does n o t  t r y  t o  understand t h e  procedure,  n o t  even i n  an approximate way. 

sequen t ia l  o p t i m i z a t i o n  procedures desc r ibed  i n  Chapter 14 a r e  examples o f  

t h i s  pure  b lack-box  approach. 

Most s o - c a l l e d  s imultaneous o p t i m i z a t i o n  

I n  the  second approach 

The 

11.2. OPTIMIZATION STRATEGIES 

An o p t i m i z a t i o n  method cons is t s  o f  t h r e e  stages, I n  t h e  f i r s t  stage, one 

decides on the  o b j e c t i v e  f u n c t i o n  ( o r  response) accord ing  t o  which the  method 

( t h e  o u t p u t  of t h e  b l a c k  box) w i l l  be judged. 

u s u a l l y  c o n s i s t  o f  one o f  t he  e v a l u a t i o n  c r i t e r i a  discussed i n  P a r t  I. 

one c r i t e r i o n  w i l l  be i n s u f f i c i e n t  and composite c r i t e r i a ,  such as c o s t  p e r  u n i t  

o f  t ime,  w i l l  be employed. 

As s t a t e d  above, t h i s  w i l l  

Often, 

We have a l ready  discussed t h e  d i f f i c u l t y  o f  choosing a c r i t e r i o n  i n  P a r t  I, 

and we have t r i e d  t o  show how some o f  t h e  c r i t e r i a  can be fo rmu la ted  i n  a 

fo rmal  way. 

methods s u b j e c t  t o  two o r  more c r i t e r i a .  

a r e  d iscussed i n  the  chapter  on m u l t i c r i t e r i a  ana lys i s  i n  P a r t  111. For  t h e  

o p t i m i z a t i o n  procedures descr ibed i n  P a r t  11, one w i l l  always have t o  choose 

a s i n g l e  c r i t e r i o n  t h a t  w i l l  c o n s t i t u t e  t h e  o b j e c t i v e  f u n c t i o n .  I n  t h e  second 

stage, one decides the  f a c t o r s  t h a t  have an i n f l u e n c e  on the  o b j e c t i v e  f u n c t i o n .  

I n  many ins tances  t h e  processes u n d e r l y i n g  the  method a re  s u f f i c i e n t l y  w e l l  

known t o  be ab le  t o  decide t h i s  w i t h o u t  exper imenta t ion .  

on? 

o r  f a c t o r i a l  exper imenta t ion .  

parameters which have an e f f e c t  b u t  a l s o  whether these f a c t o r s  a re  independent or,  

However, no general  methods a re  a v a i l a b l e  a t  p resen t  f o r  o p t i m i z i n g  

Some p o s s i b l e  means o f  do ing  t h i s  

When t h i s  i s  n o t  so ,  

i n v e s t i g a t e s  t h e  method us ing  techniques such as the  a n a l y s i s  o f  var iance 

The l a t t e r  n o t  o n l y  a l l ows  one t o  i d e n t i f y  those 
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on t h e  c o n t r a r y ,  i n t e r a c t .  F a c t o r i a l  expe r imen ta t i on  i s  discussed i n  Chapter 12. 

The f i n a l  s tage i s  the  o p t i m i z a t i o n  i t s e l f .  

When t h e  response i s  p l o t t e d  as a f u n c t i o n  o f  two f a c t o r s ,  a response 

su r face  r e s u l t s  and t h e  o p t i m i z a t i o n  c o n s i s t s  i n  f i n d i n g  a maximum o r  minimum 

on t h i s  su r face ,  I t  can be represented  as i n  F ig .  11.2 o r  e l s e  us ing  contour  

l i n e s ,  such as i n  F ig .  11.1. Response-surface concepts can be genera l i zed  

( b u t  n o t  represented  v i s u a l l y )  f o r  more than two f a c t o r s .  

F ig .  11.2. Response su r face  f o r  two f a c t o r s .  

One can choose among many d i f f e r e n t  s t r a t e g i e s  o r  designs. Usua l l y ,  one 

makes a d i s t i n c t i o n  between simultaneous ( o r  pre-planned) and sequen t ia l  designs 

(see a l s o  s e c t i o n  11.1).  

number o f  exper iments acco rd ing  t o  a p re-ar ranged p l a n  ; f a c t o r i a l  des ign  i s  a 

t y p i c a l  example. A sequen t ia l  des ign  c o n s i s t s  i n  c a r r y i n g  o u t  o n l y  a few, o f t e n  

o n l y  one, exper iments a t  a t ime  and us ing  these t o  determine t h e  exper iment t o  

be c a r r i e d  o u t  n e x t  ; the Simplex method i s  an example. Mixed approaches a l s o  

e x i s t .  

sequen t ia l  s t r a t e g i e s  i n  Chapter 14. I n  some ins tances ,  one makes use o f  t h e  

The fo rmer  e n t a i l s  c a r r y i n g  o u t  a r a t h e r  l a r g e  

Simultaneous o p t i m i z a t i o n  s t r a t e g i e s  a re  d iscussed i n  Chapter 13 and 
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data  assembled i n  t h e  manner descr ibed i n  Chapters 12 - 14 t o  t ry  and descr ibe  

t h e  response su r face  o r  t h e  g r a d i e n t  a long it, f o r  example by reg ress ion  

a n a l y s i s  (see t h e  semi -ana ly t i ca l  approach, s e c t i o n  11.1). Th is  i s  descr ibed 

i n  Chapter 15.  
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Chapter 12 

FACTORIAL ANALYSIS 

12.1. DESCRIPTION OF THE METHOD 

I n  Chapter 4, we have seen t h a t  ANOVA can be used t o  i n v e s t i g a t e  which 

parameters o f  a procedure have an i n f l u e n c e  on t h e  r e s u l t .  A l i n e a r  model such as 

can then be w r i t t e n .  

value, e f f e c t s  ah, Bi and yk and an e r r o r  ehijk. 

e f f e c t s  a r e  s i g n i f i c a n t ,  one knows t h a t  one shou ld  o p t i m i z e  the  values o f  

parameters A, B and C respons ib le  f o r  e f f e c t s  ah, Bi and yk .  

do ing  t h i s  a re  desc r ibed  i n  t h e  f o l l o w i n g  sec t i ons .  

eqn. 12.1 g i ves  a d e s c r i p t i v e  model, which a l l ows  one t o  t e s t  t he  s i g n i f i c a n c e  

o f  t he  parameters ( f a c t o r s )  b u t  which cannot be used d i r e c t l y  f o r  o p t i m i z a t i o n  

purposes. Regression equat ions  such as 

The q u a n t i t y  yhijk i s  thought  t o  be composed o f  a mean 

I f  t h e  ANOVA conf i rms t h a t  t he  

Several  ways o f  

L e t  us no te  here t h a t  

y = bo t bAxA t b x 
t bCxC (12.2) B B  

on t h e  c o n t r a r y  can be used d i r e c t l y  f o r  o p t i m i z a t i o n  purposes. I n  eqn. 12.2 

y i s  aga in  t h e  s i g n a l  o r  measurement va lue  t o  be op t im ized,  xA, xB and xc  a re  

values o f  parameters A, B and C and bo, bA, bB and bC a r e  the  es t imates  o f  

B o y  B A Y  BB, and BC i n  the  model 

The op t ima l  va lue  ( i - e . ,  t h e  h i g h e s t  o r  l owes t  va lue)  o f  y can be ob ta ined  f rom 

eqn. 12.2 and y i e l d s  t h e  op t ima l  values o f  the  parameters A, B and C. Th is  i s  

descr ibed i n  d e t a i l  i n  Chapter 15. I t  must be no ted  here  t h a t  i n  many p r a c t i c a l  
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i ns tances  t h i s  model i s  t o o  s imple,  ma in l y  because i t  assumes t h a t  t h e  

parameters a r e  independent. 

o p t i m i z a t i o n  exper iments.  

i n  Chapter 4 ( labora tory -sample  i n t e r a c t i o n ) .  

how t o  take  t h i s  i n t o  account and how t o  c o n s t r u c t  a more r e a l i s t i c  ANOVA model 

than t h a t  g i ven  i n  eqn. 12.1. The means o f  comple t ing  reg ress ion  eqn. 12.2 i s  

desc r ibed  i n  Chapter 15. ANOVA can be c a r r i e d  o u t  i n  such a way t h a t  n o t  o n l y  

t h e  e f f e c t s  o f  s i n g l e  parameters b u t  a l s o  t h e  i n t e r a c t i o n s  among them a re  

de tec ted .  

f a c t o r i a l  ana lys i s .  Before  i n v e s t i g a t i n g  how t o  c a r r y  o u t  a f a c t o r i a l  ana lys i s ,  

l e t  us cons ide r  an example o f  i n t e r a c t i n g  parameters i n  an e x t r a c t i o n  procedure 

such as t h e  e x t r a c t i o n  o f  a metal  i o n  w i t h  a che la te - fo rm ing  agent  such as 

d i t h i z o n e  i n  the  presence o f  a sequester ing  agent such as EDTA. 

and t h e  c o n c e n t r a t i o n  o f  t h e  sequester ing  agent determine t h e  e x t e n t  o f  

e x t r a c t i o n .  The e f f e c t  o f  t h e  pH i s ,  however, n o t  t h e  same a t  h igh  and low 

concen t ra t i ons  o f  EDTA and they  a r e  t h e r e f o r e  i n t e r a c t i n g  parameters. 

I t  i s  found t h a t  i t  i s  u s u a l l y  n o t  c o r r e c t  f o r  

I n  f a c t ,  we have a l ready  seen an example o f  i n t e r a c t i o n s  

I n  t h i s  chapter  we s h a l l  i n v e s t i g a t e  

I n  Chapter 4 we have seen t h a t  t h i s  k i n d  o f  ANOVA can be  c a l l e d  

Both the  pH 

L e t  us assume now t h a t  a measurement may depend on t h r e e  f a c t o r s .  To 

i n v e s t i g a t e  i f  these a re  s i g n i f i c a n t ,  one c a r r i e s  o u t  a s o - c a l l e d  f a c t o r i a l  

exper iment  f o r  t h r e e  f a c t o r s  a t  two l e v e l s ,  which means t h a t  t h e  e f f e c t s  o f  

t h r e e  f a c t o r s  a r e  i n v e s t i g a t e d  a t  two values ( l e v e l s )  o f  each. 

c o n s t i t u t e s  a 2 design. I n  Table 12.1, A, B and C a r e  the  f a c t o r s  and + and - 

i n d i c a t e  a measure a t  t h e  h i g h e r  o r  t h e  l ower  l e v e l ,  r e s p e c t i v e l y .  The numbers 

i n . t h e  t a b l e  rep resen t  t h e  e i g h t  exper iments.  

de te rm ina t ion  g i v e n  i n  the  p rev ious  chapter,  A c o u l d  be t h e  concen t ra t i on  o f  

ammonium molybdate and t h e  t and - l e v e l s  would rep resen t  1.0 and 0.5 M, 

r e s p e c t i v e l y  . 

Th is  then 

3 

I n  the  example o f  t he  phosphate 

L e t  us cons ider ,  f o r  example, t h e  e f f e c t  o f  f a c t o r  A.  I f  one compares 

exper iments 1 and 5, one observes t h a t  i n  bo th  exper iments t h e  l e v e l s  a t  wh ich  

B and C a re  measured a r e  t h e  same b u t  t h a t  f o r  A two d i f f e r e n t  values a re  used. 

The d i f f e r e n c e  between t h e  r e s u l t s  ob ta ined  w i t h  these exper iments i s  t h e r e f o r e  

iranchembook.ir/edu

https://iranchembook.ir/edu


221 

Tab le  12.1 

A 2 f a c t o r i a l  des ign  3 

Exper iment * A B C Resu l t  

Y1 
Y2 
y 3  
y 4  
y 5  
y6 
y 7  
YR 

1 t t t  
2 t t -  
3 t - t  
4 t - -  
5 - t t  
6 - t -  
7 - - t  

8 - - -  

* I n  t h e  te rm ino logy  o f  t h e  l i t e r a t u r e  on f a c t o r i a l  ana lys i s ,  t h e  exper iments 
a re  o f t e n  c a l l e d  t rea tments .  

an es t ima te  o f  t h e  e f f e c t  o f  A when B and C a r e  a t  t h e  t l e v e l .  The d i f f e r e n c e  

between t h e  r e s u l t s  ob ta ined  i n  exper iments 2 and 6 c o n s t i t u t e s  another  es t ima te  

o f  t h e  e f f e c t  o f  A, t h i s  t ime a t  t h e  t l e v e l  f o r  B and t h e  - l e v e l  f o r  C. I n  

t o t a l ,  f o u r  es t ima tes  f o r  t h e  e f f e c t  o f  A can be ob ta ined  and an average e f f e c t  

o f  A can be c a l c u l a t e d  us ing  a l l  e i g h t  exper iments.  

es t ima ted  f rom 

The e f f e c t  o f  A can be 

(12.4) 

I n  the  same way, t he  o t h e r  main e f f e c t s  can be i n v e s t i g a t e d .  

t h a t  shou ld  be asked i s  whether t h e  e f f e c t  o f ,  f o r  i ns tance ,  A depends on B 

( i . e . ,  do A and B i n t e r a c t  ? ) .  

The n e x t  ques t i on  

One can r e - s t a t e  t h e  conc lus ion  about the  d i f f e r e n c e  y1 - y5 ob ta ined  i n  

exper iments 1 and 5 i n  t h e  f o l l o w i n g  way : y1 - y5 i s  an es t ima te  o f  t h e  e f f e c t  

o f  A a t  t h e  h i g h e r  l e v e l  o f  B f o r  cons tan t  C .  The d i f f e r e n c e  between y3 and y7 

i s  then an es t ima te  of..the e f f e c t  o f  A a t  t h e  lower  l e v e l  o f  B f o r  t h e  same 

cons tan t  va lue  o f  C, and 

3 ; [ (Y, - Y5) - (Y3 - Y,)] = 2 1 [(Y1 + Y7) - (Y, t Y5) (12 .5 )  

can then be used t o  eva lua te  whethe? t h e  e f f e c t  o f  A i s  t h e  same a t  bo th  

l e v e l s  o f  B ,  
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One can a l s o  interchange the l e t t e r s  A and B and est imate  whether the  e f f e c t  

of B is  the same a t  both leve ls  of A. This too i s  an estimate of the  in te rac t ion  

between A and B (wri t ten as  A x B o r  AB) and, without going in to  d e t a i l ,  i t  

appears t h a t  t h i s  i s  a l s o  given by 

1 2 [ (Y1 - Y,) - (Y5 - Y7l]  = 9 [ i Y l  ' Y +  - (Y, + Y,) 
1 1 

A second estimate of the e f f e c t  can be obtained a t  the low level of C, and i s  

given by 

The in te rac t ion  ( A  x B )  can therefore  be obtained from 

(12 .6 )  

Again, a l l  of the  r e s u l t s  a re  used t o  evaluate  the in te rac t ion  A x B, and the 

o ther  two-factor in te rac t ions  (AC, BC) can be handled in  the same way. One 

can then proceed t o  inves t iga te  whether the  in te rac t ion  of A and B i s  the same 

a t  low and high leve ls  of C. 

ABC e x i s t s .  

I f  t h i s  i s  not so ,  a th ree- fac tor  in te rac t ion  

I t  becomes tedious t o  wri te  down the equations t h a t  a r e  necessary i n  order  

t o  obtain a l l  of these e f f e c t s ,  p a r t i c u l a r l y  i f  four  o r  more fac tors  a re  used. 

For the four-factor  model, there  a re  fou r  main e f f e c t s  (A ,  B, C, D ) ,  s i x  

two-factor in te rac t ions  (AB, AC, AD, BC, ED, CD), four th ree- fac tor  in te rac t ions  

(ABD, ABC, ACD, BCD) and one four-factor  in te rac t ion  (ABCD). An e a s i e r  method 

o f  obtaining the est imates  i s  therefore  necessary, and t o  do t h i s  we wr i te  the 

f a c t o r i a l  experiment o f  Table 12 .1 .  in  another way (Table 12.11). 

The leve ls  f o r  the  in te rac t ions  i n  Table 12.11 a r e  obtained by mul t ip l ica t ion  

according t o  the usual a lgebraical  ru les .  For example, experiment 4 ,  with 

- l eve ls  f o r  B and C and a + level f o r  A, y i e l d s  a ( - )  x ( - )  = t level f o r  
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t he  BC i n t e r a c t i o n  and a (+) x ( - 1  x ( - )  = + l e v e l  f o r  t h e  ABC i n t e r a c t i o n .  

The e f f e c t s  a re  then ob ta ined  ( a p a r t  f rom the  1/4 f a c t o r s )  by s u b t r a c t i n g  t h e  

r e s u l t s  ob ta ined  a t  t h e  - l e v e l  f rom t h e  r e s u l t s  ob ta ined  a t  t h e  + l e v e l .  Th i s  

can be v e r i f i e d  by w r i t i n g  down the  es t imates  f o r  A o r  AB d i r e c t l y  f rom Table 

12.11 and comparing them w i t h  t h e  equa t ion  g i ven  e a r l i e r .  The c a l c u l a t i o n  o f  

t h e  es t ima tes  o f  t he  e f f e c t s  i s  t h e r e f o r e  r e l a t i v e l y  s imp le .  

Table 12.11 

A 2 f a c t o r i a l  des ign  w i t h  i n t e r a c t i o n s  3 

E f f e c t  1 2 3 4 5 6 7 8 

A + t + + - - - -  

B + + - - + + - -  
C t - + - t - + -  

AB + + - - - -  + +  
AC + - t - - + - +  
BC + - - + + - - +  
ABC t - - + - t t -  

Resu l t  '5 '6 '7 '8 

Several  o t h e r  schemes a l l o w  the  easy c a l c u l a t i o n  o f  t h e  e f f e c t s  i n  two- leve l  

designs. 

t he  e f f e c t  o f  t he  compos i t ion  o f  t h e  suppor t i ng  e l e c t r o l y t e  on t h e  anodic 

po la rog raph ic  peaks o f  some ca t i ons .  He d i s t i n g u i s h e d  t h e  f o l l o w i n g  f o u r  

f a c t o r s  : c a t i o n  rad ius  o f  t h e  suppor t i ng  e l e c t r o l y t e  ; valence o f  c a t i o n  o f  

t he  suppor t i ng  e l e c t r o l y t e  ; an ion  o f  t h e  suppor t i ng  e l e c t r o l y t e  ; and t e s t  

element. 

a h a l f  r e p l i c a t i o n ,  see the  n e x t  chapter ,  f o r  f o u r  factors,was used b u t  f o r  o u r  

purpose we may cons ide r  t h i s  here as a f u l l  f a c t o r i a l  f o r  t h r e e  f a c t o r s ) .  F o r  

t h e  exper imenta l  design g i ven  i n  Table 12.111, t he  c a l c u l a t i o n s  can be c a r r i e d  

o u t  conven ien t l y  as shown i n  Table 12.IV. 

One o f  these was a p p l i e d  by Kamenev e t  a l .  (1966 a)  i n  a s tudy  on 

Three o f  these were s t u d i e d  i n  a f u l l  f a c t o r i a l  exper iment ( i n  f a c t ,  

S t a r t i n g  w i t h  the  column "Resu l t " ,  one success i ve l y  adds toge the r  t h e  r e s u l t s  

two by two and w r i t e s  these r e s u l t s  i n  column 1. 

o f  568 and 430, 918 the  sum o f  394 and 524, e t c .  

Fo r  example 998 i s  t h e  sum 
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Tab le  12.111 

Experimental  des ign  and r e s u l t s  ob ta ined  by Kamenev e t  a l .  (1966 a )  

Exper iment F a c t o r  Resu l t  
A B C (sum o f  s i x  r e p l i c a t e s )  

568 1 
2 + - -  430 
3 - + -  394 
4 + + -  524 

t 399 5 
6 + - +  581 
7 - + +  588 
8 + + +  434 

- - -  

- -  

Tab le  12.IV 

C a l c u l a t i o n  o f  t h e  e f f e c t s  f rom t h e  exper imenta l  design i n  Tab le  12.111 
(based on Kamenev, 1966 a)  

Exper iment Resu l t  1 2 3 E f f e c t  

1 568 998 1916 3918 Sum 
2 430 918 2002 20 A 
3 394 980 -8 -38 B 
4 524 1022 28 -68 AB 
5 399 -138 -80 86 C 
6 581 130 42 36 AC 
7 588 182 268 122 BC 
8 434 -154 -336 -604 ABC 

Then one s u b t r a c t s  the  f i r s t  r e s u l t  f rom t h e  second, t h e  t h i r d  f rom t h e  f o u r t h ,  

e t c .  These r e s u l t s  a r e  a l s o  added t o  column 1. For  example, -138 i s  ob ta ined  

by s u b t r a c t i n g  568 f rom 430. 

o f  column 1, o b t a i n i n g  i n  t h i s  way t h e  r e s u l t s  i n  column 2, and e v e n t u a l l y  

u s i n g  the  r e s u l t s  f rom column 2 t o  o b t a i n  t h e  r e s u l t s  i n  column 3. 

then  be i d e n t i f i e d  w i t h  t h e  e f f e c t s  g i v e n  i n  the  l a s t  column. 

v e r i f y  t h a t  t h e  r e s u l t  ob ta ined,  f o r  example, i n  column 3, row 2 i s  t h e  r e s u l t  

o f  summing t h e  r e s u l t s  o f  exper iments 2, 4, 6 and 8 and s u b t r a c t i n g  those o f  

exper iments 1, 3, 5 and 7. 

A second impor tan t  s tep  i n  the  i n t e r p r e t a t i o n  o f  t he  r e s u l t s  c o n s i s t s  i n  t e s t i n g  

t h e  s i g n i f i c a n c e  o f  t h e  observed e f f e c t s .  

e x i s t .  

inc luded,  t h e  r e s u l t s  ob ta ined  a t  t h e  t l e v e l  w i t h  those ob ta ined  a t  t h e  - l e v e l .  

One now proceeds i n  t h e  same way w i t h  t h e  r e s u l t s  

These can 

One can e a s i l y  

T h i s  i s  indeed a measure o f  t h e  e f f e c t  o f  f a c t o r  A .  

I n  t h e  two- leve l  case two p o s s i b i l i t i e s  

One can app ly  a t - t e s t  t o  compare f o r  each e f f e c t ,  i n t e r a c t i o n s  
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An example can be found i n  t h e  paper by Kamenev e t  a l .  (1966 a ) .  

examples s e c t i o n ,  h i s  data a re  used t o  i l l u s t r a t e  t h i s  method o f  i n t e r p r e t i n g  

the  r e s u l t s  o f  a f a c t o r i a l  design. The second p o s s i b i l i t y  i s  t o  app ly  an 

a n a l y s i s  o f  var iance,  which we c a l l  here f a c t o r i a l  ana lys i s .  F a c t o r i a l  a n a l y s i s  

can be a p p l i e d  w i t h  equal  ease t o  t h e  m u l t i - l e v e l  case. 

I n  t h e  worked 

The ANOVA i n  Chapter 4 c o n s i s t s  e s s e n t i a l l y  i n  s p l i t t i n g  up a t o t a l  sum o f  

squares i n t o  sums o f  squares f o r  t h e  f a c t o r s  ( o r  main e f f e c t s )  cons idered and 

t h e  r e s i d u a l  e r r o r .  I f  one has t o  c a r r y  o u t  an ANOVA f o r  t he  f a c t o r i a l  

exper iment desc r ibed  i n  Tab le  12.1, one would have t o  d i v i d e  t h e  t o t a l  sum o f  

squares i n t o  t h r e e  sums o f  squares ( f o r  A, B and C )  and t h e  r e s i d u a l  e r r o r .  

I n  t h e  p resen t  i ns tance ,  i .e . ,  when a f a c t o r i a l  a n a l y s i s  i s  c a r r i e d  ou t ,  one 

must add t o  t h i s  f o u r  sums o f  squares f o r  t h e  i n t e r a c t i o n s .  

i s  d iscussed i n  t h e  mathematical  s e c t i o n  and shown i n  a worked example. 

How t h i s  i s  done 

I n  t h e  mathematical  s e c t i o n  o f  t h i s  chapter ,  t h e  two-way m u l t i - l e v e l  case i s  

i n v e s t i g a t e d  and a g e n e r a l i z a t i o n  i s  a l s o  g iven.  

sec t i on ,  a p r a c t i c a l  c a l c u l a t i o n  scheme i s  g iven .  

I n  t h e  worked example 

The e f f e c t s  ( f a c t o r s ,  parameters) t h a t  have been found t o  be mean ing fu l  by 

f a c t o r i a l  expe r imen ta t i on  and a n a l y s i s  can then be op t im ized  u s i n g  e i t h e r  

sequen t ia l  (Chapter 13) o r  s imultaneous (Chapter 14) s t r a t e g i e s .  

One d i f f i c u l t y  i n  t h e  a p p l i c a t i o n  o f  f a c t o r i a l  exper iments about which t h e  

reader  must be warned i s  t h e  p o s s i b i l i t y  o f  under -es t ima t ing  o r  u s u a l l y  

ovz r -es t ima t ing  t h e  importance of  t h e  e f fec ts .  Suppose t h a t  a l l  de te rm ina t ions  

w i t h  f a c t o r  A a t  t h e  + l e v e l  a re  c a r r i e d  o u t  on one day ( o r  by one a n a l y s t )  

and those w i t h  A a t  t h e  - l e v e l  t h e  nex t  day ( o r  by another a n a l y s t ) .  

a s i g n i f i c a n t  between-days ( o r  between a n a l y s t s )  component i n  t h e  r e s i d u a l  

e r r o r  b u t  t h e  day i s  n o t  taken i n t o  account as a f a c t o r .  Then a l l  o f  t h e  

de terminat ions  made on t h e  f i r s t  day w i  1, f o r  example, be s l i g h t l y  h i g h e r  than 

thpy  would have been on the  second day. 

source o f  v a r i a t i o n  i s  cons idered as pa t o f  t h e  A e f f e c t ,  thereby  

ove r -es t ima t ing  i t  and, as t h e  resi 'dual  e r r o r  i s  ob ta ined  by d i f f e r e n c e  (see 

There i s  

When c a r r y i n g  o u t  t h e  ana lys i s ,  t h i s  
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worked examples), under -es t ima t ing  t h e  l a t t e r .  

conc lus ion  t h a t  a s i g n i f i c a n t  e f f e c t  i s  p resen t .  Th i s  d i f f i c u l t y  can be avoided 

by randomizing t h e  sequence accord ing  t o  which t h e  exper iments a r e  c a r r i e d  ou t .  

Th i s  can l e a d  t o  t h e  erroneous 

12.2. MATHEMATICAL SECTION 

I n  the  s e c t i o n  concern ing  two-way a n a l y s i s  of  var iance i n  Chapter 4, i t  was 

assumed t h a t  t he  e f f e c t s  o f  t he  two f a c t o r s  A and B are  independent.  

model ob ta ined  w i t h  t h i s  assumption was c a l l e d  t h e  a d d i t i v e  model. 

The 

We s h a l l  now aga in  s tudy  a f i x e d - e f f e c t s  model w i t h  two f a c t o r s  A and B b u t  

assume t h a t  t he  e f f e c t  o f  each f a c t o r  may depend upon the  l e v e l  reached by the  

o t h e r .  Again, we s h a l l  assume t h a t  t he  numbers o f  observa t ions  f o r  each 

combina t ion  ( i  , j) o f  values taken by the  two f a c t o r s  A and B a r e  a l l  equal  t o  J .  

By analogy w i t h  the  n o t a t i o n s  o f  Chapter 4, we w r i t e  

Y h i j  = ph i  ' e h i j  h = 1, 2, ..., p1 

i = 1, 2, ..., p2 

j = 1 ,  2, ..., J 

(12.7) 

whore 

and 

1 ;1 p2 ' 'hi i-1:- 
p1p2 h = l  i=l 

(12.9) 

= 1 uhi - p and F2 Bi = 0 

' p1 h = l  i =1 

(12.10) 

(12.11) 

yhi = uhi - - 1 p2 C phi - - 1 p1  C phi + p  and C P I  yhi = F2 Yhi = 0 (12.12) 
P2 i = l  p1 h = l  h= 1 i = l  
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The decomposition o f  the t o t a l  sum o f  squares o f  deviations with respect  t o  

the general average i s  given by 

This sum o f  squares can a l so  be wr i t ten  i n  the form 

SSt = SSA t SSB + SSAB i- ssr (12.13) 

The numbers of degrees o f  freedom o f  these sums o f  squares a r e  given by 

Three hypotheses can now be considered 

H1 : ah = 0 h = 1, 2 ,  ..., p1 (12.14) 

H2 : B i  = 0 i = 1, 2 ,  ..., p 2  (12.15) 

H 3  : yhi = 0 (12.16) h = l , 2 ,  ..., p 1 ; i = l , 2 ,  ..., p2  

Hypotheses H1 &H2 

A s  in  Chapter 4 ,  i t  can be shown t h p t  the  values 
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and 

have an F - d i s t r i b u t i o n  under hypotheses H1 and H2. 

F d i s t r i b u t i o n s  a r e  (pl - 1, p1p2J-p1p2) and (p2  - 1, p1p2J-p1p2), r e s p e c t i v e l y .  

In t h i s  way, hypotheses H1 and H2 can be t e s t e d .  

The parameters o f  these 

Hypothesis H3 

Under hypothesi  s H3 , t h e  v a l  ue 

has an F - d i s t r i b u t i o n  w i t h  parameters (pl - 1 ) ( p 2  - 1) and p1p2 (J - 1). Th is  

makes i t  p o s s i b l e  t o  t e s t  hypotheses H3. 

The equat ions  g i ven  above a r e  used when t h e  c a l c u l a t i o n s  a r e  c a r r i e d  o u t  by 

computer. 

i n  which case, one would p r e f e r  t o  i n t r o d u c e  t h e  c o r r e c t i o n  f a c t o r  f o r  t h e  

mean (see s e c t i o n  4 . 1 . 7 ) .  

They are ,  however, not  i n  a s u i t a b l e  fo rm f o r  manual c a l c u l a t i o n s ,  

The f a c t o r i a l  a n a l y s i s  i s  then c a l c u l a t e d  as f o l l o w s  

Y2 

PlP2J 
C o r r e c t i o n  f a c t o r  C = - 
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ssr = SSt - SSA - SSB - SSAB 

The mean squares and F-values a re  then ob ta ined  f rom the  sum o f  squares by 

d i v i s i o n  th rough t h e  approp r ia te  number o f  degrees o f  freedom. 

Once the  mean squares have been der ived ,  t he  t e s t s  a re  easy t o  d e r i v e .  Fo r  

example, l e t  us cons ider  hypothes is  H3 : yh = 0 Yh,i. A f t e r  c a l c u l a t i n g  the  

sum o f  squares, FAB i s  g i ven  by 

T h i s  hypothes is  i s  then accepted a t  a l e v e l  a i f  

meaning t h a t  t h e  i n t e r a c t i o n  terms a r e  s i g n i f i c a n t l y  d i f f e r e n t  f rom zero.  

Th is  procedure can be genera l i zed  when t h e r e  a re  f f a c t o r s  i n s t e a d  o f  two. 

The model used f o r  s p l i t t i n g  t h e  sum o f  squares dependent upon f f a c t o r s  i s  as 

f o l  1 ows 
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t 

w i t h  il = 1, 2, ..., p1 

i2 = 1, 2, ..., p2 

p f if = 1, 2, ..., 
j = 1, 2, ..., J 

Th is  g i ves  t h e  f o l l o w i n g  general  r e l a t i o n s h i p  

- 
1 

- 
Yil,i2, ..., i f j  - J ' . .  . .  = (Yi l i  2...ifj - Yi l i  2...if. 

-7 1 .. .. -t (Ti 
1' '. 

S i n g l e  f a c t o r  

I n t e r a c t i o n  

o f  two 

fac to rs  

I n t e r a c t i o n  

o f  t h r e e  

f a c t o r s  

- 1  +(Y.. if.- Y.. .. - 

-t *.. 
- - - 

+ 7  1 .. , i f .  .. .. - Y  . -  
+(Y.. if-lif. Y.. if-l.. 

+ ( Y i  i i - ... t ... - 
1 2 3 '  ' 

t 

t 
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I n t e r a c t i o n  - - - - 

o f  f f a c t o r s  (Yil i 2...if . - Y . i 2 i  3...if. - Yi l . i3 i  4...if.- Y . i 2 . i f .  

f f ...... - 
+ Y . . i 3 . .  .if. 

This  leads  t o  a sum-of-squares r e l a t i o n s h i p  i n  the  c l a s s i c a l  way. 

When t h e  hypotheses o f  s i g n i f i c a n c e  o f  t h e  d i f f e r e n t  i n t e r a c t i o n s  have been 

If, f o r  i ns tance ,  a l l  made, t h e  sums-of-squares express ion  can be s i m p l i f i e d .  

i n t e r a c t i o n s  o f  g o r  more f a c t o r s  a re  n o t  s i g n i f i c a n t ,  a l l  o f  these sums o f  

squares a r e  added t o  t h e  r e s i d u a l  sum o f  squares SS,. 

SSt i s  then d i v i d e d  i n t o  terms cor respond ing  t o  the  f a c t o r s ,  terms cor respond ing  

t o  a l l  i n t e r a c t i o n s  o f  up t o  g-1 f a c t o r s  and t h e  r e s i d u a l  sum o f  squares SS,. 

The t o t a l  sum o f  squares 

12.3. EXAMPLES 

A l though f a c t o r i a l  expe r imen ta t i on  has been known f o r  many years,  i t  seems 

t h a t  i t  has been a p p l i e d  i n  a n a l y t i c a l  chemis t ry  o n l y  s ince  about 1960. 

been used most e x t e n s i v e l y  by Russian workers.  A l i m a r i n  e t  a l .  (1971) c i t e d  

severa l  examples i n  connect ion  w i t h  o p t i m i z a t i o n  i n  a n a l y t i c a l  chemis t ry .  Most 

o f  t h e  f a c t o r i a l  designs used were incomple te  designs (see t h e  nex t  chap te r ) ,  

b u t  a few complete f a c t o r i a l  e ipe r imen ts  were c i t e d .  Apar t  f rom t h e  a l ready  

c i t e d  work by Karnenev e t  a l .  (1966 a)  t he  f o l l o w i n g  a p p l i c a t i o n s  were cons idered : 

o p t i m i z a t i o n  o f  peak h e i g h t  i n  t h e  amalgam po larography  o f  l e a d  (Kamenev e t  a l . ,  

1966 b )  ; o p t i m i z a t i o n  o f  t h e  accuracy of  a d i f f e r e n t i a l  photomet r ic  method o f  

de te rm in ing  a n t i p y r i n e  ( B e l i k o v  e t  a l . ,  1967) ; o p t i m i z a t i o n  o f  t h e  absorbance 

(max imiza t ion)  i n  a pho tomet r i c  method f o r  t h e  de te rm ina t ion  o f  phenol ( B a r s k i i  

and Noskov, 1965) ; and o p t i m i z a t i o n  o f  spo t  area i n  a paper chromatographic 

separa t i on  o f  f a t t y  a c i d  s a l t s  (Luk'yanov and Kosinskaya, 1964).  A genera l  

d i scuss ion  o f  t h e  a p p l i c a t i o n  o f  f a c t o r i a l  designs i n  a n a l y t i c a l  chemis t ry  was 

a l so  g i ven  by Wernimont (1969). 

I t  has 

Al though t h e r e  a r e  a few e a r l y  examples i n  the  western l i t e r a t u r e  ( f o r  

example, t h e  o p t i m i z a t i o n  o f  bar ium su lpha te  p r e c i p i t a t i o n  descr ibed by Mor i s  
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and Bozolek,  1959), a p p l i c a t i o n s  o f  f a c t o r i a l  a n a l y s i s  a re  so i n f r e q u e n t  t h a t  

i n  1974 an i n t e r n a t i o n a l  j o u r n a l  f o r  genera l  a n a l y t i c a l  chemis t ry  s t i l l  accepted 

an a r t i c l e  (Davies,  1975) w r i t t e n  t o  i n t r o d u c e  the  techn ique i n  a n a l y t i c a l  

c hemi s t ry 

[ meaning 

s tudy  t h e  

c r i t e r i o n  

3 ! Davies (1975) used a 2 f a c t o r i a l  exper iment w i t h  t r i p l i c a t i o n  

t h a t  each s e t  o f  v a r i a b l e s  (each t rea tmen t )  i s  used t h r e e  t imes 

t i t r a t i o n  o f  asco rb i c  a c i d  w i t h  i r o n  (111) i o n s  and vice w e x ~ u .  

was t h e  method b i a s  and the  t h r e e  f a c t o r s  were the  temperature,  t h e  

1 to 
The 

i n i t i a l  m inera l  a c i d i t y  i n  t h e  f l a s k  and the  reagent  concen t ra t i on  i n  t h e  f l a s k .  

Wu and S u f f e t  (1977) descr ibed t h e  o p t i m i z a t i o n  o f  a h e l i x  cont inuous 

5 l i q u i d - l i q u i d  e x t r a c t i o n  apparatus.  I n  an i n i t i a l  2 exper iment they  i n v e s t i g a t e d  

the  e f f e c t s  o f  t h e  f o l l o w i n g  parameters : h e l i x  w ind ing  d iameter ,  c o i l  l e n g t h ,  

f l ow- ra te ,  wa te r  t o  s o l v e n t  r a t i o  and t h e  use o f  a p re-mixer .  

f a c t o r i a l  des ign  p e r m i t t e d  the  e l i m i n a t i o n  o f  two o f  t he  f i v e  parameters and 

gave a rough idea  about the  op t ima l  l e v e l s  o f  t h e  remain ing  parameters.  

f a c t o r i a l  exper iment was then run  i n  o r d e r  t o  o b t a i n  a more p r e c i s e  i dea  o f  t he  

op t ima l  l e v e l s .  

T h i s  f i r s t  

A Z 3  

A l l  o f  t h e  a p p l i c a t i o n s  c i t e d  a re  examples o f  two- leve l  designs and these 

t h e r e f o r e  c o n s t i t u t e  t h e  1 a rges t  percentage of a p p l i c a t i o n s .  

designs have a l s o  been used. 

t h e  absorbance a t  t h r e e  l e v e l s  o f  t h r e e  v a r i a b l e s  i n  t h e  o p t i m i z a t i o n  of t h e  

pho tomet r i c  de te rm ina t ion  o f  phosphate. The design i s  t h e r e f o r e  a 33 design 

w i t h  t r i p l i c a t i o n .  

a r e  s i g n i f i c a n t  and t h a t  t h e r e  i s  a l s o  a s i g n i f i c a n t  i n t e r a c t i o n  between the  

c o n c e n t r a t i o n  of ammonium molybdate and t h a t  o f  p e r c h l o r i c  a c i d .  

cons idered reasonable f rom the  chemical p o i n t  o f  v iew as the  pH can be expec ted  

t o  have an i n f l u e n c e  on the  fo rma t ion  o f  t h e  ammonium phosphomolybdate complex, 

depending on the  molybdate concen t ra t i on .  

Mu1 ti - l e v e l  

Vanroelen e t  a l .  (1976),  f o r  i ns tance ,  measured 

T h e i r  r e s u l t s  showed, f o r  example, t h a t  t h e  t h r e e  parameters 

T h i s  i s  

A v e r y  complex f a c t o r i a l  design was used by Van Eenaeme e t  a l .  (1974).  Th is  

i s  an e x c e l l e n t  example o f  a case where e r r o r s  o f  the  second type a re  a l s o  

cons idered (see s e c t i o n  3.2.1.1). Most a p p l i c a t i o n s  c i t e d  so f a r  a r e  concerned 
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with the  comparison of two leve ls  of a continuous var iable  (concentrat ion,  

temperature) b u t  Van Eenaeme e t  a l .  a l s o  compared d i f f e r e n t  a t t r i b u t e s  such as  

the  use of two d i f f e r e n t  in jec tors  in  a gas- l iquid chromatographic procedure. 

Van Eenaeme e t  a l .  studied the exis tence of g h o s t  peaks. Ghost peaks 

resu l t ing  from surface phenomena (adsorption or surface react ions)  a re  an 

important source of e r r o r  i n  the  quant i ta t ive  determi nation of low-molecul ar-weight 

f a t t y  acids  by gas- l iquid chromatography. Van Eenaeme e t  a l .  compared two column 

packings, four  f a t t y  ac ids ,  two i n j e c t o r s ,  three ghost e lu t ing  substances and 

two c a r r i e r  gases. This i s  therefore  a very complex appl ica t ion ,  as i t  cons t i tu tes  

3 a 2 

example, t h a t  a c a r r i e r  gas containing formic acid was much b e t t e r  than one 

without i t  and t h a t  one kind of i n j e c t o r  (Pyrex) was much b e t t e r  than another 

(metal) .  

x 3 x 4 design. The experiment allowed the conclusion t o  be drawn, f o r  

We have chosen t o  present  two examples here. The f i r s t  (Kamenev e t  a l . ,  

1966 a ) ,  i s  a two-level design a n d  the s ign i f icance  t e s t i n g  i s  car r ied  out with 

a t - t e s t .  

s ignif icance t e s t i n g  by analysis  of  variance ( f a c t o r i a l  ana lys i s ) .  

The second (Vanroelen e t  a l . ,  1976) ,  i s  a three-level design with 

Table 12.V gives the  r e s u l t s  obtained by Kamenev e t  a l .  (1966 a ) ,  s implif ied 

by us by the elimination o f  one parameter. Each experiment consisted i n  three 

polarographic determinations carr ied out  on d i f f e r e n t  days, each determination 

being car r ied  out twice. 

of s i x  measurements of the polarographic peak height with a supporting 

e l e c t r o l y t e  consis t ing of lithium n i t r a t e  ( leve ls  A, B and C a t  the - l e v e l ) .  

This means, f o r  example, t h a t  experiment 1 cons is t s  

Kamenev e t  a l .  took precautions t o  prevent an under-estimation of the 

residual e r r o r  ( see  seqtion 12.1) by non-random variat ions during the  day by 

randomizing the  sequence of the  experiments on the d i f f e r e n t  days. 

randomized order  i s  given i n  Table 1 2 . V .  

The 

The f i r s t  question asked was whether the days should be considered as a 

fac tor  o r  not. An analysis  of variance (according t o  our terminology, i n  f a c t  

a fac tor ia l  ana lys i s )  was therefore  car r ied  out f i r s t .  Kamenev e t  a l .  used 
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Table 12.V 

S i m p l i f i e d  exper imenta l  des ign  and r e s u l t s  ob ta ined  by Kamenev e t  a l .  (1966 a) 

Order i n  which 

c a r r i e d  o u t  
Fac to r  and v a r i a t i o n  l e v e l  exper iments were Resu l ts  ob ta ined,  mm 

V 
w r  
- 0  
w .r 
-w 

h 
E 
0 

c 
VaJ 

Day Day Day 

1 2 3  

Day 

1 
Day Day 
2 3 

- - - 90 100 94 97 94 33 1 2 16 17 
2 + 5 9 20 73 74 72 75 64 72 
3 - + 3 14 23 66 70 66 64 64 64 

+ 8 15 22 86 89 82 90 88 99 
- + 1 12 24 67 67 67 66 66 66 

4 + 
5 
6 t - + 7 13 19 102 95 90 94 100 100 
7 + + 4 10 21 100 100 98 95 98 97 
8 + + + 6 11 18 72 70 73 76 69 74 

Leve ls  A : + 1.40 8 (cor respond ing  t o  K+, Ba2+) 

- 0.78 4 (cor respond ing  t o  Li', Ng2+) 

B : + : 2 +  - : 1+ 

C : t : B r -  - : NO; 

Table 12.VI 

Ana lys i s  o f  var iance o f  t h e  r e s u l t s  o f  Table 12.V 

F Degrees o f  Mean 
Freedom 

Source Of Sum o f  squares V a r i a t i o n  

Cond i t i ons  8226.25 7 1175.18 
Days 21.12 2 10.56 1.29 
I n t e r a c t i o n  
(Cond i t i ons  

Residual  196.00 24 8.17 - 
T o t a l  8595.25 47 

days 1 147.88 14 10.56 1.29 

a two-way l a y o u t  w i t h  i n t e r a c t i o n .  The fac to rs  were "days" and " c o n d i t i o n s " ,  

t h e  l a t t e r  i n c l u d i n g  t h e  e f f e c t s  A, B and C.  

The e f f e c t  o f  t he  c o n d i t i o n s  i s  h i g h l y  s i g n i f i c a n t ,  b u t  n o t  t he  e f f e c t  o f  

As the  days can be e l i m i n a t e d  as a f a c t o r ,  t h e  the  days o r  t h e  i n t e r a c t i o n .  
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s i x  de te rm ina t ions  c o n s t i t u t i n g  one exper iment can be sumned. 

Table 12.111 ( s e c t i o n  12 .1) .  

Th is  now y i e l d s  

I n  s e c t i o n  12.1, we saw how the  e x t e n t  o f  t h e  e f f e c t  was determined. I t  

shou ld  be remembered t h a t  t h e  r e s u l t s  i n  column 3 i n  Table 12.IV a re  t h e  r e s u l t  

o f  a s u b t r a c t i o n  o f  t he  r e s u l t s  a t  t h e  t l e v e l  f rom those a t  t h e  - l e v e l .  To 

o b t a i n  t h e  e f f e c t  f o r  one de te rm ina t ion  one shou ld  d i v i d e  by 6 (one exper iment 

i s  the  sum o f  s i x  de te rm ina t ions )  and aga in  by 4 ( t h e  e f f e c t  i n  column 3 i s  t h e  

r e s u l t  o f  t h e  s u b t r a c t i o n  o f  f o u r  r e s u l t s  f rom f o u r  o the rs ,  i . e . ,  o f  f o u r  

cornpari sons) .  

L e t  us cons ider ,  f o r  example, t he  e f f e c t  o f  f a c t o r  A. I f  one uses a t - t e s t  

t o  do t h i s ,  t h i s  means t h a t  one compares the  r e s u l t s  ob ta ined  a t  t h e  A - l e v e l  

w i t h  those a t  the  A t l e v e l .  

form. 

f rom Table 12.IV. 

The s tandard  d e v i a t i o n  i s  an es t ima te  o f  5, t h e  t r u e  s tandard  d e v i a t i o n  conrnon 

t o  bo th  popu la t i ons .  

degrees o f  freedom as t h e r e  a re  48 observa t ions ,  40 o f  which can be cons idered 

t o  be independent ( t h e  da ta  a r e  ga thered i n t o  e i g h t  sums). 

Th is  i s  done us ing  eqn. 3.2 o r  i t s  s i m p l i f i e d  

The d i f f e r e n c e  y1 - y2 i s  the  e f f e c t  o f  A and can t h e r e f o r e  be ob ta ined  
- 

It f o l l o w s  t h a t  y1 - y2 = 20/24, =fi 
It i s  t h e r e f o r e  c a l c u l a t e d  from a l l  o f  t h e  da ta  w i t h  40 

According t o  

L Kamenev e t  a l . ,  s = 9.2. 

o f  freedom, ta,2 = 2.02. 

A t  a l e v e l  o f  s i g n i f i c a n c e  o f  ~1 = 0.05, 40 degrees 

When 

t h e  A e f f e c t  i s  t h e r e f o r e  cons idered t o  be n o t  s i g n i f i c a n t .  

2.02 *p.fi > 20124 

o r ,  t o  a r r i v e  a t  Kamenev e t  a l . ' s  way o f  p resen t ing  t h e  r e s u l t s  

2.92 . $3 > 20 

42.4 > 20 
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and the e f fec t  of A i s  considered n o t  t o  be significant.  In general, a l l  effects 

with a value of less t h a n  42.4 i n  Table 12.V will be considered n o t  t o  be 

significant.  

5% level and the other effects a t  the 0.1% level.  

This i s  the case for  effects A, B and AC, A i s  significant a t  the 

12.4. WORKED EXAMPLE 

The interference of a calcium s a l t  on the atomic-absorption signal of manganese 

using a graphite furnace was studied. 

investigated, two a t  two levels and one a t  three levels. The experimental 

values are the peak heights of the manganese signal in the presence of the 

interfering substance expressed as a percentage of the manganese peak height 

without interferent.  

The effects of three factors were 

The following factors were chosen : 

A : the ashing temperature a t  the levels,  A1 = 1050°C and A 2  = 1150°C 

B : the ashing time a t  B1 = 20 sec and B2 = 40 sec 

C : the argon flow-rate a t  C1 = 1.0 l/min, C2 = 1.5 l/min and  C3 = 2.0 l/rnin. 

The experiment was carried o u t  in t r i p l i ca t e .  

experimental results were obtained (Table 12.VII). In order t o  avoid 

under-estimation of the residual e r ror ,  the experiments should be carried ou t  

in a random sequence. 

Therefore, 3 x (2  x 2 x 3) = 36 

Table 12.VII. Experimental results on interferences on a manganese atomic 
-absorption signal 

A 1  A2 

B1 B2 B 1  B2 
73.95 84.81 85.35 99.49 

74.89 84.51 85.92 95.59 

63.86 101.25 113.33 98.48 

52.85 100.65 109.49 95.93 

58.78 70.16 62.70 64.60 

57.24 86.72 63.04 62.39 

74.79 83.55 80.69 97.01 C 1  

55.05 108.67 110.97 100.85 c2 

66.67 78.90 60.33 68.73 c3 
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To f a c i l i t a t e  c a l c u l a t i o n s ,  t h e  r e s u l t s  a re  s i m p l i f i e d  by s u b t r a c t i n g  80 f rom 

each o f  t h e  36 values (Tab le  12.VIII). 

Table 12.VIII 

Data f o r  t h e  f a c t o r i a l  a n a l y s i s  

-6.05 4.81 
-5.21 3.55 
-5.11 4.51 

-16.14 21.25 
-24.95 28.67 
-27.15 20.65 

-21.22 -9.84 
-13.33 -1.10 
-22.76 6.72 

A2 

B1 B2 

5.35 19.49 
0.69 17.01 C1 
5.92 15.59 

33.33 18.48 
30.97 20.85 C2 
29.49 15.93 

-17.30 -15.40 
-19.67 -11.37 C3 
-16.96 -17.61 

The t o t a l  sum o f  squares can be broken down as f o l l o w s  

(12.17) 

Tables 12.IX-12.XVI were cons t ruc ted  i n  o rde r  t o  p e r m i t  t h e  c a l c u l a t i o n  o f  t h e  

d i f f e r e n t  terms o f  eqn. 12.17. 

Table 12.IX 

The t h r e e  r e p l i c a t e  r e s u l t s  i n  Table 12.VIII are  added, 
sum o f  t h r e e  values 

Each number i s  t h e  

A1 A2 

B1 B2 B1 B2 

-16.37 12.87 11.96 52.09 C1 
-68.24 70.57 93.79 55.26 C2 
-57.31 -4.22 -53.93 -44.38 C3 

Table 12.X 

The C. values o f  Table 12.IX a r e  added. 
va l  ue3 

Each e n t r y  ob ta ined  i s  t h e  sum o f  n i n e  

A1 A2 

B1 B2 B1 B2 
-141.92 79.22 51.82 62.97 
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Tab le  12.XI 

The B i  va lues  o f  Table 12.IX a r e  added. Each e n t r y  i s  t h e  sum o f  s i x  values 

A1 A2 

-3.50 64.05 C 1  
t2.33 149.05 C2 
-61.53 -98.31 C3 

Tab le  12.XII 

The A i  Values o f  Table 12.IX a r e  added Each e n t r y  i s  t he  sum o f  s i x  values 

-4.41 64.96 C 1  
25.55 125.83 C2 

-111.24 -48.60 C3 

Table 12.XIII 

The C i  values of Table 12.XI o r  t h e  Bi values o f  Table 12.X 
e n t r y  i s  t h e  sum o f  e igh teen  values 

a re  added. Each 

-62.70 114.79 

Table 12.XIV 

The C .  va lues  o f  Tab le  12.XII o r  t h e  A i  values of Table 12.X a r e  added. 
e n t r y ’ i s  t h e  sum o f  e igh teen  values 

Each 

-90.10 142.19 

Table 12.XV 

The A i  va lues  of Table 12.XI o r  t h e  B i  va lues  o f  Table 12.XII are  added. 
e n t r y  i s  t h e  sum of twe lve  values 

Each 

60.55 151.38 -159.84 

C a l c u l a t i o n  o f  t h e  c o r r e c t i o n  f a c t o r  
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C a l c u l a t i o n  of  t h e  sums o f  squares : 

E f f e c t  o f  f a c t o r  A (Tab le  12.XIII) 

SSA = T8 1 ((-62.70)2 t (114.79) 2 ) - 75.37 = 875.08 

Degrees o f  freedom : 1 

E f f e c t  o f  f a c t o r  B (Tab le  12.XIV) 

SSB = - 1 ((-90.10)2 t (142.19) 2 ) - 75.37 = 1498.85 
18 

Degrees o f  freedom : 1 

E f f e c t  o f  f a c t o r  C (Tab le  12.XV) 

SSc = 1 ((60.55)2 t (151.38) 2 t (-159.84)2) - C = 4268.88 

Degrees o f  freedom : 2 

E f f e c t  o f  t h e  i n t e r a c t i o n  A x 6 (Tab le  12.X) 

SSAB =; ((-141.82) 2 + (79.22) 2 t (51.82)2 t (62.97) 2 ) - SSA - SSB - C = 1224.78 

Degrees o f  freedom : 1 x 1 = 1 

E f f e c t  o f  t he  i n t e r a c t i o n  A x C (Tab le  12.XI) 

SSAC = if; 1 ((-3.50)2 t (2.33) 2 t (-61.53) 2 t (64.05) 2 t (149.05) 2 t (-98.31) 2 ) 

- SSA - SSc - C = 1411.80 

Degrees o f  freedom : 1 x 2 = 2 

E f f e c t  o f  t h e  i n t e r a c t i o n  B x C (Table 12.XII) 

SBc = g 1 ((-4.41)2 t (25.55)2 t (-111.24) 2 t (64.96) 2 t (125.83) 2 t (-48.60) 2 ) 

- SSB - SSc - C = 67.16 

Degrees o f  freedom : 1 x 2 = 2 
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Effect  of  the in te rac t ion  A x B x C (Table 12.IX) 

1 2 2 

- SSA - SSB - SSc - C = 1563.86 

SSABC = 5 ((-16.37)2 t (-68.24) t ... t (-44.38) ) - SSAB - SSAC - SSBC 

Degrees of freedom : 1 x 1 x 2 = 2 

Calculation of the  residual e r r o r  

ssr = SSt - SSA - SSB - ssc - SSAB - SSAC - SSBC - SSABC 

SSt i s  calculated from Table 12.VIII 

2 2 SSt = (-6.05) + (-5.21) + ... t (-17.61)2 - C 
SSr = 365.99 

The t o t a l  number of degrees of freedom i s  35 ( n - 1 ) .  The number of degrees of 

freedom of the  residual sum of squares i s  35 - 11 = 24. 

and degrees of freedom a r e  summarized i n  Table 12.XVI. 

The sums of squares 

Table 12.XVI 

ANOVA t ab  1 e 

Sum of Degrees of Variance 
sauares freedom Effect  

main fac tors  A 875.08 1 875.08 
B 1498.85 1 1498.85 
C 4268.88 2 2134.44 

in te rac t ion  between 
two fac tors  : AB 1224.78 1 1224.78 

AC 1411.80 2 705.90 
B C  67.16 2 33.58 

in te rac t ion  between 
a l l  fac tors  : ABC 1563.86 2 781.93 

residual 365.99 24 15.25 

As null hypotheses, i t  i s  s t a t e d  t h a t  the  observed e f f e c t s  do not d i f f e r  

s i g n i f i c a n t l y  from the  res idua l ,  so a l l  variances are  par t  of the experimental 

e r r o r .  To t e s t  the null hypotheses, the residual variance should be compared 
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w i t h  t h e  var iances  due t o  the  t h r e e  f a c t o r s  and t h e i r  combinat ions.  

F i r s t ,  t h e  h i g h e s t  l e v e l  o f  s i g n i f i c a n c e  has t o  be tes ted ,  i . e . ,  t h e  e f f e c t  

o f  t h e  ABC i n t e r a c t i o n .  

va r iance  due t o  i t  shou ld  be i nco rpo ra ted  i n t o  t h e  r e s i d u a l ,  which enables one 

t o  o b t a i n  an improved r e s i d u a l  e r r o r .  I f  t h e  f a c t o r i a l  exper iment i s  c a r r i e d  

o u t  w i t h o u t  r e p l i c a t e s ,  t he  var iance o f  t he  h i g h e s t  l e v e l  o f  i n t e r a c t i o n  i s  an 

es t ima te  o f  t h e  r e s i d u a l .  

I f  t h a t  e f f e c t  i s  found t o  be n o n - s i g n i f i c a n t ,  t h e  

The comparison o f  two var iances i s  c a r r i e d  o u t  w i t h  an F - t e s t .  I n  t h e  case 

o f  t he  ABC i n t e r a c t i o n ,  F = 781.93/15.25 = 51.27. I n  t h e  F - t a b l e  a t  t h e  1% 

s i g n i f i c a n c e  l e v e l ,  F = 5.61 w i t h  2 and 24 degrees o f  freedom. A v e r y  h i g h  

s i g n i f i c a n c e  i s  found ( P  << 0.001). 

observed t h a t  a l l  f a c t o r s  and t h e i r  i n t e r a c t i o n s  c o n t r i b u t e  s i g n i f i c a n t l y  t o  

the  t o t a l  var iance.  The reg ress ion  eqn. 12.2 becomes 

Except f o r  t he  i n t e r a c t i o n  BC, i t  can be 

From t h e  r e s u l t s  i n  Table 12.VI1, i t  i s  obvious t h a t  A1B2C2, A2B2C1 and A2B2C2 

a re  good combinat ions.  

per fo rming ,  e.g. , another  f a c t o r i a l  exper iment i n  t h e  p r o v i s i o n a l  op t ima l  a rea  

and choosing narrower l e v e l s .  Leve ls  between A1 and A2, between C1 and C 2  and 

values h i g h e r  than B2 cou ld  be t r i e d .  

F u r t h e r  o p t i m i z a t i o n  can then be c a r r i e d  o u t  by 
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Chapter 13 

SIMULTANEOUS EXPERIMENTAL DESIGNS 

13.1. COMPLETE FACTORIAL DESIGNS 

I n  a s imultaneous ( o r  pre-planned) o p t i m i z a t i o n  design, t h e  measurements a r e  

c a r r i e d  o u t  acco rd ing  t o  a f i x e d  p lan .  

t h e  optimum can be determined. 

A f t e r  t he  r e s u l t s  have been ob ta ined,  

If one c a r r i e s  o u t  a complete f a c t o r i a l  two - leve l  exper iment f o r  f o u r  f a c t o r s ,  

4 one ob ta ins  16 ( 2  ) exper imenta l  values and t h e  s e l e c t i o n  o f  t h e  one w i t h  t h e  

b e s t  response c o n s t i t u t e s  an o p t i m i z a t i o n .  

w i t h  more p r e c i s i o n ,  one can p l a n  a second f a c t o r i a l  exper iment around t h e  

p r o v i s i o n a l  optimum o r  o b t a i n  an es t ima te  i n  a mathematical  way. 

p o s s i b i l i t y  i s  cons idered i n  Chapter 15. 

p o s s i b i l i t y  and l e t  us suppose, f o r  example, t h a t  a f a c t o r i a l  exper iment  i s  

c a r r i e d  o u t  f o r  t h e  o p t i m i z a t i o n  o f  t h e  molybdenum b l u e  c o l o r i m e t r i c  method f o r  

phosphate. 

0.5 and 1 M ) ,  t i n  (11)  c h l o r i d e  reagent  ( a t  concen t ra t i ons  o f  0.5 and 5%), t h e  

r e d u c t i o n  t ime ( 5  and 30 min)  and t h e  a c i d i t y  o f  t h e  r e a c t i o n  medium (0 .5  and 1 1 4 ) .  

I f  t h e  optimum i s  t o  be determined 

The l a t t e r  

L e t  us cons ide r  here  t h e  f i r s t  

As f a c t o r s  we chose ammonium molybdate reagent  ( a t  concen t ra t i ons  

The f a c t o r i a l  exper iment i n d i c a t e d  t h a t  t h e  r e d u c t i o n  t ime and t h e  a c i d i t y  

o f  t h e  r e a c t i o n  medium have no s i g n i f i c a n t  e f f e c t  and t h a t  t he  b e s t  r e s u l t  i s  

found a t  t he  concen t ra t i ons  o f  1 M ammonium molybdate and 5% t i n  (11)  c h l o r i d e .  

The r e s u l t  can be cons idered t o  be s a t i s f a c t o r y  and i n  subsequent phosphate 

de te rm ina t ion  procedures these concen t ra t i ons  w i l l  be used. 

i t  may be suspected t h a t  even b e t t e r  r e s u l t s  c o u l d  be ob ta ined  and a second 

f a c t o r i a l  exper iment i s  planned. The exac t  p l a n  wh ich  i s  decided upon w i l l  

depend, o f  course, on t h e  r e s u l t s  ob ta ined  b u t  i t  cou ld  c o n s i s t ,  f o r  example, o f  

On t h e  o t h e r  hand, 

n 

a t h r e e - l e v e l ,  two - fac to r  design ( i . e . ,  a 3L exper iment ) ,  e.g., 0.8, 1 and 1.5 M 

ammonium molybdate and 3, 5 and 10% t i n  (11)  c h l o r i d e .  
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The main advantage of using f a c t o r i a l  designs f o r  optimization purposes i s  

t h a t  i n  the region se lec ted  f o r  t h e  search,  one a r r ives  not only a t  a 

(provisional ) optimum, b u t  a l so  a t  a thorough understanding of the  importance 

of t h e  e f f e c t s  s tudied.  There a r e ,  however, a l so  several disadvantages, the 

most important being the  la rge  number of experiments t o  be c a r r i e d  out .  The 

minimal number of experiments f o r  a p-factor ,  q-level experiment i s  q p ,  which 

becomes rapidly prohibi t ive when the number of fac tors  o r  leve ls  increases .  

Moreover, t h i s  minimal number of experiments does not allow f o r  complete s t a t i s t i c a l  

s ign i f icance  t e s t i n g .  I f  a l l  in te rac t ions  a re  considered, f o r  a 2 experiment, 

t h i s  necess i ta tes  15 sums of squares ( 4  main e f f e c t s ,  11 i n t e r a c t i o n s ) .  As one 

disposes of only 15 degrees of freedom (16 measurements - 1) (see  Chapters 4 

and 1 2 ) ,  t h i s  leaves no degrees of freedom avai lable  f o r  the  estimation of the 

residual e r r o r .  

rep l ica t ion  of the determinations. 

31 degrees of freedom are  obtained and 16 a re  avai lable  f o r  estimating the 

residual e r r o r .  

instead of 16. 

required when carrying out  complete fac tor ia l  experiments i s  large.  

following sect ions some more economical f a c t o r i a l  methods a re  described. 

4 

These ex t ra  degrees of freedom can only be obtained by 

If  each determination i s  car r ied  out twice, 

This means, however, t h a t  32 experiments have been car r ied  out  

One can conclude, therefore ,  t h a t  the amount of experimentation 

In the 

13.2. INCOMPLETE FACTORIAL DESIGNS 

13.2.1. Neglection of higher order  terms 

The complete p-factor ia l  design considers main e f f e c t s  and in te rac t ions  up 

However, one can usually assume t h a t  t h i r d  and higher 

I n  the four - fac tor ,  

t o  p-order in te rac t ions .  

order  in te rac t ions  a r e  n o t  important and can be neglected. 

two-level case, the model then reduces t o  
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For s t a t i s t i c a l  t e s t i n g ,  the t o t a l  sum of squares i s  s p l i t  i n t o  the following 

component sums of squares : four  main e f f e c t s ,  s i x  two-factor in te rac t ions  and 

the residual e r r o r .  

freedom. 

est imat ion of t h e  residual e r r o r  without having t o  rep l ica te  the measurements. 

One should understand t h a t ,  in  f a c t ,  the  higher order  in te rac t ions  have been 

incorporated i n  the residual e r r o r .  I f  one of these in te rac t ions  i s  important, 

t h i s  wil l  lead t o  an over-estimation of the residual e r r o r  and, as the s ign i f icance  

of t h e  main e f f e c t s  and two-factor in te rac t ions  i s  determined w i t h  reference t o  

t h e  residual e r r o r ,  the s ignif icance of the e f f e c t s  s tudied may be under-estimated. 

For the l a t t e r ,  one disposes of 15 - 10 = 5 degrees of 

One observes t h a t  enough degrees of freedom are  now avai lable  f o r  the 

13.2.2, Par t ia l  f a c t o r i a l s  

P a r t i a l  f a c t o r i a l s  according t o  Placket t  and Burman (1946) have been discussed 

i n  sec t ion  5.2. 

a re  in te rac t ions ,  which as  we have sa id  e a r l i e r  i s  f requent ly  the case,  the 

conclusions obtained may be i n  e r r o r .  Par t ia l  f a c t o r i a l s  have therefore  been 

used only ra re ly  i n  the experimental optimization of procedures, 

(1974) used them i n  the i n i t i a l  s tage of an optimization procedure t o  obtain 

a rough idea o f  the location o f  the  optimum. 

the optimum i n  t h i s  way they proceeded with an experimental design permitting 

the est imat ion of in te rac t ions  t o  locate  i t  with more precis ion.  

They allow the estimation only of main e f f e c t s ,  and i f  there  

Arpadjan e t  a l .  

After  having approximately located 

13.2.3. Latin squares 

The Latin square arcangement has been used i n  only a very few instances i n  

ana ly t ica l  chemistry and, as f a r  as we know, never f o r  the purpose of optimization 

i n  the sense used i n  t h i s  par t  of the book. 

design f o r  f a c t o r i a l  experimentation and can therefore  be used f o r  the se lec t ion  

of meaningful fac tors .  For t h i s  reason, we sha l l  explain the arrangement b u t  

not discuss i t s  mathematics. 

I t  i s  e s s e n t i a l l y  a three-way 

A good account of the l a t t e r  was given by Scheffe 
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(1959). 

may perhaps be cons idered as w i t h i n  t h e  scope o f  t h i s  book (a l t hough  n o t  

comple te ly  w i t h i n  t h e  scope o f  P a r t  I1 s ince ,  as we sa id ,  t h e r e  appear t o  be no 

such a p p l i c a t i o n s  i n  t h e  l i t e r a t u r e ) .  

i s  conven ien t  t o  i n t r o d u c e  t h e  L a t i n  square method us ing  an example o r i g i n a t i n g  

f rom a g r i c u l t u r a l  exper imenta t ion .  Suppose t h a t  f i v e  v a r i e t i e s  o f  some 

economica l l y  va luab le  p l a n t  a re  t o  be compared i n  terms o f  t h e i r  y i e l d s .  

P l a n t i n g  t h e  f i v e  v a r i e t i e s  i n  f i v e  p l o t s  nex t  t o  each o t h e r  may l e a d  t o  e r r o r  

because t h e  l o c a t i o n  o f  t he  p l o t  may i n f l u e n c e  t h e  r e s u l t .  

t h e  f i e l d  i s  d i v i d e d  i n t o  25 p l o t s  arranged i n  f i v e  rows and f i v e  columns. 

v a r i e t i e s  a r e  p l a n t e d  so t h a t  they  appear once i n  each row and once i n  each column. 

I f  t h e  v a r i e t i e s  a re  c a l l e d  a, b y  c, d and e, t h i s  c o u l d  l e a d  t o  t h e  f o l l o w i n g  

d i s t r i b u t i o n  

L a t i n  square arrangements have been used f o r  a few a p p l i c a t i o n s  which 

Before  g i v i n g  an a n a l y t i c a l  example, i t  

To a v o i d  t h i s  e f f e c t ,  

The 

d c e b a  
c a d e b  
a e b c d  
e b a d c  
b d c a e  

The rows and t h e  columns a re  two f a c t o r s  and t h e  v a r i e t i e s  the  t h i r d .  M o t t e t  

and Bontemps (1973) used t h i s  arrangement f o r  the  dens i tomet r i c  a n a l y s i s  o f  TLC 

spots .  

on t h e  p l a t e ,  

spo ts  o f  seven concen t ra t i ons  i n  seven l o c a t i o n s  f rom r i g h t  t o  l e f t .  

i n  t h i s  i n s t a n c e  a re  t h e  p l a t e ,  t h e  l o c a t i o n  on t h e  p l a t e  and the  concen t ra t i on .  

M o t t e t  and Bontemps (1973) used t h i s  method n o t  f o r  a s tudy  o f  t h e  f a c t o r s ,  b u t  

t o  i nc rease  t h e  p r e c i s i o n  o f  t h e  de te rm ina t ion .  

t he  scope o f  t h i s  book, b u t  t he  exper imenta l  se tup  c o u l d  have been used t o  

determine the  i n f l u e n c e  o f  t he  t h r e e  f a c t o r s  ( l o c a t i o n ,  p l a t e  and c o n c e n t r a t i o n ) .  

A second example i s  an a p p l i c a t i o n  o f  a s o - c a l l e d  Greco-Lat in  square t o  t h e  

q u a n t i t a t i v e  microscopy o f  u r i n e .  

o f  t h e  L a t i n  square t h a t  a l l ows  t h e  i n v e s t i g a t i o n  o f  f o u r  f a c t o r s .  

I t  i s  known t h a t  t h e  r e s u l t s  may depend on t h e  p l a t e  and t h e  l o c a t i o n  

They s t u d i e d  a s e t  o f  seven p l a t e s ,  on each o f  which they  a p p l i e d  

The f a c t o r s  

Th is  a p p l i c a t i o n  l i e s  o u t s i d e  

The Greco-Lat in  square i s  an expanded v e r s i o n  

Winkel e t  a l .  

iranchembook.ir/edu

https://iranchembook.ir/edu


247 

(1974) car r ied  out t h i s  invest igat ion t o  examine the r e l a t i v e  contr ibut ions of 

the  technician preparing the urine specimen, the technician reading the urine 

s l i d e ,  the  time elapsed s ince the rece ip t  of the urine specimen and the  e f f e c t  

of the microscope used. 

I t  can be observed t h a t  Latin squares a re  incomplete three- fac tor ia l  
2 experiments. 

permit a reduction with a f a c t o r  m of the number of experiments. 

t h a t  only incomplete information i s  obtained and i t  appears, therefore ,  t h a t  f o r  

optimization purposes t h i s  method has the  disadvantage of being misleading when 

in te rac t ions  a re  present .  

As only m experiments a re  car r ied  out ,  Latin square arrangements 

This means 

13.2.4. Fractional f a c t o r i a l s  

4 I n  a 2 experiment, the  e f f e c t  of each main f a c t o r  i s  obtained from e ight  

comparisons, in  which a l l  16 experiments a r e  used. This can cons t i tu te  t o o  large 

a degree of rep l ica t ion  f o r  the  purpose considered and one can wonder whether i t  

i s  not possible  t o  obtain est imates  of the main fac tors  and principal in te rac t ions  

with a smaller amount o f  work. A n  answer resides  i n  the use of "fract ional  

f a c t o r i a l s "  ( o r  "fract ional  fac tor ia l  designs" or "fract ional  rep l ica t ion") .  

A c l e a r  paper on t h i s  subject  was wri t ten by Davies and Hay (1950) and we sha l l  

follow t h e i r  arguments t o  a la rge  ex ten t .  Their paper i s  s t rongly recommended 

t o  those who may consider applying t h i s  method. 

s u s j e c t  was wr i t ten  by Finney (1946). 

Another important paper on t h i s  

Suppose t h a t  i t  i s  required t o  inves t iga te  four  fac tors  ( A ,  B, C and 0) and 

4 3 t h a t  one does not wish t o  carry out 2 

This i s  half  the number of experiments normally required and the design wil l  

therefore  be ca l led  a ha l f - rep l ica t ion .  

experiments required f o r  three fac tors  and, therefore ,  one way of arr iving a t  

the half-design i s  t o  s t a r t  with a complete f a c t o r i a l  experiment f o r  three 

fac tors  ( A ,  B and C )  and t o  see how one can incorporate f a c t o r  D without 

requiring additional experimentation. 

experiments, b u t  considers 2 acceptable. 

I t  i s  a l so  equal t o  the number of 
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Let us therefore  wr i te  again the tab le  from Chapter 12 f o r  a complete z 3  
design (Table 13. I ) .  

Table 13.1 

A complete f a c t o r i a l  experiment f o r  three fac tors  

Effect  1 2 3 4 5 6 7 8 
A + + + + - - - -  
B + + - -  + + - -  
C + - + - + - + -  
AB + + - - - -  + +  
AC + - + - -  + - +  
BC + - - + + - - +  
ABC + - - + - + + -  

Result Y l  y4 '5 y6 y7 '8 

I n  sec t ion  13.2.1 i t  was concluded t h a t  of ten higher order  in te rac t ions  a r e  o f  

l i t t l e  importance. In t h a t  sec t ion ,  therefore ,  t h i s  led us t o  incorporate the 

higher in te rac t ions  i n  the  residual e r ror .  I n  the plan here we sha l l  replace 

the third-order  in te rac t ion  with the addi t ional  e f f e c t  D. The row f o r  ABC i n  

Table 13.1 therefore  now represents  f a c t o r  D and the tab le  i s  re-wri t ten as a 

consequence (Table 13.11). 

Table 13.11 

Table derived from Table 13.1 by equating ABC t o  D 

Effect  1 2 3 4 5 6 7 8 

A + + + + - - - -  
B + + - -  + + - -  
C + - + - + - + -  
D f - - + - + + -  

AB + + - - - -  + +  
AC + - + - - + - +  
BC + - - + + - - +  

The leve ls  f o r  the in te rac t ions  with D can be calculated according t o  the 

mult ipl icat ion method described i n  the preceding chapter. 

given i n  Table 13.111. 

Some of them are  
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Tab le  13.111 

Some i n t e r a c t i o n s  w i t h  f a c t o r  D c a l c u l a t e d  f rom Tab le  13.11 

E f f e c t  1 2 3 4 5 6 7 8 

AD + - - t t - - t  
BD + - t - - t - t  
C D  t t - - - - t t  
ABD + - + - + - + -  

When t h e  Tables 13.11 and 13.111 are  observed c lose ly ,  i t  can be seen t h a t  t h e  

l e v e l s  f o r  AB and CD, AC and BD and AD and BC a re  i d e n t i c a l .  

have g iven t h e  l e v e l s  f o r  t h e  t h r e e - f a c t o r  i n t e r a c t i o n s .  

i s  equal  t o  C. 

those f o r  BCD a re  equal  t o  those f o r  A, w h i l e  ABC i s  equated t o  D. 

t h a t  A and BCD o r  AC and BD a re  a l i a s e s ,  and Table 13.IV can now be w r i t t e n  t o  

show t h i s  more c l e a r l y .  

One c o u l d  a l s o  

I t  i s  found t h a t  ABD 

I n  t h e  same way, t h e  l e v e l s  f o r  ACD a r e  equal t o  those f o r  B, 

One can say 

Table 13.IV 

H a l f - r e p l i c a t i o n  o f  a two- leve l ,  f o u r - f a c t o r  exper iment 

E f f e c t s  1 2 3 4 5 6 7 8 

A(=BCD) t t t + - - - - 
B(=ACD) t t - - t t - - 
C(=ABD) t - t - + - t - 
D(=ABC) t - - t - t + - 
AC(=BD) t - + - - t - t 
AB(=CD) t t - - - - t +  

BC(=AD) t - - t t - - t 

By equa t ing  D t o  ABC, one i s  t he re fo re  ab le  t o  c o n s t r u c t  a des ign  w i t h  h a l f  

t h e  exper iments.  

p r e c i s i o n  i n  t h e  e s t i m a t i o n  o f  t he  magnitude o f  t he  e f f e c t s  and t h e  i m p o s s i b i l i t y  

o f  o b t a i n i n g  es t ima tes  o f  e f fec ts  f ree  f rom o t h e r  e f f e c t s .  The main e f f e c t s  a re  

confounded w i t h  t h i r d - o r d e r  i n t e r a c t i o n s  and, as one o f  t he  premises was t h a t  

t h i r d - o r d e r  i n t e r a c t i o n s  can be neg lec ted ,  t h i s  i s  o f  l i t t l e  importance. 

se r ious  i s  t h a t  t he  second-order e f fec ts  a re  p a i r e d .  

chemical reason ing  one u s u a l l y  i s  ab le  t o  conclude t h a t  one o f  the  p a i r  i s  more 

impor tan t  than the  o t h e r ,  and t h e  l a t t e r  i s  then neg lec ted .  

The disadvantages t o  be o f f s e t  a g a i n s t  t h i s  a re  a l ower  

More 

However, i n  p rac t i ce ,  by 

I t i s  a l s o  p o s s i b l e  
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t h a t  one knows t h a t  i n t e r a c t i o n s  w i t h  one o f  t h e  f a c t o r s  a re  n e g l i g i b l e .  If 

t h i s  f a c t o r  i s  D, f o r  example, t h i s  would p e r m i t  t he  de te rm ina t ion  o f  AB, A C  

and BC f r e e  f rom i n t e r f e r e n c e .  When t h i s  i s  n o t  t h e  case, a d d i t i o n a l  

exper imen ta t i on  cou ld  be necessary i n  o r d e r  t o  make a d i s t i n c t i o n  between t h e  tuo. 

The t h r e e - f a c t o r  scheme can a1 so  be expanded t o  accommodate even l a r g e r  numbers 

o f  f a c t o r s ,  w i t h  o f  course even l e s s  p r e c i s i o n  and more a l i a s e s .  

a f i f t h  f a c t o r  E, one must assume t h a t  one o f  t h e  t w o - f a c t o r  i n t e r a c t i o n s  i s  

To i n c o r p o r a t e  

n e g l i g i b l e  so t h a t  i t  can be equated t o  E ( f o r  example, BC = E i n  Table 13 

This  now corresponds t o  a q u a r t e r  o f  t h e  f u l l  des ign  f o r  f i v e  f a c t o r s  and 

t h e r e f o r e  c a l l e d  a q u a r t e r - r e p l i c a t i o n .  

I t  becomes r a t h e r  compl ica ted  t o  d e f i n e  a l l  o f  t h e  a l i a s e s  by w r i t i n g  a 

V) 

S 

1 o f  

t h e  combinat ions i n  t a b u l a r  form and t h e r e f o r e  an e a s i e r  way o f  d e r i v i n g  them 

i s  necessary. L e t  us r e t u r n ,  t h e r e f o r e ,  t o  the  h a l f - d e s i g n  o f  Table 13.IV, 

which was ob ta ined  by equa t ing  ABC t o  D.  

i s  c a l l e d  t h e  d e f i n i n g  c o n t r a s t  

These a r e  m u l t i p l i e d  and t h e  r e s u l t  

I = ABCD 

and the  a l i a s e s  a r e  ob ta ined  by m u l t i p l y i n g  t h e  d e f i n i n g  c o n t r a s t  w i t h  each o f  

t he  e f f e c t s .  The r u l e s  f o r  these m u l t i p l i c a t i o n s  are  t h e  usual  r u l e s  o f  a lgebra  

2 2  w i t h  t h e  a d d i t i o n a l  c o n d i t i o n  t h a t  A = B = ... = 1. For  example, t he  a l i a s  

f o r  A i s  ob ta ined  by m u l t i p l y i n g  A w i t h  ABCD. 

f o r  AC i t  i s  A BC D = BD. 

2 The r e s u l t  i s  A BCD = BCD, w h i l e  

2 2  

When the re  i s  more than one a d d i t i o n a l  f a c t o r ,  one ob ta ins  two d e f i n i n g  

c o n t r a s t s  i n  the  way descr ibed above. 

y i e l d s  

When ABC i s  equated t o  0 and BC t o  E ,  t h i s  

I = ABCD 

and 

I = BCE 
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A t h i r d  defining cont ras t  i s  obtained by mult ipl icat ion of the two which have 

already been obtained. I t  i s  equal t o  ABCD x BCE = ADE, so t h a t  

I = ABCD = BCE = ADE 

The a l i a s e s  f o r  each e f f e c t  a r e  now obtained i n  the usual way. For A t h i s  y i e l d s ,  

f o r  example 

2 2 A = A BCD = ABCE = A DE 

o r  

A = BCD = ABCE = DE 

The t a b l e  f o r  the quar te r - rep l ica t ion  of a f ive- fac tor  design i s  now given by 

Table 13.V. 

Table 13.V 

A quar te r - rep l ica t ion  o f  a design f o r  f i v e  fac tors  

Effects  1 2 3 4 5 6 7 8  

A(=BCD=ABCE=DE) t t + t - - - - 
B(=ACD=CE=ABDE) t t - - + t - - 
C(=ABD=BE=ACDE) t - t - t - t - 
D(=ABC=BCDE=AE) t - - t - t t - 
E(=ABCDE=BC=AD) t - - t t - - t 

AC(=BD=ABE=CDE) t - t - - t - t 
AB(=CD=ACE=BDE) t t - - - - + t  

I n  summary, w i t h  e i g h t  experiments one has the following p o s s i b i l i t i e s  (Davies 

and Hay, 1950) 

seven f a c t o r s ,  i f  a l l  in te rac t ions  a re  negl igible  ; 

s i x  fac tors  and one two-factor in te rac t ion  i f  a l l  o ther  in te rac t ions  a r e  

negl igible  ; 

f i v e  fac tors  and the in te rac t ion  of one f a c t o r  with each of two others  i f  a l l  

o ther  in te rac t ions  a re  negl igible  ; 

four  fac tors  and the in te rac t ions  between three of these fac tors  i f  the 
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i n t e r a c t i o n s  w i t h  the  f o u r t h  a r e  n e g l i g i b l e  ; 

t h r e e  f a c t o r s  and a l l  t h e  i n t e r a c t i o n s ,  i n c l u d i n g  the  t h i r d  o r d e r  i n t e r a c t i o n .  

I f  one a p p l i e s  one o f  these p o s s i b i l i t i e s  w i t h  e i g h t  u n r e p l i c a t e d  exper iments,  

t h e  des ign  i t s e l f  does n o t  a l l o w  s t a t i s t i c a l  t e s t i n g ,  because i n  each ins tance  

seven degrees o f  freedom a r e  used up and o n l y  seven a r e  a v a i l a b l e .  Th is  means 

t h a t  no degrees o f  freedom remain f o r  t h e  r e s i d u a l  e r r o r .  

reminded, however, t h a t  t he  r e s i d u a l  e r r o r  i n  f a c t  es t imates  t h e  w i th in -g roup  

v a r i a t i o n ,  i.e., t h e  p r e c i s i o n  on a r e p l i c a t e d  measurement when no o t h e r  causes 

o f  v a r i a t i o n  a re  p resen t .  

t h e  va lue  o f  t he  p r e c i s i o n .  

Th is  i s  a l s o  t r u e  f o r  u n r e p l i c a t e d  complete f a c t o r i a l  designs. 

want o r  i s  n o t  ab le  t o  use p r i o r  i n f o r m a t i o n  on t h e  p r e c i s i o n ,  b u t  s t i l l  needs 

a s t a t i s t i c a l  t e s t  o f  t h e  s i g n i f i c a n c e  o f  t h e  f a c t o r s  and/or i n t e r a c t i o n s ,  one 

has no a l t e r n a t i v e  b u t  t o  c a r r y  o u t  a r e p l i c a t i o n  o f  t h e  r e s u l t s .  

A f r a c t i o n a l  f a c t o r i a l  a n a l y s i s  i s  c a r r i e d  o u t  i n  e x a c t l y  t h e  same way as 

exp la ined  i n  Chapter 12. 

example. 

t h r e e - f a c t o r i a l  des ign  f o r  t h e  s tudy  o f  a po la rog raph ic  method. A t  t h a t  t ime,  

we wro te  t h a t  we s i m p l i f i e d  Kamenev e t  a l . ' s  a p p l i c a t i o n  by the  e l i m i n a t i o n  o f  

one f a c t o r .  

exper iment .  

c a r r i e d  ou t ,  Table 13.V can t h e r e f o r e  be r e w r i t t e n  and completed as shown i n  

Table 13.VI. 

Leve ls  A : t : 1.40 a (cor respond ing  t o  K t ,  Ba2') 

One shou ld  be 

I n  some ins tances ,  one may have p r i o r  knowledge about  

Th is  can then be used i n s t e a d  o f  t h e  r e s i d u a l  e r r o r .  

I f  one does n o t  

To show t h i s  we can use aga in  Kamenev e t  a l . ' s  (1966) 

I n  t h e  preced ing  chapter ,  we showed how these au thors  used a f u l l  

Indeed, they  i n  r e a l i t y  used a h a l f - r e p l i c a  o f  a f o u r - f a c t o r  

Leav ing  o u t  t he  sequences accord ing  t o  which t h e  exper iments were 

- : 0.78 8 (cor respond ing  t o  L i t ,  Mg2') 

B : t : 2 t  

- : 1t 

C : t : B r -  

- : NO3 
- 

D : t : CdZt 

- : T1' 
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Table 13.VI 

Exper imental  design and r e s u l t s  ob ta ined  by Kamenev e t  a l .  (1966) 

F a c t o r  and v a r i a t i o n  l e v e l  Resu l t s  ob ta ined,  mm 

* 
C 
a 
E 
L 
a 
x 
W 

.r 

n 

0 L 
c, 
V 
a, 

h 

S 
0 

S 
t n Q  
S 

.r 

Ill 

c, 
ul 
a 
c, 

a 
v 

Day 
1 

Day 
2 

Day 
3 

1 - - 90 100 94 97 94 93 
2 t - t 73 74 72 75 64 72 
3 t + 66 70 66 64 64 64 
4 t t - - 86 89 82 90 88 89 
5 - - + t 67 67 67 66 66 66 
6 + - + 102 95 90 94 100 100 
7 t t - 100 100 98 95 98 95 
8 + t t t 72 70 73 76 69 74 

The r e s u l t s  i n  Table 13.VI are  now t r e a t e d  i n  t h e  same way as those i n  Tab le  

12.V, t o  y i e l d  Table 12.IV. 

as was t h e  case i n  t h i s  t a b l e ,  b u t  t o  a combinat ion o f  two e f f e c t s .  I n s t e a d  o f  

conc lud ing  t h a t  A, B and AC a re  n o t  s i g n i f i c a n t ,  we now conclude t h a t  A and i t s  

a l i a s  BCD, B and ACD and A C  and BD a re  n o t  s i g n i f i c a n t ,  w h i l e  C and ABD, BC and 

AD and ABC and D a re  s i g n i f i c a n t  a t  t he  0.1% l e v e l .  

f a c t o r i a l  exper iment i t  i s  supposed t h a t  t h i r d - o r d e r  e f f e c t s  a re  n o t  s i g n i f i c a n t ,  

t h i s  would mean t h a t  C and D a re  s i g n i f i c a n t  and e i t h e r  BC and AD o r  bo th .  

The r e s u l t s  cannot be assigned t o  s i n g l e  e f f e c t s  

Because i n  a f r a c t i o n a l  

As i s  a l s o  t h e  case f o r  complete f a c t o r i a l  designs, f r a c t i o n a l  f a c t o r i a l  

designs have n o t  been w e d  ve ry  o f t e n  i n  a n a l y t i c a l  chemical  work except  i n  the  

U.S.S.R., where they  appear t o  be used more o r  l e s s  r o u t i n e l y .  A l i m a r i n  e t  a l .  

(1371) gave about 30 examples. 

I n  the  western l i t e r a t u r e ,  t h e r e  have been o n l y  a few a p p l i c a t i o n s  up t o  1974, 

which i s  s u r p r i s i n g  i n  view o f  t h e  ex i s tence  o f  severa l  good books on t h e  s u b j e c t  

( f o r  example, Cochran and Cox, 1957j and t h e  f a c t  t h a t  t he  few e x i s t i n g  papers 
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are  very  conv inc ing .  

e s t a b l i s h e d  op t ima l  cond i t i ons  f o r  t he  de te rm ina t ion  o f  a r g i n i n e - ,  g lu tamic  

ac id -  and l y s i n e - a c c e p t i n g  t r a n s f e r  r i b o n u c l e i c  ac id ,  s t a r t i n g  w i t h  10 v a r i a b l e s .  

The i n i t i a l  f r a c t i o n a l  f a c t o r i a l  a l lowed a r e d u c t i o n  o f  t h e  v a r i a b l e s  t o  f i v e  

and a f i r s t  adjustment o f  t h e  l e v e l s  o f  these v a r i a b l e s  t o  more op t ima l  va lues .  

A h a l f - r e p l i c a  o f  t h e  f u l l  f a c t o r i a l  des ign  f o r  f i v e  v a r i a b l e s  a l l owed  the  

e l i m i n a t i o n  o f  one more va r iab le .  T h i s  was f o l l o w e d  by severa l  c e n t r a l  composite 

designs [ a second-order des ign  which i s  discussed very  b r i e f l y  i n  Chapter 15 

and i n  more d e t a i l  by Cochran and Cox (1957) ]  . The complete s tudy  was c a r r i e d  

o u t  i n  360 - 540 i n d i v i d u a l  t r i a l s ,  compared w i t h  more than 1000 when convent iona l  

s i n g l e - f a c t o r  procedures a re  used. 

o p t i m i z a t i o n  exper iments no ted  i n  t h e  l a s t  few years ,  some more a p p l i c a t i o n s  

have been pub l i shed  r e c e n t l y ,  f o r  example by Morgan and Deming (1974) and by 

Van Eenaeme e t  a1 . (1974). 

Rubin e t  a l .  (1971),  f o r  example, desc r ibed  how they  

Owing t o  t h e  r e v i v a l  o f  i n t e r e s t  i n  p lanned 

13.3. USE FOR OPTIMIZATION PURPOSES 

As s t a t e d  be fo re ,  t h e  b e s t  r e s u l t  i n  a f a c t o r i a l  exper iment can be s e l e c t e d  

and t h e  l e v e l s  o f  t h e  f a c t o r s  f o r  t h i s  exper iment a re  then cons idered as 

op t ima l .  

e f f e c t i v e )  procedure,  one can proceed i n  two d i f f e r e n t  ways : 

I f  one i s  n o t  s a t i s f i e d  w i t h  t h i s  s imp le  (and i n  many ins tances  v e r y  

( a )  A new exper iment can be c a r r i e d  o u t  w i t h  c l o s e r  spaced l e v e l s  around the  

p r o v i s i o n a l  optimum. Th is  w i l l  l e a d  t o  good r e s u l t s  i f  the  t r u e  optimum i s  

s i t u a t e d  w i t h i n  t h e  bounds g i v e n  by t h e  l e v e l s  o f  t he  o r i g i n a l  designs. 

t r u e  optimum i s  s i t u a t e d  beyond these o r i g i n a l  l e v e l s ,  no r e a l  a m e l i o r a t i o n  

w i l l  be ob ta ined  f rom t h e  second exper iment.  

I f  t h e  

(b )  The r e s u l t s  a re  used t o  c a l c u l a t e  the  c o e f f i c i e n t s  o f  an equa t ion  t h a t  

descr ibes  the  response su r face .  Th is  mathematical  model i s  then op t im ized  

a l g e b r a i c a l l y .  The l a t t e r  procedure i s  desc r ibed  i n  more d e t a i l  i n  Chapter 15.  
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Chapter 1 4  

SEQUENTIAL EXPERIMENTAL DESIGNS 

14.1. ONE-PARAMETER METHODS 

The o p t i m i z a t i o n  o f  a s i n g l e  v a r i a b l e  can be c a r r i e d  o u t  accord ing  t o  bo th  

sequen t ia l  and simultaneous (pre-planned) designs and the re  a re  many such methods 

a v a i l a b l e .  

they  can be acce le ra ted  o r  no t ,  e t c .  

account o f  a l l  these methods, which are d iscussed i n  d e t a i l  i n  Bever idge and 

Schech te r ' s  (197G) book. We s h a l l  c o n f i n e  o u r  d i scuss ion  t o  t h e  o n l y  method 

which, t o  o u r  knowledge, has been proposed i n  the  a n a l y t i c a l  chemical  l i t e r a t u r e ,  

namely t h e  u n i p l e x  method, and t o  one o t h e r  method, t h e  mathematics o f  which a re  

very  appea l ing .  Both a re  sequen t ia l  unequal i n t e r v a l  methods, which means t h a t  

t he  exper iments a re  c a r r i e d  o u t  one a t  a t ime  and w i t h  v a r i a b l e  s tep  s i z e s .  

methods are con f ined  t o  unimodal f u n c t i o n s  ( i  .e., f u n c t i o n s  w i t h  o n l y  one optimum). 

I f  t h e  f u n c t i o n  i s  mu l t imoda l  i t  must be d i v i d e d  i n t o  unimodal reg ions .  The 

unimodal s i n g l e - v a r i a b l e  f u n c t i o n  i s  very  common i n  a n a l y t i c a l  chemis t ry .  Very 

t y 7 i c a l  s i t u a t i o n s  are  t h e  Van Deemter equa t ion  f o r  t h e  dependence o f  t h e  p l a t e  

h e i g h t  on f l o w  v e l o c i t y  i n  chromatography f o r  a f i x e d  so l ven t -  s t a t i o n a r y  phase 

combina t ion  and t h e  d i s t r i b u t i o n  c o e f f i c i e n t s  i n  t h e  an ion  exchange o f  metal  i o n  

complexes as a f u n c t i o n  o f  t h e  complexing agent.  

when two f a c t o r s  a r e  competing. I n  t h e  Van Deemter equat ion ,  f o r  example, t h e  

l o n g i t u d i n a l  d i f f u s i o n  and t h e  mass t r a n s f e r  terms have opposing e f f e c t s .  The 

fo rmer  causes a decrease i n  p l a t e  h e i g h t  when the  f l o w  v e l o c i t y  inc reases ,  w h i l s  

t he  l a t t e r  has an i n c r e a s i n g  e f f e c t .  

p l a t e  h e i g h t  a t  i n t e r m e d i a t e  f l o w  values. 

The designs can be used w i t h  r e g u l a r l y  o r  i r r e g u l a r l y  s i z e d  i n t e r v a l s ,  

I t  i s  n o t  ou r  purpose t o  g i v e  a complete 

Both 

These curves a re  o f t e n  ob ta ined  

The r e s u l t  i s  a minimal (and o p t i m a l )  

:lany a n a l y t i c a l  chemists p robab ly  fee l  t h a t  i t  i s  n o t  necessary o r  advantagesus 

t o  use these methods because one i s  r a r e l y  i n t e r e s t e d  i n  t h e  very  p r e c i s e  l o c a t i o n  
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of an optimum. 

optimal value of which i s  sought, a t  regular in te rva ls  and t o  declare t h a t  the 

value a t  which the highest r e s u l t  was obtained i s  the optimum. 

the formal methods of t h i s  sec t ion ,  i t  i s  not our purpose t o  declare  the o ther  

methods inva l id  in  a l l  instances .  We think t h a t  s i t u a t i o n s  may a r i s e  ( f o r  

example, small amounts of sample avai lable  f o r  the optimization s tudy,  o r  very 

cos t ly  reagents) where the experimental design methods should be of value. 

Further, they allow one t o  gain a b e t t e r  understanding o f  the philosophy of 

sequential search methods in  general ,  

Therefore, one wil l  be content t o  measure the  var iab le ,  the 

I n  explaining 

14.1.1. The use of Fibonacci numbers 

Fibonacci numbers a r e  due t o  the  13th century mathematician Leonard0 of Pisa ,  

who was a l so  ca l led  Fibonacci. Fibonacci numbers ( c f . ,  the Fibonacci s e r i e s )  

a re  defined by the recursive re la t ionship  

(14.1) 

with to = 1, t l  = 1. I n  other  words, each number of the s e r i e s  i s  the  sum of 

the  two preceding numbers. The Fibonacci s e r i e s  therefore  begins as  follows : 

1, 1, 2 ,  3 ,  5 ,  8, 13, 21 ,  34, 55, 89, 144, 233, ... , 
1 I f  we c a l l  CI = (1 t 4, then the  general term i s  

- n  an - (-a) 
t n - l  = 

CI t a -1 

which can a l so  be wri t ten as 

(14.2)  

(14.3) 

These numbers can be used t o  d i r e c t  a r e s t r i c t e d  region search,  meaning t h a t  

the l imi t s  of the region t o  be searched are  known. This of ten happens i n  
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a n a l y t i c a l  chemis t ry .  

i n t r o d u c t i  on and u s i  ng hydrochl  o r i  c a c i d  as t h e  compl e x i  ng agent , the  r e g i o n  o f  

search f o r  t h e  op t ima l  concen t ra t i on  o f  h y d r o c h l o r i c  a c i d  i s  n a t u r a l l y  r e s t r i c t e d  

t o  0 - 12 N. 

an open-ended search. 

upper l i m i t s  f o r  the  f l o w  v e l o c i t y  a re  g i v e n  (a l though,  o f  course, p r a c t i c a l  

l i m i t a t i o n s  may e x i s t ) .  

I n  t h e  meta l  complex anion-exchange example g i v e n  i n  t h e  

The s i t u a t i o n  i n  which no such r e s t r i c t i o n s  a re  g i ven  i s  c a l l e d  

The Van Deemter equa t ion  i s  an example, as no a ph ioh i  

The ph i l osophy  o f  t h i s  search method i s  t o  e l i m i n a t e  p a r t s  o f  t h e  r e g i o n  t o  

be searched f rom cons ide ra t i on ,  thereby  nar rowing  a t  each c y c l e  t h e  r e g i o n  i n  

which t h e  optimum can be s i t u a t e d .  

Consider t h e  case i n  which t h e  maximum o f  a f u n c t i o n  y ( x )  must be found i n  

a r e g i o n  xA - xB. 

d e p i c t e d  i n  F i g .  14.1. 

Th is  f u n c t i o n ,  which i s  unknown t o  t h e  exper imenter,  i s  

A 
Y 

x 
A x4 x3 Xopt xl 2 

X 

F i g .  14.1. Example o f  t h e  f i r s t  stages i n  a F ibonacc i  search. 

X 
B 

X 

The va lue  t o  be found i s  xOPT. Two exper iments a re  c a r r i e d  o u t  w i t h  t h e  

parameter values x1 and x2, chosen i n  such a way t h a t  t h e  d i s tance  xA - x1 i s  

equal t o  x2 - xB. 

observed t h a t  y(xl) > y(x,). 

The r e s u l t i n g  y(xl) and y(x,) values a re  recorded and i t  i s  
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The exper imenter  assumes t h a t  t he  f u n c t i o n  i s  unimodal. He i s  t h e r e f o r e  

ab le  t o  conclude t h a t  the  maximum i s  n o t  s i t u a t e d  i n  t h e  x2 - xB reg ion ,  t o  

e l i m i n a t e  t h i s  r e g i o n  from f u r t h e r  c o n s i d e r a t i o n  and t o  concen t ra te  on the  

xA - x2 reg ion .  I n  t h i s  r e g i o n  he has a l ready  one exper imenta l  r e s u l t  [ y(xl)] 

a t  h i s  d i sposa l  w h i l e  xA - x2 can be cons idered i n  i t s  t u r n  as a r e s t r i c t e d  

r e g i o n  i n  which a search has t o  be c a r r i e d  ou t .  

o f  t h e  f i r s t  c y c l e  by s e l e c t i n g  x3 so t h a t  t he  d i s tance  xA - x 

x1 - x2. 

x1 - x2  and t h e  s e l e c t i o n  o f  x4, so t h a t  xA - x4 = x3  - xl, e t c .  

One can then repea t  t h e  s t r a t e g y  

i s  equal t o  3 

I n  t h e  p resen t  i ns tance ,  t h i s  leads  t o  t h e  e l i m i n a t i o n  o f  t h e  reg ion  

The F ibonacc i  search can be shown t o  be very  e f f e c t i v e ,  meaning t h a t  a v e r y  

smal l  number o f  exper iments i s  necessary.  Th is  i s  p a r t i c u l a r l y  t r u e  when t h e  

op t ima l  va lue  must be known very  p r e c i s e l y .  

F ibonacc i  method w i t h  t h e  s i m p l e s t  p o s s i b l e  search method, t h e  pre-p lanned 

r e g u l a r  i n t e r v a l  design. Th is  design i s  ve ry  common i n  a n a l y t i c a l  chemis t ry  

and c o n s i s t s  i n  de termin ing  t h e  r e s u l t  o f  t h e  exper iment a t  r e g u l a r  i n t e r v a l s  

( f o r  example, w i t h  0, 1, 2, ..., 12 N h y d r o c h l o r i c  a c i d ) .  To d e l i n e a t e  a r e g i o n  

i n  wh ich  t h e  optimum f a l l s ,  equal  t o  one t e n t h  of t h e  o r i g i n a l  reg ion ,  one needs 

19 exper iments,  w h i l e  t h e  F ibonacc i  method demands o n l y  6. 

Th is  can be shown by  comparing the  

When t h e  op t ima l  reg ion  must be one thousandth o f  t he  o r i g i n a l  reg ion ,  1999 

I n  f a c t ,  and 16 exper iments a re  necessary w i t h  t h e  two methods, r e s p e c t i v e l y .  

t h e  F ibonacc i  search method i s  t h e  b e s t  a v a i l a b l e  a t  t h i s  moment as f a r  as 

e f f e c t i v e n e s s  i s  concerned (Bever idge and Schechter,  1970). I t  s u f f e r s  f rom onn 

disadvantage, namely t h a t  i t  o n l y  works o p t i m a l l y  i n  t h e  absence o f  exper imenta l  

e r r o r .  

shou ld  t h e r e f o r e  be taken t o  be su re  t h a t ,  when i t  i s  decided t h a t  y ( x N )  > y(xNtl), 

t h i s  corresponds t o  t h e  t r u t h .  

of  t h e  exper iments s o  t h a t  i n  p r a c t i c e  and c e r t a i n l y  i n  a n a l y t i c a l  chemis t r y  t h e  

F ibonacc i  search i s  no t  n e c e s s a r i l y  as e f f e c t i v e  as p red ic ted .  

have d iscussed t h e  p r i n c i p l e  o f  t he  F ibonacc i  search procedure and i t s  

disadvantages and advantages b u t  we have n o t  exp la ined  how F ibonacc i  numbers 

Random e r r o r s  can l e a d  t o  the  exc lus ion  o f  t he  wrong reg ion .  Steps 

T h i s  may n e c e s s i t a t e  d u p l i c a t i o n  (o r  m u l t i p l i c a t i o n )  

U n t i l  now, we 
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a r e  used i n  t h i s  procedure.  

Phase 1 

S e l e c t i o n  o f  t h e  number o f  exper iments.  

T h i s  a p p l i c a t i o n  i s  desc r ibed  below. 

The exper imenter  must decide on t h e  w id th ,  a, o f  t h e  op t ima l  r e g i o n  which he 

w i l l  accept  compared w i t h  t h e  o r i g i n a l  search reg ion ,  A. 

i n s t a n t l y  i n d i c a t e s  which number i s  t h e  one immedia te ly  l a r g e r  than A/a. 

t h i s  i s  t he  n t l t h  number o f  t h e  s e r i e s ,  then n exper iments w i l l  be needed. 

example, i f  R/a i s  50, then t h e  s m a l l e s t  F ibonacc i  number wh ich  i s  h i g h e r  than  

A/a i s  55. 

exper iments w i  11 be necessary. 

Phase 2 

The F ibonacc i  s e r i e s  

I f  

For  

T h i s  i s  t h e  t e n t h  number i n  t h e  s e r i e s ,  t9, and t h e r e f o r e  n i n e  

(a )  Step 1. The f i r s t  two exper iments.  

L e t  us c a l l  t h e  l e n g t h  o f  t h e  o r i g i n a l  search r e g i o n  L1 and t h e  d i s tances  

between the  exper iments x1 and x2  and the  boundaries, l1 

L, 

'1  11 

I t  has been shown t h a t  t a k i n g  

y i e l d s  an op t ima l  number o f  exper iments.  

For  the  example desc r ibed  under Phase 1 

2 1  1 = - L  
1 55 1 

(14.4) 

and t h e r e f o r e  x1 = xA + l1 and x2 = xB - ll. 

One o f  t he  i n t e r v a l s  xA - x1 o r  x2  - xB i s  e l i m i n a t e d  accord ing  t o  whether 

y(xl) < y(x2) o r  v i c e  versa, as exp la ined  e a r l i e r .  The l e n g t h  o f  t h e  remain ing  
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reg ion  i s  

L2 = L1 - -t, tn-2 L1 = t, 'n-1 L1 (14 .5)  

(indeed, tnml t tc-2 = tn, see eqn. 14.1). 

( b )  Step 2. L e t  us suppose t h a t  x2 - xB was e l i m i n a t e d  ; x1 i s  r e t a i n e d  and 

we have t o  determine 12, s o  t h a t  t h i s  i s  equal t o  t h e  d is tances  between x1 and 

x2 and between a new exper iment x3 and xA. 

The f o l l o w i n g  general  equa t ion  i s  then a p p l i e d  

so t h a t  

a l so ,  

Lk = tn-(k-ll L k - ]  
tn- (k -2 )  

(14 .6)  

( 1 4 . 7 )  

so  t h a t  

57-2 
L 2  %-I 

L = -  

( c )  Step 3, e t c .  

One proceeds i n  t h e  same way u n t i l  n -1  exper iments have been performed. 

Phase 3 

Fo r  t h e  l a s t  exper iment  

(14.8) 
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which means t h a t  t h e  d i s tance  between t h e  1 ast-but-one exper iment  and the  

boundary o f  t h e  remain ing  r e g i o n  i s  h a l f  o f  t h e  l e n g t h  o f  t h i s  reg ion .  

words, t he  l as t -bu t -one  exper iment was s i t u a t e d  a t  t he  c e n t r e  o f  t h e  remain ing  

search reg ion .  

If the two exper iments a r e  c a r r i e d  o u t  w i t h  t h e  same x va lue  

i s  gained. 

which i s  t hough t  t o  g i v e  a measurable d i f f e r e n c e  i n  response. 

t h e  optimum i s  s i t u a t e d  i n  the  i n t e r v a l  x ~ - ~  - x ~ - ~  ; i f  y(xn_,) > y ( x n ) ,  i t  i s  

t o  be found i n  xn - x ~ - ~ .  

I n  o t h e r  

The l a s t  o r  n t h  exper iment shou ld  a l s o  be p laced  a t  t h i s  p o i n t .  

no new i n f o r m a t i o n  

There fore ,  t h e  l a s t  exper iment i s  p laced  a t  t h e  s m a l l e s t  d i s tance  

I f  y ( x n )  > ~ ( x , , ~ ) ,  

14.1.2. The u n i p l e x  method 

K ing  and Deming (1974) proposed another  sequen t ia l  unequal i n t e r v a l  method 

c a l l e d  u n i p l e x .  

which means t h a t  no a p h i o h i  boundar ies f o r  t h e  v a r i a b l e s  need t o  be g i ven .  

I f ,  f o r  chemical reasons, these boundar ies must be i n t roduced  t h i s  can be done 

by a l l o c a t i n g  an a r t i f i c i a l  very  low response t o  p o i n t s  f a l l i n g  o u t s i d e  t h e  

boundar ies.  I n  t h i s  way, t h e  search w i l l  a u t o m a t i c a l l y  be r e s t r i c t e d  t o  t h e  

chosen reg ion .  The method i s ,  i n  f a c t ,  based on the  m o d i f i e d  s imp lex  method 

which we s h a l l  d iscuss  i n  s e c t i o n  14.2.2. An i n i t i a l  i n t e r v a l ,  which i s  c a l l e d  

s implex f o r  reasons exp la ined  i n  s e c t i o n  14.2.1, i s  made t o  move by r e f l e c t i o n s ,  

c o n t r a c t i o n s  and expansions t o  t h e  optimum. 

o f  t h e  search r e g i o n  exc luded so  t h a t  the  method can work i n  t h e  presence o f  

exper imenta l  e r r o r .  Th is  i s  i t s  p r i n c i p a l  advantage compared w i t h  t h e  F ibonacc i  

procedure.  One s t a r t s  w i t h  t h e  s e l e c t i o n  o f  two p o i n t s  ( v e r t i c e s )  (see F i g .  

14.2), making up t h e  f i r s t  s implex.  

found t o  be t h e  b e s t  response. 

exp lo re  the  r e g i o n  x > xB. 

a long the  x -ax is  

I n  c o n t r a s t  w i t h  t h e  F ibonacc i  search procedure i t  i s  open-ended, 

A t  no t ime, however, i s  any p a r t  

y ( x w )  and Y(XB) a r e  measured and Y(x,) i s  

I t  i s  c l e a r  t h a t  t he  n e x t  move w i l l  be t o  

Th is  i s  done by r e f l e c t i n g  the  l i n e  segment xw - xB 

X R  = XB t (XB - xw) 
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'W '6 XR 'E ' 
Fig. 14.2.  I n i t i a l  s tages  in  a uniplex procedure. 

The measurement of y(x,) wil l  lead t o  one o f  two possible conclusions 

(1) y(x,) > y(x,). The simplex i s  moving i n  the  r i g h t  d i rec t ion  and i t s  

movement should therefore  be accelerated.  

t o  xE = xB t y ( x B  - x w ) ,  where y > 1 and i s  usually a r b i t r a r i l y  fixed a t  2 .  

I f  y(x,) > y ( x R ) ,  the new simplex i s  xB - xE,  i f  y(x,) < y(x,), the  simplex has 

moved too f a r  and the new simplex i s  xB - x,. 

A new point  i s  calculated according 

This i s  the case i n  Fig. 1 4 . 2 .  

( 2 )  y(x,) < y ( x B ) .  In moving t o  X, the  simplex moves too f a r .  There a re  

two new p o s s i b i l i t i e s  : 

(a)  y(x,) > y(xw) : i t  i s  probable (although not c e r t a i n )  t h a t  the optimum 

i s  s i t u a t e d  nearer to  X, than t o  xw. 

so t h a t  

Therefore, a new vertex xCR i s  calculated 

- 'CR' with 6 < 1 and usually = 0.5.  The new simplex i s  xB 

(b)  y(x,) < y(x,) : the  optimum i s  s i t u a t e d  presumably in  the  in te rva l  

xB - xw.  A new vertex xcw i s  calculated : 
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The new s imp lex  i s  xB - xw. 

The s imp lex  xB - xE o r  xB - xR o r  xB - xcw o r  xB - xCR ob ta ined  i s  cons idered 

as a new s imp lex  xB - xw and a new c y c l e  can be s t a r t e d ,  

t o  t h e  optimum and w i l l  e v e n t u a l l y  con t rac t .  

has reached a pre-de termined smal l  value, t he  procedure i s  stopped. 

The s imp lex  w i l l  move 

When t h e  l e n g t h  o f  t h e  i n t e r v a l  

14.1.3. An a p p l i c a t i o n  

The o n l y  known a p p l i c a t i o n  o f  u n i p l e x  a t  t h i s  moment i s  t he  a p p l i c a t i o n  w i t h  

I t  cons is t s  i n  a search which K ing  and Deming (1974) i n t r o d u c e  t h i s  techn ique.  

f o r  t h e  op t ima l  r a t i o  o f  chromate and hydrogen i o n  f o r  t h e  p roduc t i on  o f  dichromate. 

The dichromate y i e l d  i s  der i ved  from i t s  o p t i c a l  absorbance. 

here  i s  t h e  speed a t  which chromate i s  added by a pump. 

1000 s teps  s e c - l  and t h e  minimum 0. As h y d r o c h l o r i c  a c i d  was added a t  t h e  r a t e  

(1c)OO - chromate r a t e )  s teps  sec-' a f t e r  t he  chromate, t h i s  i s  another  way o f  

exp ress ing  the  r a t i o  between bo th  reagents.  Table 14.1 g i ves  t h e  f i r s t  12 

p o i n t s  eva lua ted  and Table 14.11 the  sequence o f  s implexes. 

The s i n g l e  v a r i a b l e  

The maximum speed i s  

The s t a r t i n g  s imp lex  i s  100. - 200.. As 100. y i e l d s  t h e  wors t  response, i t  

i s  e l i m i n a t e d  and i t s  r e f l e c t i o n  300. i s  se lec ted .  

r e s u l t  than t h e  o t h e r  two, so  t h a t  an expansion i s  c a r r i e d  o u t .  

v e r t e x  4 = 400. 

ob ta ined  w i t h  a va lue  o f  200. Therefore,  200. i s  r e j e c t e d  and a new ve r tex ,  

600., i s  ob ta ined  by  r e f l e c t i o n .  Th is  y i e l d s  a b e t t e r  r e s u l t  than 200. and 

400.. The re fo re  an expansion i s  at tempted, which f a i l s  as 800. leads t o  a l ower  

r e s u l t  than bo th  400. and 600.. The new s imp lex  i s  400. - 600.. As 400. has 

t h e  l owes t  response, t h i s  i s  e l im ina ted .  The new ve r tex  would be 800. T h i s  

has a l ready  been eva lua ted .  A s  t he  absorbance i s  l ower  a t  800. than a t  400. 

and 600., r u l e  2 (b )  o f  t h e  p reced ing  s e c t i o n  i s  a p p l i e d .  

500. - 600.. 

i s  reached. 

0.005 and t h e  s imp lex  has narrowed down t o  3 u n i t s ,  one cou ld  s top  there .  

The new p o i n t  y i e l d s  a b e t t e r  

Th is  y i e l d s  

The new s imp lex  i s  200. - 400. and t h e  wors t  response i n  i t  i s  

The new s imp lex  i s  

From now on t h e  s imp lex  i s  con t rac ted  a t  each s tep  u n t i l  s tep  12 

As t he  absorbance has Changed i n  t h e  l a s t  t h r e e  steps by o n l y  

I f  
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one wants t h e  optimum w i t h  s t i l l  g r e a t e r  p r e c i s i o n ,  one can continue. Th is  was 

done by King and Deming and a f t e r  the  e v a l u a t i o n  o f  26 v e r t i c e s  they  s i t u a t e d  

the  optimum a t  533. 

Tab le  14.1 

Resu l ts  o f  an o p t i m i z a t i o n  s tudy  by K ing  and Deming (1974) 

Ver tex  Chromate pump speed Net  absorbance 

1 100. 0,1918 
2 200. 0.3666 
3 300. 0.5254 
4 400. 0.6742 
5 600. 0.7625 
6 800. 0.4299 
7 500, 0.8078 
8 550. 0.8370 
9 525. 0.8402 

10 537.5 0.8519 
11 531.25 0.8524 
12 534.375 0.8521 

Table 14.11 

Sequence o f  s implexes i n  t h e  o p t i m i z a t i o n  s tudy  o f  Table 14.1 

Seauence Number Uni ~1 ex 

100.-200. 
200. -400. 
400. -600. 
500.-600. 
500.-550. 
525.-550. 
525.-537.5 

531.25-537.5 
531.25- 534.3 75 

14.2. MULTIPLE PARAMETER METHODS 

I n  t h i s  sec t i on ,  methods i n  which severa l  f a c t o r s  a t  a t ime  a re  v a r i e d  

acco rd ing  t o  a sequen t ia l  design w i l l  be discussed. These methods have been 

c a l l e d  e v o l u t i o n a r y  ope ra t i ons  methods (EVOP), a term which seems t o  have been 

i n t r o d u c e d  i n t o  a n a l y t i c a l  chemis t ry  by Deming and Morgan (1973) .  

severa l  such methods, b u t  o n l y  one seems t o  be used s y s t e m a t i c a l l y ,  namely t h e  

s imp lex  method. 

There a re  
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14.2.1. The simplex method 
- 

A simplex i s  a geometric f igure  defined by a number of points equal t o  one 

more than the number of parameters considered i n  the optimization o r ,  t o  p u t  i t  

another way, t o  one more than the number of dimensions of  the f a c t o r  space. For 

the s implest  mult i - factor  problem, namely an optimization of two parameters, the 

simplex i s  therefore  a t r i a n g l e .  

technique. Consider the isoresponse surface given in  Fig. 14.3. This f igure  

i s  adapted from Long (1969) and describes the optimization of a color imetr ic  

determination of sulphur dioxide. 

absorbances and the highest  absorbance i s  considered t o  be the optimum. 

This example wil l  be used t o  introduce the  

The numbers along the  isoresponse l i n e s  a r e  

A b 9" 

9 **' 
b 

9' l,IO', 
0 p.gd, \0,70 

u 
CC 
0 

I 
L) 

0 
I 
0 
r 

2 
HCI-conc. 

Fig. 14.3. Example of simplex optimization (adapted from Long, 1969).  

The optimization s t a r t s  with points 1, 2 and 3. These points form an 

equi la te ra l  t r i a n g l e  and point  2 shows the worst response of the three .  I t  i s  

logical t o  conclude t h a t  the response wil l  probably be higher i n  the d i rec t ion  

opposite t o  t h i s  point .  

opposite t o  point  2 i s  obtained. 

values o f  point  4. 

simplex. The procedure i s  now repeated. 

Therefore, the t r i a n g l e  i s  re f lec ted  so t h a t  point  4 

An experiment i s  now run with the parameter 

Points 1,  3 and 4 a re  considered t o  form together a new 

I t  appears t h a t  point 3 y ie lds  the lowest absorbance. Point 3 i s  therefore  
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r e j e c t e d  and p o i n t  5 i s  ob ta ined.  I n  t h  

moves r a p i d l y  along t h e  response su r face  

f o l l o w i n g  r u l e s .  

s way, u s i n g  success ive  s implexes, one 

Th is  procedure i s  desc r ibed  by the  

Rule 1 : t h e  new s imp lex  i s  formed by r e j e c t i n g  t h e  p o i n t  w i t h  t h e  w o r s t  r e s u l t  

i n  t h e  preced ing  s imp lex  and r e p l a c i n g  i t  w i t h  i t s  m i r r o r  image across the  l i n e  

d e f i n e d  by t h e  two remaining p o i n t s .  

I n  t h e  i n i t i a l  stages o f  an o p t i m i z a t i o n ,  t h e  new p o i n t  i n  a s imp lex  w i l l  

u s u a l l y  y i e l d  a b e t t e r  r e s u l t  than a t  l e a s t  one o f  t h e  two remain ing  p o i n t s ,  

because t h e  simplexes w i l l  tend  t o  move towards t h e  optimum. When the  new p o i n t  

does n o t  cause a move i n  t h i s  genera l  d i r e c t i o n  a change i n  t h e  p rog ress ion  a x i s  

i s  necessary.  When t h e  new p o i n t  has t h e  wors t  response o f  t h e  s imp lex ,  i t  i s  

imposs ib le  t o  app ly  r u l e  1, as t h i s  would l e a d  t o  r e f l e c t i o n  back t o  t h e  p o i n t  

which was i t s e l f  t he  wors t  one i n  t h e  preced ing  s imp lex .  

r u l e  1 would then l e a d  t o  an o s c i l l a t i o n  between two simplexes. 

cons ider  s imp lex  6, 7 and 8 i n  F i g .  14.3. 

i s  rep laced  by 9, i t s  m i r r o r  image across t h e  l i n e  7-8. 

d e s i r a b l e  response i n  the  new s imp lex .  

aga in  t o  p o i n t  9, e t c .  

The r e p e t i t i o n  o f  

Fo r  example, 

P o i n t  6 has the  lowest  absorbance and 

P o i n t  9 has t h e  l e a s t  

Rule 1 would l e a d  back t o  p o i n t  6, then 

There fore ,  one now a p p l i e s  r u l e  2. 

Rule 2 : i f  t h e  newly ob ta ined  p o i n t  i n  a s imp lex  has t h e  wors t  response, do 

n o t  app ly  r u l e  1 b u t  i n s t e a d  e l i m i n a t e  t h e  p o i n t  w i t h  the  second lowes t  response 

and o b t a i n  i t s  m i r r o r  image t o  fo rm t h e  new s imp lex .  

The e f f e c t  o f  t h i s  i s  t o  change the  d i r e c t i o n  o f  p rog ress ion  towards t h e  

optimum. 

i s  ob ta ined  near  t o  i t , a l l  o f  t h e  o t h e r  new p o i n t s  w i l l  overshoot  t h e  t o p  o f  

t he  response curve. 

t h e  optimum, t h e  e f f e c t  i s  t h a t  t h e  s implexes c i r c l e  around t h e  p r o v i s i o n a l  

op t ima l  p o i n t .  Fo r  example, i n  F ig .  14.3 t h e  a p p l i c a t i o n  o f  r u l e  2 would l e a d  

t o  t h e  r e j e c t i o n  o f  t h e  second lowes t  p o i n t ,  7. I t s  r e f l e c t i o n  y i e l d s  9 ' ,  a 

p o i n t  w i t h  a nega t i ve  h y d r o c h l o r i c  a c i d  concen t ra t i on .  

moment t h a t  t h i s  i s  p o s s i b l e  and t h a t  9 '  would y i e l d  the  lowest  response. 

T h i s  w i l l  most o f t e n  happen i n  the  reg ion  o f  t he  optimum. I f  a p o i n t  

A change i n  d i r e c t i o n  i s  then ind i ca ted .  I n  t h e  r e g i o n  o f  

L e t  us suppose f o r  t he  
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Rule 2 leads  t o  9". 

8 b u t  b e t t e r  than t h a t  o f  p o i n t  9 ' .  Rule 1 l eads  back t o  9. 

9 "  has a response lower than 9 ' ,  9 " '  i s  s e l e c t e d  as the  new p o i n t  ( r u l e  2 ) .  

The response o f  t h i s  p o i n t  i s  l ower  than  the  response o f  

I f  on the  c o n t r a r y  

I n  bo th  ins tances ,  p o i n t  8 i s  r e t a i n e d  i n  consecut ive  simplexes, wh ich  i s  

i n t e r p r e t e d  as i n d i c a t i n g  t h a t  t h i s  p o i n t  i s  s i t u a t e d  as near t o  t h e  optimum as 

one can g e t  w i t h  t h e  i n i t i a l l y  chosen s imp lex .  The s i t u a t i o n  c o u l d  a l s o  r e s u l t  

from an e r roneous ly  h i g h  response f rom p o i n t  8. To make sure  t h a t  t h i s  i s  n o t  

t h e  case, one a p p l i e s  r u l e  3. 

Rule 3 : i f  one p o i n t  i s  r e t a i n e d  i n  th ree  success ive  s implexes, determine 

aga in  t h e  response a t  t h i s  p o i n t .  

i t  i s  cons idered as t h e  optimum which can be a t t a i n e d  w i t h  s implexes o f  t h e  

chosen s i ze .  

s t a r t s  again.  

p r a c t i c e  when one encounters a s i t u a t i o n  such as t h a t  e x e m p l i f i e d  by p o i n t  9 ' .  

To a v o i d  i t  one i d e n t i f i e s  the  c o n s t r a i n t s  o r  t h e  boundar ies between wh ich  t h e  

s imp lex  may move. 

a re  b racketed  between a low l i m i t ,  u s u a l l y  s e t  a t  0, and a h i g h  l i m i t ,  u s u a l l y  

t he  h i g h e s t  concen t ra t i on  which may be p resen t  b u t  sometimes t h e  h i g h e s t  

concen t ra t i on  which i s  cons idered t o  be p r a c t i c a l .  

one a p p l i e s  r u l e  4. 

I f  i t  i s  t h e  h i g h e s t  i n  t h e  l a s t  t h r e e  simplexes 

I f  no t ,  t h e  s imp lex  had become fas tened  t o  a f a l s e  maximum and one 

One d i f f i c u l t y  which has s t i l l  t o  be reso lved  i s  what t o  do i n  

For  example, when the  parameters a r e  concen t ra t i ons ,  these 

Once t h i s  has been done, 

Rule 4 : i f  a p o i n t  f a l l s  o u t s i d e  one o f  t h e  boundar ies,  ass ign  an a r t i f i c i a l l y  

low response t o  i t  and proceed w i t h  r u l e s  1 -3 .  

i s  t h a t  t h e  o u t l y i n g  p o i n t  i s  a u t o m a t i c a l l y  r e j e c t e d  w i t h o u t  b r i n g i n g  t h e  

succession o f  s implexes t o  an end. 

The e f f e c t  o f  app ly ing  r u l e  4 

The t w o - f a c t o r  case can be genera l i zed  t o  t h e  n - f a c t o r  case. When t h e  

two-dimensional  s imp lex  can be ob ta ined  geomet r i ca l l y ,  t h i s  i s  no l o n g e r  p o s s i b l e  

f o r  t h r e e  o r  more dimensions a l though  the  p r i n c i p l e  i s  e x a c t l y  t h e  same. 

the  ve r tex  t o  be r e j e c t e d  has been determined, t he  coord ina tes  o f  n r e t a i n e d  

v e r t i c e s  a re  sumned f o r  each f a c t o r  and d i v i d e d  by n/2. From t h e  r e s u l t a n t  

values one s u b t r a c t s  t h e  coord ina tes  o f  t h e  r e j e c t e d  p o i n t .  

When 

The r e s u l t  y i e l d s  
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Sums o f  r e t a i n e d  coord ina tes  . . . . . 

2/n  (Sums) ....................... 

Coord ina tes  o f  d iscarded v e r t e x  . .  

Coordinates o f  new ve r tex  . . .... .. 

t h e  coo rd ina tes  o f  t h e  new ve r tex .  Th is  i s  done bes t  by us ing  Table 14.111 

. 1 

, 

14.2.2. The m o d i f i e d  s imp lex  method 

I n  the  o r i g i n a l  s imp lex  method the  s tep  s i z e  i s  f i x e d .  When i t  i s  t o o  smal l ,  

i t  takes many exper iments t o  f i n d  the  optimum ; when i t  i s  t o o  l a r g e ,  t h e  optimum 

i s  determined w i t h  i n s u f f i c i e n t  p r e c i s i o n .  

s t a r t  a new s imp lex  around t h e  p r o v i s i o n a l  optimum w i t h  a s m a l l e r  s tep  s i z e .  

Th is  was t h e  method used by Long (see F i g .  14 .3) .  

method i n  which t h e  s tep  s i z e  i s  v a r i a b l e  th roughout  the  whole procedure o f f e r s  

a more e legan t  (and e f f i c i e n t )  s o l u t i o n .  

s i m p l i c i t y  o f  t h e  c a l c u l a t i o n s  i n  t h e  o r i g i n a l  s imp lex  method no l o n g e r  e x i s t s .  

The p r i n c i p l e s  o f  t h e  method a re  r e t a i n e d  b u t  a d d i t i o n a l l y  p r o v i s i o n  i s  made f o r  

I n  the  l a t t e r  i ns tance ,  one can 

However, a m o d i f i e d  s imp lex  

The p r i n c i p a l  d isadvantage i s  t h a t  t he  
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t he  expansion o r  c o n t r a c t i o n  o f  s implexes. 

The u n i p l e x  des ign  which was discussed i n  s e c t i o n  14.1.2 i s  i n  f a c t  d e r i v e d  

As we have exp la ined  the  u n i p l e x  i n  some from t h e  m o d i f i e d  s imp lex  procedure.  

d e t a i l ,  i t  i s  n o t  necessary t o  do t h i s  aga in  here  f o r  t h e  m o d i f i e d  s imp lex  

method. 

s imp lex  i n  t h e  d i r e c t i o n s  which seem favourab le  and t o  c o n t r a c t  i t  i n  t h e  

d i r e c t i o n s  t h a t  a re  un favourab le .  Th is  method, which i s  due t o  Ne lder  and Mead 

(1965),  was i nt roduced i n t o  a n a l y t i c a l  chemis t ry  by Morgan and Demi ng (1974). 

L e t  us s imp ly  r e c a l l  t h a t  the  ph i losophy i s  t o  expand o r  a c c e l e r a t e  the  

It i s  exp la  

dimensional  

e q u i l a t e r a l  

ned here,  us ing  the  n o t a t i o n  o f  t h e  l a t t e r  workers f o r  t h e  two- 

case. Th is  aga in  y i e l d s  a t r i a n g l e  (which i s  now no l o n g e r  

as t h e  s implex.  The i n i t i a l  s imp lex  i s  c a l l e d  BNW. I n  t h i s  s implex,  

the  b e s t  response i s  ob ta ined  f o r  v e r t e x  B and the  wors t  f o r  v e r t e x  W. 

l a t t e r  i s  t h e r e f o r e  r e j e c t e d  and r e f l e c t e d .  

segment BN, t hen  t h e  r e f l e c t e d  ve r tex  R i s  ob ta ined  by 

The 

I f  P i s  t h e  c e n t r o i d  o f  t h e  l i n e  

R = + (7 - W) 

The response i n  R can be h i g h e r  than i n  B, lower  than i n  B b u t  h i g h e r  than i n  N 

o r  lower  than i n  N. 

be t r u e ,  t he  f o l l o w i n g  steps a r e  undertaken. 

According t o  which o f  t he  th ree  p o s s i b i l i t i e s  i s  found t o  

( a )  Response a t  R > response a t  B.  

The s imp lex  seems t o  move f a s t  i n  a favourab le  d i r e c t i o n .  An expansion i s  

t h e r e f o r e  a t tempted by genera t i ng  v e r t e x  E : 

where y i s  u s u a l l y  2. I f  the  response a t  E 

r e t a i n e d  and t h e  new s imp lex  i s  BNE. I f  n o t  

s a l s o  b e t t e r  t han  a t  B ,  t h e  E i s  

t he  expansion i s  cons idered t o  

have f a i l e d  and t h e  new s imp lex  i s  BNR. 

( r e j e c t i o n  o f  the  wors t  ve r tex  and r e f l e c t i o n ) .  

One proceeds i n  t h e  usual  manner 

(b )  Response a t  B > response a t  R > response a t  N. 

The new s imp lex  i s  BNR. No expansion o r  c o n t r a c t i o n  i s  envisaged. 
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(c )  Response a t  N > response a t  R. 

The s imp lex  has moved t o o  f a r  and i t  shou ld  be cont rac ted .  I f  the  response 

a t  R i s  n o t  worse than a t  W, t h e  new v e r t e x  CR i s  b e s t  s i t u a t e d  neare r  t o  R than  

t o  w 

CR = P t B(P - W) 

where B i s  u s u a l l y  0.5.  

new ve r tex  Cw should be s i t u a t e d  nearer  t o  W 

I f  t h e  response a t  R i s  a l s o  worse than t h a t  a t  W, t h e  

cw = P - B(P - W) 

The new s imp lex  i s  BNCR o r  BNCW and one proceeds i n  t h e  usual  manner. 

14.2.3. An example 

Krause and L o t t  (1974) descr ibed a p p l i c a t i o n s  o f  t h e  s imp lex  techn ique t o  t h e  

o p t i m i z a t i o n  o f  au tomat ic  ana lysers .  

m i n i m i z a t i o n  o f  i n t e r a c t i o n  ( a  measure o f  ca r ry -ove r )  i n  a cont inuous 

Technicon-type ana lyser .  

and t h e  f l o w  c e l l  p u l l - t h r o u g h  r a t e  (% p u l l - t h r o u g h ) .  

i n  Table 14.IV. 

a t  ve r tex  9. 

t h e  o p t i m i z a t i o n  aga in  w i t h  an i n i t i a l  s imp lex  (14, 15, 16) w i t h  ve ry  d i f f e r e n t  

c o n d i t i o n s  compared w i t h  those used i n  t h e  f i r s t  a t tempt .  

leads  t o  24, 26, 27. 

v e r t i c e s  10 and 8, r e s p e c t i v e l y .  

t h e r e f o r e  a r r i v e s  th rough r e f l e c t i o n  a t  s imp lex  8, 10, 9 and t h e  same optimum 9 

i s  ob ta ined.  

T h e i r  s i m p l e s t  example c o n s i s t s  i n  t h e  

The v a r i a b l e s  were t h e  sample-to-wash r a t i o  (% sample) 

T h e i r  r e s u l t s  a re  g i ven  

I n  a f i r s t  a t tempt  ( v e r t i c e s  1 - 13), they  l o c a t e d  t h e  optimuni 

To be c e r t a i n  t h a t  t h i s  i s  indeed t h e  op t ima l  ve r tex ,  they  s t a r t e d  

The sequence o f  s implexes 

The parameter values o f  26 and 27 are  equal t o  those o f  

By r e j e c t i o n  o f  t h e  wors t  va lue  (24), one 

A good example o f  a m o d i f i e d  s imp lex  can be found i n  an o p t i m i z a t i o n  of a 

c o l o r i m e t r i c  method f o r  c h o l e s t e r o l  i n  b lood  o r  serum (Morgan and Deming, 1974). 

This  paper con ta ins  a d e t a i l e d  d e s c r i p t i o n  o f  o p t i m i s a t i o n  us ing  e i t h e r  t h e  
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Tab le  14.IV 

O p t i m i z a t i o n  o f  a cont inuous f l o w  system (Krause and L o t t ,  1974) 

Note : Values i n  parentheses a re  those p r e d i c t e d  by t h e  s imp lex  b u t  which c o u l d  
n o t  always be ob ta ined  exper imen ta l l y  

1 

2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 

Ver tex  % sample % pull-through % response Ver t i ces  r e t a i n e d  

No. ( i n t e r a c t i o n )  f rom p rev ious  s imp lex  
1 25.0 - 24.0 - 37.3 

25.0 - 
33.3 - 

25.0 (25.0) 

25.0 (25.0) 

25.0 (25.0) 

25.0 (25.0) 
14.3 (16.7) 
14.3 (14.3) 

33.3 (33.3) 

33.3 (33.3) 

33.3 (33.3) 

33.3 (33.3) 

85.7 - 
85.7 - 
75.0 - 
75.0 (75.0) 
66.6 (64.3) 
66.6 (66.6) 
60.0 (58.2) 
60.0 (60.0) 
54.5 (53.4) 
54.5 (54.5) 

45.5 (45.5) 

33.3 (33.3) 

45.5 (49.0) 

33.3 (36.5) 

34.0 - 
29.0 - 
40.1 (39.0) 
45.7 (45.1) 
51.2 (51.8) 
56.8 (56.8) 
63.0 (62.3) 
69.1 (68.6) 

82.7 (82.4) 
77.2 (76.5) 
63.0 (63.6) 
40.1 - 
51.2 - 
45.7 - 
56.8 (56.8) 
51.2 (51.3) 
63.0 (62.3) 
56.8 (57.4) 
69.1 (68.6) 
63.0 (62.9) 

69.1 (69.2) 
82.7 (81.4) 
75.3 (76.5) 
63.0 (61.7) 

75.3 (75.3) 

75.3 (75.3) 

22.4 
27.2 
19.2 
13.5 
12.0 
5.4 
5.1 
4.0 
4.2 
4.2 
6.9 
5.4 
36.8 
29.0 
28.1 
27.3 
24.8 
20.8 
20.3 
18.6 
15.5 
14.2 
8.4 
9.2 
4.4 
5.0 

- 
2.3 
2.4 
4.5 
5.6 
6.7 
7.8 
8.9 
9.10 
9.11 
9.12 

15.16 
16.17 
17.18 
18.19 
19.20 
20.21 
21.22 
22.23 
23.24 
24.25 
25.26 

m o d i f i e d  s imp lex  or  a f r a c t i o n a l  f a c t o r i a l  exper iment.  

a shor tened v e r s i o n  o f  such an e x c e l l e n t  a r t i c l e  here ; we s h a l l  n o t  do t h i s  b u t ,  

on t h e  c o n t r a r y ,  we urge  t h e  reader  t o  read t h e  complete, o r i g i n a l  ve rs ion .  

I t  seems a p i t y  t o  g i v e  

14.2.4. Other  a p p l i c a t i o n s  

The i n t r o d u c t i o n  o f  t h e  method goes back t o  t h e  e a r l y  1960 s(Spend1ey e t  a l . ,  

1962). 

a n a l y t i c a l  chemical)  one. 

and Mead (1965). 

(see a l s o  s e c t i o n  14.2.1). 

Not s u r p r i s i n g l y ,  Spendley e t  a l . ' s  example i s  a chemical ( b u t  n o t  an 

The m o d i f i e d  s imp lex  was f i r s t  proposed by Ne lder  

The f i r s t  a p p l i c a t i o n  i n  a n a l y t i c a l  chemis t r y  dates f rom 1969 

It c o n s i s t s  o f  an o p t i m i z a t i o n  o f  t h e  absorbance i n  
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a c o l o r i m e t r i c  method f o r  su lphu r  d i o x i d e  (Long, 1969). 

absorbance o r  r e l a t e d  q u a n t i t i e s  has remained one o f  t h e  most impor tan t  

a p p l i c a t i o n s .  

Other  a p p l i c a t i o n s  o f  t h i s  k i n d  a r e  due t o  Vanroelen e t  a l .  (1976),  who op t im ized  

a c o l o r i m e t r i c  method f o r  phosphate and t o  Parker  e t  a l .  (1975).  The l a t t e r  

c a r r i e d  o u t  a very  d e t a i l e d  s tudy  on t h e  o p t i m i z a t i o n  o f  exper imenta l  f a c t o r s  i n  

a tomic -abso rp t i on  spectrophotometry.  Other  a p p l i c a t i o n s  a re  due t o  Houle e t  a1 . 
(1970) and Czech (1973a, b ) .  

The o p t i m i z a t i o n  of  

Morgan and Deming's work i n  t h i s  c o n t e x t  has a l ready  been c i t e d .  

Several  chromatographic a p p l i c a t i o n s  were a l s o  proposed. Rainey e t  a l .  (1974) 

used r e s o l u t i o n  as t h e  c r i t e r i o n  f o r  t h e  o p t i m i z a t i o n  o f  a p h o s p h o l i p i d  separa t i on ,  

w h i l e  Smits e t  a l .  (1975) used a t h e o r e t i c a l  i n f o r m a t i o n  c r i t e r i o n  f o r  t h e  

o p t i m i z a t i o n  of  t h e  compos i t ion  of t h e  e l u e n t  used n a cat ion-exchange separa t i on  

o f  f i v e  metal  i o n s .  The t h e o r e t i c a l  background f o r  t h i s  c r i t e r i o n  was g i ven  by 

Massart  and Smits (1974).  

than necessary. 

Th is  c r i t e r i o n  i s ,  as we now recogn ize ,  more compl ica ted  

Morgan and Deming (1975) op t im ized  a GLC separa t i on  o f  i somer i c  octanes u s i n g  

t h e  s o - c a l l e d  peak separa t i on  f u n c t i o n .  

e t  a1 . (1976) f o r  a GLC separa t i on  o f  methylbenzenes and by De taeve rn ie r  e t  a1 . 

(1976) i n  t h e  l i q u i d  chromatography of  t r i c y c l i c  an t i dep ressan ts  ( u n i p l e x  

ap?1 i c a t i o n ) .  

The same c r i t e r i o n  was used by H o l d e r i t h  

A few o t h e r  a p p l i c a t i o n s  have a l s o  been proposed, f o r  example, t h e  o p t i m i z a t i o n  

o f  a t i t r a t i o n  (Meus e t  a l . ,  1975) and o f  a g r a v i m e t r i c  de te rm ina t ion  (Parczewski 

e t  a1 . , 1974).  

14.2.5. D i f f i c u l t i e s  i n  t h e  a p p l i c a t i o n  o f  s imp lex  o p t i m i z a t i o n  methods. 

Comparison w i t h  f a c t o r i a l  designs 

The s imp lex  method i s  concep tua l l y  so s imp le  t h a t  one can expec t  i t  t o  f i n d  

Th is  s i m p l i c i t y  c a r r i e s  i n  i t s e l f  more widespread use than f a c t o r i a l  designs. 

t h e  danger t h a t  some o f  i t s  users would be l e d  t o  t h i n k  t h a t  t h e r e  a r e  no 

d i f f i c u l t i e s  i n  i t s  use and t h a t  i t  shou ld  always l e a d  s t r a i g h t  t o  an optimum. 
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I n  f a c t ,  t h e  p r i n c i p a l  promoters o f  t h e  techn ique,  Oeming and Morgan, w ro te  an 

a r t i c l e  w i t h  K ing  (K ing  e t  a l . ,  1975) t o  d e l i n e a t e  " t h e  propagat ion  o f  mis takes  

and misunders tand ings"  i n  t h e  a p p l i c a t i o n  o f  s imp lex  methods. L e t  us t h e r e f o r e  

i n v e s t i g a t e  some o f  t h e  problems t h a t  can a r i s e .  

These d i f f i c u l t i e s  can be c l a s s i f i e d  i n  t h r e e  ca tegor ies ,  namely occasions 

where s imp lex  methods a re  o f  no use o r  where t h e i r  a p p l i c a t i o n  f a i l s ,  m is takes  

t o  be avoided, and d i f f i c u l t i e s  i n  dec id ing  how t o  app ly  t h e  method. 

Simplex methods cannot be used when one o f  t he  v a r i a b l e s  i s  n o t  con t inuous .  

Fo r  example, i f  a f a c t o r  such as a cho ice  between a Pyrex and a metal  GLC i n j e c t o r  

i s  i nc luded ,  one has t o  use a f a c t o r i a l  design. Simplex methods may f a i l  i f  

the re  i s  more than one optimum ( t h i s  i s  a l s o  t r u e  f o r  f a c t o r i a l  exper iments ) .  

The s imp lex  method w i l l  c e r t a i n l y  l e a d  t o  a l o c a l  optimum, b u t  t h i s  may n o t  be 

t h e  "ove ra l l "  optimum. 

one optimum, b u t  i n  a few s i t u a t i o n s  many do e x i s t .  

o p t i m i z a t i o n  o f  chromatographic separa t ions .  I f  i n  the  f a c t o r  i n t e r v a l  searched 

t h e  o r d e r  o f  e l u t i o n  o r  t h e  sequence o f  m i g r a t i o n  r a t e s  o f  components A and B 

changes, t h e r e  w i l l  be a l o c a l  optimum f o r  t h e  sequence AB and one f o r  t h e  

sequence BA. 

o u t  t h e  o p t i m i z a t i o n  tw ice ,  f rom two very  d i f f e r e n t  s t a r t i n g  s implexes. 

a r r i v e s  a t  t h e  same optimum, as was the  case i n  the  example f rom Krause and 

L o t t  (1974) (see s e c t i o n  14.2.33, one can be reasonably sure  t h a t  o n l y  one optimum 

e x i s t s .  

c i t e d  s t u d i e s  by Houle e t  a l .  (1970) and Czech (1973a, b ) .  

I n  many ins tances ,  one may be sure  t h a t  t h e r e  w i l l  be o n l y  

An example occurs  i n  t h e  

One way o f  making sure  t h a t  t h e r e  i s  o n l y  one optimum i s  t o  c a r r y  

I f  one 

Among a p p l i c a t i o n s  where e r r o r s  have been made, K ing  e t  a1 . (1975) 

We s h a l l  n o t  go i n t o  

each o f  t h e  e r r o r s  no ted  by King, because these e r r o r s  seem t o  be i n t e r - r e l a t e d .  

The au tho rs  c i t e d  used t h e  sample volume as a f a c t o r  i n  a c o l o r i m e t r i c  system 

where t h e  absorbance was t h e  response t o  be opt imzed. C l e a r l y ,  t h e  cho ice  o f  

t h i s  f a c t o r  i s  un fo r tuna te ,  because when t h e  amount o f  sample i s  i n c l u d e d  as 

a f a c t o r ,  t h e  s imp lex  n a t u r a l l y  moves t o  a h i g h e r  l e v e l  o f  sample. I t  would 

have been b e t t e r  t o  determine t h e  absorbance a t  a cons tan t  sample volume. 

O f  course, t h i s  k i n d  o f  e r r o r  can be made a l s o  i n  f a c t o r i a l  designs. The s i m p l i c i t y  
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of t h e  s imp lex  method may l e a d  the  user, however, t o  app ly  i t  w i t h o u t  e x e r c i s i n g  

s u f f i c i e n t  i n t e l l e c t u a l  e f f o r t .  The mathematical  d i f f i c u l t y  o f  f a c t o r i a l  designs 

p r o h i b i t s  t h i s .  

methods p r e c i s e l y  on these grounds. 

designs, s imp lex  methods do n o t  o f f e r  any i n f o r m a t i o n  except  about the  l o c a t i o n  

o f  t h e  optimum, and n o t  about t h e  i n f l u e n c e  o f  t h e  f a c t o r s  i nvo l ved .  

t h a t  f o r  s t a t i s t i c a l  s i g n i f i c a n c e  t e s t i n g ,  f a c t o r i a l  designs a re  more approp r ia te .  

However, t he  r e s u l t s  f rom a s imp lex  o p t i m i z a t i o n  can be used t o  o b t a i n  

leas t -squares  mathematical  models v a l i d  f o r  p o r t i o n s  o f  t h e  f a c t o r  space i n  t h e  

same way as those ob ta ined  w i t h  f a c t o r i a l  designs. 

p e r m i t  an e v a l u a t i o n  o f  t h e  importance o f  t he  f a c t o r s .  

It shou ld  be noted, however, t h a t  some chemists r e j e c t  s imp lex  

They c l a i m  t h a t  c o n t r a r y  t o  f a c t o r i a l  

I t  i s  t r u e  

The r e s u l t i n g  equat ions  shou ld  

The l a s t  d i f f i c u l t y  res ides  i n  the  s e l e c t i o n  o f  t h e  parameters de termin ing  

the  i n i t i a l  s implex,  i .e. ,which f a c t o r s  shou ld  be se lec ted ,  what shou ld  be t h e  

s i z e  o f  t h e  i n i t i a l  s tep  and which shou ld  be the  v e r t i c e s  o f  t h e  i n i t i a l  s imp lex .  

Accord ing  t o  Yarbro and Deming (1974), who d iscussed these t h r e e  ques t ions ,  i t  

i s  p r e f e r a b l e  t o  i n c l u d e  as many f a c t o r s  as poss ib le .  

t h e  number o f  exper iments t o  a l a r g e  ex ten t ,  as i t  would f o r  f a c t o r i a l  designs. 

Simplex methods a p p l i e d  i n  t h i s  way a re  l e s s  a p t  t o  miss a s i g n i f i c a n t  f a c t o r .  

The au thors  p o i n t  o u t  t h a t  p r e - s e l e c t i o n  o f  f a c t o r s  by s t a t i s t i c a l  s i g n i f i c a n c e  

t e s t i n g  i s  n o t  f o o l - p r o o f .  I f  t h e  l e v e l s  a r e  t o o  c lose  a s i g n i f i c a n t  e f f e c t  may 

be found t o  be s t a t i s t i c a l l y  i n s i g n i f i c a n t ,  w h i l e  i f  t h e  l e v e l s  a re  t o o  d i s t a n t ,  

t hey  m igh t  be s i t u a t e d  around t h e  optimum i n  such a way t h a t  an e f f e c t  i s  

e r roneous ly  found t o  be n o n - s i g n i f i c a n t .  

i s  what happens d u r i n g  t h e  o p t i m i z a t i o n  when an i n s i g n i f i c a n t  f a c t o r  has been 

inc luded .  

Th is  does n o t  i nc rease  

A ques t i on  which can then be asked 

An answer t o  t h i s  ques t i on  was g i ven  by Parker  e t  a l .  (1975) .  

I n  t h e i r  work on t h e  o p t i m i z a t i o n  o f  absorbance f o r  ca l c ium i n  AAS, t hey  

i n c l u d e d  one f a c t o r  which they  were su re  cou ld  n o t  i n f l u e n c e  t h e  process ( t h e  

volume o f  wa te r  i n  a 100 m l  graduated c y l i n d e r  on a l a b o r a t o r y  bench some 

d i s tance  from t h e  spec t rometer ) .  

s imp lex  technique, such a n o n - s i g n i f i c a n t  f a c t o r  a l s o  converges. 

I t  was found t h a t  when one uses t h e  m o d i f i e d  

I n  t h e  
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i n t e r p r e t a t i o n  of simplex r e s u l t s ,  one s h o u l d  therefore  avoid considering a 

f a c t o r  s i g n i f i c a n t  simply because i t  converges. 
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Chapter 15 

STEEPEST ASCENT AND REGRESSION METHODS 

15.1. INTRODUCTION 

The e f f e c t  o f  v a r i a b l e s  t h a t  have an i n f l u e n c e  upon the  response o f  a 

procedure i s  desc r ibed  by t h e  response sur face .  

p reced ing  chapters ,  the  optimum o f  t h i s  su r face  i s  sought ( o f t e n  i n  a very  

e f f i c i e n t  manner) w i t h o u t  t r y i n g  t o  desc r ibe  i t . 

succeeds i n  d e s c r i b i n g  t h e  su r face  a c c u r a t e l y  i n  a mathematical  way, one shou ld  

be ab le  t o  e s t a b l i s h  the  optimum w i t h  g r e a t  p r e c i s i o n .  

I n  t h e  methods descr ibed i n  t h e  

It i s  e v i d e n t  t h a t  i f  one 

We s h a l l  d i s t i n g u i s h  between two c lasses  o f  methods. I n  t h e  methods o f  t he  

f i r s t  c lass ,  t h e  su r face  as such i s  n o t  descr ibed b u t  o n l y  t h e  g r a d i e n t  a long i t .  

One determines the  d i r e c t i o n  o f  t h e  g r a d i e n t  and c a r r i e s  o u t  exper iments i n  a 

sequen t ia l  way a long  t h i s  l i n e  o f  s teepes t  ascent.  

c lass ,  t h e  su r face  i s  descr ibed i n  a more o r  l e s s  approximate way, u s u a l l y  w i t h  

reg ress ion  methods and us ing  t h e  r e s u l t s  o f  f a c t o r i a l  o r  r e l a t e d  exper iments.  

I n  the  f o l l o w i n g  sec t i ons ,  we s h a l l  desc r ibe  these techniques u s i n g  t h e  s imp les t  

p o s s i b l e  example, namely the  dependence of t he  response on two f a c t o r s .  I t  

shou ld  be understood, however, t h a t  t h e  a p p l i c a t i o n  o f  these methods can be 

extended t o  more than two f a c t o r s  and t h a t  they  become more i n t e r e s t i n g  when 

t h e r e  a r e  more f a c t o r s .  

I n  t h e  methods o f  t he  second 

15.2. STEEPEST ASCENT METHODS 

Consider f o u r  exper iments,  c o n s t i t u t i n g  a 2 2 f a c t o r i a l  exper iment (see 

F i g .  15 .1) .  

responses o f  exper iments 4 and 2 minus t h e  sum o f  t h e  responses o f  exper iments 3 

and 1, i . e . ,  p r o p o r t i o n a l  t o  rl = ( y2  t y 4 )  - ( y 3  t yl). 

The s lope i n  t h e  x1 d i r e c t i o n  i s  p r o p o r t i o n a l  t o  t h e  sum o f  t h e  

I n  f a c t ,  t h i s  s lope  
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"I 

I b 

F i g .  15.1. A 2' f a c t o r i a l  exper iment.  

i s  equal  t o  t w i c e  ( two observa t ions  a t  each l e v e l )  t h e  d i f f e r e n c e  between the  

two l e v e l s .  

and the  d i f f e r e n c e  between t h e  l e v e l s  i s  t h e  same i n  the  two d i r e c t i o n s .  

I n  t h i s  example, x1 and x2 a re  sca led  u n i t s  (see the  n e x t  s e c t i o n )  

I n  t h e  same way, t he  s lope i n  t h e  x2  d i r e c t i o n  i s  p r o p o r t i o n a l  t o  r2 = (y3 + y4) 

- (yl + y2) .  

negat ive .  

w i l l  then  c a r r y  o u t  an exper iment C w i t h  coord ina tes  x1 and x2 l ower  than and 

more t o  the  l e f t  than exper iment 0, a new 2 f a c t o r i a l  exper iment  around t h i s  

p o i n t  C o r  a new f a c t o r i a l  exper iment i n  which C i s  one o f  t h e  exper iments .  

determines p o i n t  C by moving f rom 0 i n  the  b e s t  p o s s i b l e  d i r e c t i o n  w i t h  a s tep  

s i z e  S. However, one s t i l l  has t o  de termine t h e  b e s t  p o s s i b l e  d i r e c t i o n .  I t  

i s  l o g i c a l  t h a t  t h e  displacement i n  d i r e c t i o n s  x1 and x2 shou ld  be p r o p o r t i o n a l  

t o  rl and r2. 

d i r e c t i o n ,  one shou ld  move a l onger  d i s tance  i n  t h e  f i r s t  d i r e c t i o n .  

L e t  us suppose t h a t  i n  a g i ven  a p p l i c a t i o n  bo th  rl and r2 a r e  

C l e a r l y ,  t h e  optimum must be s i t u a t e d  l ower  and more t o  the  l e f t .  One 

2 

One 

Indeed, i f  the  s lope  changes f a s t e r  i n  t h e  x2  than i n  t h e  x1 

T h i s  s i t u a t i o n  i s  dep ic ted  i n  F ig .  15.2. The d i r e c t i o n  o f  movement i s  g i ven  

by a l i n e  segment g, t h e  l e n g t h  o f  which i s v - .  As t he  r e a l  l e n g t h  

of t h e  s tep  must be S, t he  displacement i n  t h e  x1 d i r e c t i o n  shou ld  be (r l /g)  S 

and i n  t h e  x2  d i r e c t i o n  ( r 2 / g )  S. 
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I 
2 

X 
L 

X1 
Fig. 15.2. Direction o f  gradient  i n  a s teepes t  ascent  procedure. 

The way of doing t h i s  i n  prac t ice  i s  i l l u s t r a t e d  with an example taken 

from Brooks (1959). 

allowed number of experiments i s  16. 

i s  point  P and the  s t a r t i n g  point  i s  the  cent re  o r  base point  0 o f  the 

experimental region. 

The experimental region i s  shown in Fig. 15.3 and the 

The optimum (unknown t o  the experimenter) 

1.6 x21 
3+ 

1.4  - 1+01 

0.8 1.0 1.’2 1.4 1.6 

1 .4 l a  
12-1 3 

14‘ 15’ 1 
1.6 

Fig. 15.3. 
1959)- 

Example o f  appl icat ion of s teepes t  ascent (adapted from Brooks, 
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2 

l e v e l s  o f  0.125. 

responses a re  g i v e n  i n  Table 15.1. 

Around 0 a 2 f a c t o r i a l  exper iment  i s  c a r r i e d  o u t  w i t h  a d i f f e r e n c e  i n  

The exper iments a re  denoted by t h e  numbers 1 - 4 and the  

From t h e  r e s u l t s  one c a l c u l a t e s  

rl = ( y 2  t y4) - ( y 3  t y,) = -0.0152 

r2 = (y3  t y,) - (yl t y2) = -0.3956 

g =I- = 0.39589 

The i n i t i a l  s tep  s i z e  was f i x e d  a t  0.25 so t h a t  t h e  displacement f rom 0 i n  t h e  

x1 d i r e c t i o n  i s  g i ven  by (rl/g) . 0.25 = -0.0095 and i n  t h e  x2 d i r e c t i o n  by 

( r 2 / g )  . 0.25 = -0.2498. 

x15 = 1.2214 - 0.0095 = 1.2119 and xZ5 = 1.4033 - 0.2498 = 1.1535. 

ob ta ined,  y5 = 0.7204, i s  much h i g h e r  than t h e  average r e s u l t ,  0.2166, ob ta ined  

i n  t h e  f i r s t  f o u r  t r i a l s .  

d i r e c t i o n  and t h e r e f o r e  one decides t o  take  another  s tep  i n  t h e  same d i r e c t i o n  

and w i t h  t h e  same l e n g t h  ( t r i a l  No. 6 ) .  Again, an improvement i s  ob ta ined.  

Another s tep  o f  t h e  same l e n g t h  i s  imposs ib le ,  because t h i s  would l e a d  t o  a p o i n t  

beyond t h e  l i m i t s  o f  t h e  exper imenta l  reg ion .  There fore ,  t h e  s t e p  s i z e  i s  

shor tened t o  such an e x t e n t  ( S  = 0.004) t h a t  the  new p o i n t  7 s t i l l  f a l l s  i n  t h e  

exper imenta l  reg ion .  

The coord ina tes  o f  t h e  new exper iment ( 5 )  a re  t h e r e f o r e  

The r e s u l t  

One concludes t h a t  one i s  moving i n  t h e  r i g h t  

Because one has reached t h e  l i m i t s  o f  t h e  exper imenta l  reg ion ,  f u r t h e r  

movement must be made i n  ano the r  d i r e c t i o n .  Th is  d i r e c t i o n  i s  determined from 

a new 2 L  design, o f  which p o i n t  7 i s  one o f  t he  exper iments toge the r  w i t h  8, 9 

and 10. 

i n  t h e  x1 and x2  d i r e c t i o n  : 

From y,, y8, yg and yl0, one ob ta ins  new rl, r2, g and displacements 

rl = yl0 t y8 - (yg  + y,) = -0.1494 

r2 = yg t yl0 - (y7 + y8) = 0.1038 

g = 0.1819 
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and, sho r ten ing  t h e  s tep  s i z e  t o  0.15, t h e  displacement i n  t h e  x1 d i r e c t i o n  i s  

equal t o  (-0.1494 / 0.1819) . 0.15 = -0.1231 and i n  t h e  x2 d i r e c t i o n  0.0856. 

The new p o i n t  ob ta ined  i n  t h i s  way (11) y i e l d s  a response y l l  o f  0.9392, which 
n 

i s  a c l e a r  improvement over  t h e  f o u r  exper iments i n  t h e  second Z L  design. 

Table 15.1 

Example o f  s teepes t  ascent o p t i m i s a t i o n  ( f rom Brooks, 1959) 

j 
X 

2 j  
X 

1j 
Experiment j X 

0 1.2214 1.4033 n o t  determined 
1 1.1589 1.3408 0.3362 
2 1.2839 1.3408 0.2947 
3 1.1589 1.4658 0.1045 
4 1.2839 1.4658 0.1308 
5 1.2119 1.1535 0.7204 
6 1.2024 0.9037 0.8018 
7 1.2024 0.9033 0.8237 
8 1.3274 0.9033 0.7738 
9 1.2024 1.0283 0.9004 

10 1.3274 1.0283 0.8009 
11 1.1418 1.0513 0.9392 
1 2  1.0187 1.1368 0.8449 
13 1.1087 1.1368 0.7498 
14  1.0187 1.2268 0.6120 
15 1.1087 1.2268 0.6210 
16 1.0429 1.0943 0.9361 

Repr in ted  by pe rm iss ion  f rom Brooks, Opera t ions  Research ; p 430, 1959, ORSA. 
f u r t h e r  rep roduc t i on  p e r m i t t e d  w i t h o u t  consent of t h e  c o p y r i g h t  owner. 

P o i n t  1 2  now g i ves  a l ower  

A new 

No 

One t h e r e f o r e  cont inues  i n  t h e  same d i r e c t i o n .  

r e s u l t ,  so t h a t  one concludes t h a t  a change i n  d i r e c t i o n  i s  necessary.  

f a c t o r i a l  exper iment  w i t h  p o i n t  12 as one o f  t h e  co rne r  p o i n t s  and reduced 

d i s tances  between l e v e l s  i s  c a r r i e d  o u t .  

t o  t h e  f i n a l ,  s i x t e e n t h  measurement w i t h  a response y16 o f  0.9361 ( t h e  response 

a t  t h e  optimum, P, be ing  1). 

t ry  t o  use t h e  exper ience accumulated i n  a l l  t h e  exper iments,  b u t  o n l y  t h e  l a s t  

one. 

a f a c t o r i a l  exper iment  i n s t e a d  o f  us ing  p o i n t  12.  

i n v o l v e d  p o i n t s  1 3 ' ,  14 '  and 15'  and would doub t less l y  have l e d  t o  a s t i l l  b e t t e r  

es t ima te  o f  t h e  optimum. 

11 y i e l d s  a b e t t e r  response, chosen p o i n t s  13 and two p o i n t s  oppos i te  t o  14 and 

15. T h i s  t o o  would have l e d  t o  a b e t t e r  f i n a l  r e s u l t .  

Th i s  r e s u l t s  i n  a g r a d i e n t  g l e a d i n g  

I t  shou ld  be no ted  t h a t  t h e  exper imenter  d i d  n o t  

I f  he had, he would, f o r  example, have r e t u r n e d  t o  p o i n t  11 t o  c a r r y  o u t  

Th is  exper iment  would have 

He c o u l d  a l s o  have used p o i n t  1 2  and, reason ing  t h a t  
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I n  t h i s  s e c t i o n  we have t r i e d  t o  e x p l a i n  t h e  p r i n c i p l e  o f  t h e  method us ing  

I n  p r a c t i c e ,  a t  l e a s t  i n  t h e  few e x i s t i n g  as l i t t l e  mathematics as poss ib le .  

a n a l y t i c a l  chemical a p p l i c a t i o n s ,  t h e  response i s  u s u a l l y  desc r ibed  i n  an 

approximate way by a f i r s t - o r d e r  po lynomia l  ob ta ined  by reg ress ion  a n a l y s i s  

(see s e c t i o n  15 .3) .  

determined. 

e t  a l .  (1974), who op t im ized  emiss ion  o p t i c a l  methods and gel-chromatographic 

separa t i on  procedures.  A mathematical  development f o r  t h i s  and r e l a t e d  methods 

can be found  i n  Bever idge and Schechter (1970) .  

The maximal g r a d i e n t  on t h i s  (hyper - ) su r face  i s  then 

One example o f  such a procedure can be found i n  a s tudy  by Arpadjan 

15.3. REGRESSION METHODS 

15.3.1. Loca t ion  o f  t he  optimum 

I n  these methods, one t r i e s  t o  desc r ibe  t h e  response su r face  i n  t h e  r e g i o n  

where t h e  optimum i s  t o  be found u s i n g  a mathematical  equat ion .  

i ns tances ,  one uses genera l i zed  po lynomia ls  t o  approximate t h e  r e a l  (and unknown) 

su r face .  

I n  most 

A genera l i zed  po lynomia l  can be w r i t t e n  as 

t bnxn t b 2 2  x t b12x1x2 t ... t 
11 1 y = b t blXl t . . .  0 

2 3 2 t bnnnxn 3 t ... 
bnnXn + blllX~ b112X1X2 * * *  

(15.1) 

where y i s  t h e  approximate response, xl, . . . , xn a re  t h e  f a c t o r s  and bo, ..., 
bnnn a r e  t h e  c o e f f i c i e n t s  e s t i m a t i n g  t h e  t r u e  and unknown c o e f f i c i e n t s  B 

Bnnn. The degree of  a te rm i n  such a po lynomia l  i s  de f i ned  as t h e  number o f  

v a r i a b l e s  m u l t i p l i e d  toge the r  and t h e  degree o f  t h e  po lynomia l  o f  eqn. 15.1, 

t r u n c a t e d  a f t e r  te rm bnnnxn i s  t h e r e f o r e  3 .  

a f t e r  any one o f  t he  t e r n s  bllxl t o  b x 2  a second-degree po lynomia l  would 

r e s u l t .  

0 ’  * . * ’  

3 
I f  t h e  same equa t ion  were t r u n c a t e d  

2 
nn n ’  

I n  exper imenta l  o p t i m i z a t i o n ,  one u s u a l l y  a p p l i e s  o n l y  f i r s t -  o r  second-degree 
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po lynomia ls .  

A l s o ,  a second-degree po lynomia l  can c o n t a i n  a minimum o r  a maximum. There fore ,  

f i r s t - d e g r e e  po lynomia ls  a r e  u s u a l l y  a p p l i e d  i n  t h e  f i r s t  stages o f  an 

o p t i m i z a t i o n ,  w h i l e  second-degree po lynomia ls  a r e  used i n  t h e  v i c i n i t y  o f  t h e  

optimum. 

po lynomia l  c o n s t i t u t e s  t h e  l a s t  s tep  i n  an o p t i m i z a t i o n  procedure.  

The l a t t e r  i s ,  o f  course, a b e t t e r  approx imat ion  than t h e  fo rmer .  

Often t h e  de te rm ina t ion  o f  t he  maximum o r  minimum i n  a second-degree 

The c o e f f i c i e n t s  bo, . . . , bnnn a r e  determined f rom a number o f  equat ions  a t  

l e a s t  equal  t o  t h e  number o f  c o e f f i c i e n t s .  

r exper imenta l  responses y must be determined. The method o f  o b t a i n i n g  the  

f rom these exper imenta l  da ta  i s  shown below and c o e f f i c i e n t s  bo, . . . , 
exp la ined  i n  the  mathematical  s e c t i o n  ( s e c t i o n  15 .5) .  The d e s c r i p t i o n  o f  

reg ress ion  methods g i v e n  here  f o l l o w s  c l o s e l y  Bever idge and Schechter ' s  (1970) 

book. 

I f  t h i s  number i s  r ,  t h i s  means t h a t  

j 

bnnn 

The c o e f f i c i e n t s  can be determined from any s e t  o f  exper imenta l  responses 

c o n t a i n i n g  r o r  more da ta ,  b u t  t h e i r  c a l c u l a t i o n  i s  much e a s i e r  when the  

exper iments a r e  o rgan ized i n  a f a c t o r i a l  exper iment.  

f a c t o r i a l  exper iment  must be p lanned more c a r e f u l l y  than when i t  i s  used o n l y  

f o r  s t a t i s t i c a l  t e s t s  (see Chapters 12 and 1 3 ) .  I n  p a r t i c u l a r ,  i t  i s  p r e f e r a b l e  

t o  use or thogona l  f a c t o r i a l  p lans .  To beg in  w i t h ,  i t  i s  conven ien t  f i r s t  t o  

s c a l e  the  f a c t o r s  and t o  express t h e  f a c t o r  l e v e l s  i n  sca led  u n i t s .  Th is  i s  done 

by us ing  an equa t ion  such as 

Fo r  t h i s  purpose, t h e  

xi - xi ,o 

Ri 

5. = 
1 

(15.2) 

where Ri i s  t he  range bF v a r i a t i o n  o f  i n t e r e s t  f o r  t h e  i t h  f a c t o r ,  xi t h e  va lue  

o f  t h e  i t h  f a c t o r ,  ci i t s  sca led  va lue  and x .  the  va lue  o f  t h e  i t h  f a c t o r  f o r  

t h e  s o - c a l l e d  base p o i n t .  Suppose t h a t  t h e  concen t ra t i on  o f  a reagent  i s  one 

o f  t h e  f a c t o r s  i n v e s t i g a t e d  and t h a t  a two- leve l  f a c t o r i a l  exper iment must be 

c a r r i e d  o u t  around t h e  va lue  2 M ( t h e  base p o i n t  va lue  f o r  t h i s  f a c t o r ) .  For  

p r a c t i c a l  reasons, t h e  concen t ra t i on  can va ry  o n l y  between 0 and 4 M. I f  t h e  

110 
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leve ls  a r e  s i t u a t e d  a t  1 and 3 M y  the scaled values a r e  

I 
I 

I 
I 
I 

v - - - - - -  

- 1  I 

& - - - - - - A  

and 

A X 1  

9 
+1 

I 
I 

I 
1+1 ~ 

I I x2 

-1 

as the range of var ia t ion  around the base point  i s  2 .  The f a c t o r i a l  experiment 
n 

i s  then car r ied  out symmetrically around the base point .  

means t h a t  the base point  i s  the centre  of a square i n  the x1 - x2 graph, the 

fac tors  x1 and x2 being expressed i n  scaled uni t s .  For a 2 design i t  i s  the 

centre  of a cube in  the  (scaled)  x1 - x2 - x3 graph (see F i g .  15 .4) .  

responses (yi values) a re  recorded not only a t  the leve ls  prescribed by the 

f a c t o r i a l  plan,  as was the case f o r  s t a t i s t i c a l  t es t ing  i n  Chapters 12  a n d  13, 

b u t  a l s o  a t  the base point and the responses a t  the f a c t o r  leve ls  ( f o r  example, 

a t  the  corners of the square in  Fig. 15.4) a r e  expressed as  deviat ions from yo, 

the experimental r e s u l t  a t  the base point  (centre  of the  square) .  

For a Z L  design, t h i s  

3 

The 

n LI 

Fig. 15.4. Geometrical representat ion of Z L  and ZJ  designs. 

The determination of the experimental r e s u l t  a t  the base point  and the  

expression of the other  resu l t s  as deviations permits the  elimination of one of 
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t h e  unknown b values. I t  can be,shown t h a t  eqn. 15.1 i s  now t rans formed i n t o  

The b c o e f f i c i e n t s  used i n  eqn. 15.3 a re  es t imates  o f  t h e  reg ress ion  c o e f f i c i e n t s  

B f o r  t he  sca led  v a r i a b l e s  and no t ,  as i n  eqn. 15.1, es t imates  o f  t he  reg ress ion  

c o e f f i c i e n t s  f o r  t he  x v a r i a b l e s .  

L e t  us f i r s t  cons ider  t h e  s imp les t  p o s s i b l e  case, i . e . ,  a f i r s t - d e g r e e  

po lynomia l  f o r  two f a c t o r s .  Eqn. 15.3 then  reduces t o  

(15.4) 

I t  can be shown t h a t  t he  c o e f f i c i e n t s  bl and b2  can be ob ta ined  from 

where 

r 
Di = c 5 . .  y! 

j=1 1 J  J 

and 

r 2  c . .  = c 5 . .  
1 1  j = 1  'J 

(15.5) 

( 1 5 . 6 )  

(15.7) 

L e t  us app ly  t h i s  equa t ion  t o  the  r e s u l t s  of t he  f a c t o r i a l  exper iment  descr ibed 

i n  Table 15.11. 
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Table 15 .11  

A 2 f a c t o r i a l  exDeriment 2 
~~ 

Experiment Location of Location o f  Original Reduced 
or iginal  values scaled values r e s u l t  resul t 

j X '2j 5 l j  5 2 j  Y Y '  I j  

0 2 3 0 0 6 0 
1 3 5 1 1 8 . 5  2.5 
2 3 1 1 -1 7 .5  1 . 5  
3 1 5 -1 1 5.5 -0 .5  
4 1 1 -1 -1 4 -2.0 

D1 = 1 . ( 2 . 5 )  t 1 . ( 1 . 5 )  - l . ( - 0 . 5 )  - l.(-2.0) = 6.5 

D 2  = 1 . ( 2 . 5 )  - 1 . ( 1 . 5 )  t l . ( - 0 . 5 )  - l . ( - 2 . 0 )  = 2 .5  

6 . 5  b = - = 1.625 
1 4  

2 -  4 
2.5 b - - = 0.625 

52 y '  = 1.625 . c1 t 0.625 . 

o r  i n  the or iginal  sca le  

(y-6) = 1.625 (xl - 2)  t 0.312 (x2 - 3 )  

y = 1.814 -t 1.625 x1 t 0.312 x 2  

The two-level f a c t o r i a l  plan i s  not s u f f i c i e n t  f o r  the determination of a l l  the 

coef f ic ien ts  when one needs t o  f i t  a quadrat ic  surface.  

equation f o r  the two-factor case i s  then given by 

The approximating 

(15 .8 )  

2 and contains f i v e  coef f ic ien ts .  

yi values and therefore  four equations. 

permit one t o  ca lcu la te  b l ,  b2 ,  b12 and (b l l  t b22)  i n  the following way 

The 2 f a c t o r i a l  experiment y i e l d s  only four  

I t  can be shown t h a t  the four  equations 
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Dl bl = - 
r 

02 

c22 

b2 = -  

D12 

c1122 

b12 = ~ 

where 

r 2 2  
‘ i i k k  = jfl ‘ij ‘kj 

For  t h e  two- leve l  des ign  o f  Table 15.11 

5 1  = c22 = 5 1 2 2  = c2211 = 

D12 = 2.5 - 1.5 t 0.5 - 2.0 = -0 .5  

b l l C l l l l  + b22C2211 = D1l 

289 

(15.9) 

(15.10) 

(15.11) 

(15.12) 

(15.13) 

(15.14) 

b l lC1122 b22C2222 = D22 (15.15) 

As a l l  o f  t h e  C c o e f f i c i e n t s  have t h e  same va lue  ( 4 ) ,  these two equat ions  reduce 

t o  a s i n g l e  equa t ion  : 

(15.16) 

I f  one wants t o  o b t a i n  separa te  values o f  bll and bZ2, a d d i t i o n a l  exper iments 

have t o  be c a r r i e d  ou t .  

t h a t  cij can take  values o f  -1, 0 and +1. 

One means o f  doing t h i s  i s  t o  add a t h i r d  l e v e l ,  so 

The base p o i n t  exper iment serves as 
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one o f  t h e  n ine  exper iments and so do t h e  f o u r  exper iments o f  t h e  two- leve l  

f a c t o r i a l .  

5 - 8 i n  Table 15.111. 

Four a d d i t i o n a l  exper iments have t o  be added, namely exper iments 

Table 15.111 

A 2 f a c t o r i a l  design 

Exper iment Loca t ion  o f  sca led  va lues  

3 

j < l j  ‘2 j 

0 0 0 
1 1 1 
2 1 -1 
3 -1 1 
4 -1 -1 
5 0 -1 
6 0 1 
7 -1 0 
8 1 0 

The C va lues  a r e  now 

5111 = c2222 = 

5122 = c2211 = 

so t h a t  eqns 15.14 and 15.15 become 

6 b 
t 4 b22 = Dll 11 

4 bll + 6 b22 = DZ2 

(15.17) 

(15.18) 

Two d i s t i n c t  equat ions  a re  t h e r e f o r e  ob ta ined,  so t h a t  bll and b22 can be 

determined separa te l y .  

des ign  f o r  t h i s  purpose i s  t h a t  many more exper iments a re  c a r r i e d  o u t  t han  

necessary. 

t h e  va lues  o f  10 c o e f f i c i e n t s .  

c e n t r a l  composite des ign  i n t roduced  by Box and Wi lson  (1951). 

exper iments t o  t h e  2n  design, one o f  the  a d d i t i o n a l  exper iments be ing  performed 

The most impor tan t  disadvantage o f  us ing  t h e  t h r e e - l e v e l  

For  the  t h r e e - f a c t o r  case, one c a r r i e s  o u t  27 exper iments t o  o b t a i n  

A more e f f i c i e n t  procedure i s  t h e  use o f  t he  

One adds 2n + 1 

iranchembook.ir/edu

https://iranchembook.ir/edu


291 

a t  the  base point  and the o ther  along the coordinate axes (see Fig. 15.5) a t  

a dis tance a. 

*2 

Fig. 15.5. Central composite design f o r  three f a c t o r s .  

For  the two-factor case,  t h i s  procedure requires nine experiments and i s  

therefore  not more economical than the three-level design. I f  Q = 1, the design 

i s  converted i n t o  the 3 design. For a th ree- fac tor  problem, however, one needs 

only 15 experiments while the three- level  design needs 27 .  

2 

As the  two-factor central  composite design reduces t o  the 3 l  design, we sha l l  

now consider a th ree- fac tor  problem. 

value of c1 i s  now preferably 1.215. 

orthogonal, which s impl i f ies  the calculat ions ( see  a l so  sect ion 15.5). The 

b c o e f f i c i e n t s  a r e  obtained from 

The design i s  given i n  Table 15.IV. 

In t h i s  instance,  the design i s  again 

The 

Dik 

'i ki k 

b i k  = - 

and 

(15.19)  

(15.20) 
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b33C3333 = O33 

Table 15.IV 

A th ree- fac tor  central  composite design 

Experiment Scaled value level  
j 51j %j 53j 

Base point  0 0 0 0 

1 1 1 1 
2 1 1 -1 
3 1 -1 1 

Two-1 eve1 4 1 -1 -1 
design 5 -1 1 1 

6 -1 1 -1 
7 -1 -1 1 
8 -1 -1 -1 

9 c1 0 0 
Addi t i  onal 10 -a 0 0 
2n points  11 0 a 0 
along coor- 12 0 -c1 0 
dinate  axes 13 0 0 c1 

1 4  0 0 -a 

For example 

4 4 4  4 4 4  4 4 4  c~~~~ = o 1 1 (-1) ( - 1 1 ~  I 1 (-1) (-1) o 

4 4  4 4  
t 0 t ct t (-a) + 0 t O 4  = 12.35 = C . .  i i i i  

( there  i s  a small calculat ion e r r o r  i n  Beveridge's book, as  there  the  value 

17.64 i s  g iven) .  

An appl icat ion of the  three- level  central  composite design f o r  the optimization 

of the assay of t r a n s f e r  r ibonucleic  acid i s  due t o  Rubin e t  a l .  (1971). 

T$ey used f i v e  successive central  composite designs because the f i n a l  and 

optimal parameter values turned out t o  be a considerable dis tance away from the 

i n i t i a l  values. This shows t h a t  one should not think t h a t  i t  suf f ices  t o  have 

a simple equation (here a quadrat ic  equation) f o r  a response surface in  order  t o  

be able  t o  ca lcu la te  the optimum with absolute  c e r t a i n t y .  Very of ten even 

quadrat ic  equations a r e  only gross approximations of the response sur face ,  val id  
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only i n  the experimental region. A four-factor  example concerning the  

optimization of atomic-absorption spectrophotometric experimental conditions 

was given by C e l l i e r  and Stace (1966). 

Instead of polynomials, one can use o ther  models, such as  the Gaussian model. 

Olansky and Deming (1976) located the optimum of a color imetr ic  procedure using 

the  simplex procedure and, i n  order  t o  understand the response in the neighbourhood 

of the optimum, they car r ied  out  a f a c t o r i a l  experiment. Assuming an approximate 

Gaussian behaviour, they f i t t e d  the data t o  

2 z = k exp - ( ( (x2/x l  + x 2  t 2.0) )  - k 2 )  
1 I 

( 2 . 0 , ’ ~ ~  + x2 + 2 . 0 ) )  (1 - exp (-k4x1) ) 

the following model : 

1 / (2 $1 x 

where kl, ..., k 4  a re  the coef f ic ien ts  obtained by least-squares  f i t t i n g  and 

x1 and x a r e  t h e  two fac tors .  2 

I t  i s  a l s o  not necessary t o  use orthogonal designs. Calculations a r e  much 

e a s i e r  when such a design i s  used b u t ,  on the other  hand, computer programs f o r  

mult iple  regression are  readi ly  ava i lab le ,  so t h a t  ease of computation i s  of ten 

an unimportant f a c t o r  in the choice of leve ls  and designs. 

appl icat ion of non-orthogonal designs t o  least-squares  f i t t i n g  was given by 

Morgan and  Deming (1974). 

design, 26 r e s u l t s  obtained a t  the ver t ices  o f  a simplex optimization procedure 

and 25 o ther  observations i n  order  t o  a r r i v e  a t  a quadrat ic  equation. 

An example of an 

They used the r e s u l t s  o f  16 experiments of  a fac tor ia l  

Other designs e x i s t  and the reader who wishes t o  be acquainted with them 

Good should consul t  the books by Davies (1956) and Cochran and Cox (1957). 

preliminary introduct ions can be found i n  a r t i c l e s  by Leuenberger e t  a l .  (1976) 

and Koehler (1960) f o r  pharmaceutical and indus t r ia l  chemists, respect ively.  
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15.3.2. Determinat ion  o f  t he  optimum f rom reg ress ion  equat ions  

I f  t h e  equa t ion  i s  o f  t he  fo rm 

y = bo t b x + b2X2 t ... t bnXn 1 1  

and a d d i t i o n a l  c o n s t r a i n t s  a re  g iven,  such as boundar ies between which t h e  

parameters may be considered, t h e  optimum can be found by t h e  method o f  l i n e a r  

programming (see Chapter 21).  

I n  the  s i m p l e s t  p o s s i b l e  case, when t h e r e  i s  o n l y  one v a r i a b l e  

2 y = b  t b x  0 1 1 + bllXl 

the optimum i s  found f o r  t h e  va lue  o f  x1 where 

F o r  two f a c t o r s ,  one f i n d s  the  optimum by p a r t i a l  d i f f e r e n t i a t i o n  w i t h  respec t  

t o  x1 and x2 

and 
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For  t h e  equa t ion  

y = b  + b l X l + b  x 2 t b x  t b 2 2 X 2 + b  2 x x  
0 111 2 2  12 1 2 

t h i s  y i e l d s  t h e  system 

b + 2 b  x t b  x = O  

b2 t 2b x t b12X1 = 0 

1 11 1 12 2 

22 2 

15.4.  A COMPARISON OF METHODS 

I n  s e c t i o n  14.2.5, we have a l ready  made a comparison o f  t h e  s imp lex  and 

f a c t o r i a l  methods. Brooks (1959) compared t h e  f a c t o r i a l  design, t h e  

u n i v a r i a t e  and the  s teepes t  ascent method, and h i s  conc lus ion  i s  t h a t  t h e  s teepes t  

ascent  method i s  b e t t e r  than t h e  u n i v a r i a t e  method, which i s  i t s e l f  b e t t e r  than 

t h e  f a c t o r i a l  method. These s u r p r i s i n g l y  poor  achievements o f  t h e  f a c t o r i a l  

method a re  due t o  t h e  f a c t  t h a t  ve ry  o f t e n  the  q u a d r a t i c  f u n c t i o n s  used do n o t  

adequate ly  desc r ibe  the  sur face .  I t  shou ld  be noted, however, t h a t  Brooks 

l i m i t e d  h i s  research  t o  t w o - f a c t o r  problems and t h a t  one m igh t  expect t h a t  t h e  

u n i v a r i a t e  method becomes l e s s  e f f i c i e n t  when the re  a r e  more f a c t o r s .  

Bever idge and Schechter (1970) concluded t h a t  t he re  i s  no c r i t e r i o n  f o r  

d e f i n i n g  t h e  e f f e c t i v e n e s s  o f  a p a r t i c u l a r  o p t i m i z a t i o n  design, so t h a t  PO method 

can be s i n g l e d  o u t  as t h e  b e s t  one. I n  genera l ,  i t  seems t h a t  sequen t ia l  methods 

such as the  s imp lex  o r  s teepes t  ascent method a re  more e f f e c t i v e  i n  t h e  sense 

t h a t  they  approach the  optimum more r a p i d l y .  These methods a r e  a l s o  i n d i c a t e d  

f o r  t h e  o p t i m i z a t i o n  of  procedures t h a t  t ake  a cons ide rab le  t ime  and cannot be 

c a r r i e d  o u t  s imu l taneous ly ,  because one can s top  t h e  o p t i m i z a t i o n  a f t e r  a few 

exper iments w i t h o u t  hav ing  found t h e  optimum, b u t  s t i l l  w i t h  a s u f f i c i e n t  i nc rease  

i n  response. 

can be c a r r i e d  o u t  s imu l taneous ly .  They u s u a l l y  p e r m i t  a b e t t e r  unders tand ing  

of  t h e  surface, t hey  a l l o w  t ime t rends  t o  be e l i m i n a t e d  and they  a r e  i n d i c a t e d  

F a c t o r i a l  methods a r e  t o  be p r e f e r r e d  f o r  l e n g t h y  procedures t h a t  
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f o r  t h e  o p t i m i z a t i o n  o f  procedures i n  which a number o f  obse rva t i ons  can be 

ob ta ined  s imu l taneous ly  o r  i n  r a p i d  succession. 

15.5. MATHEMATICAL SECTION : MULTIPLE REGRESSION 

15.5.1. Sur face  f i t t i n g  

The r e p r e s e n t a t i o n  o f  t h e  i n f l u e n c e  o f  a s e t  o f  n v a r i a b l e s  xl, x2, . . . , xn 

on a response v a r i a b l e  y (sometimes c a l l e d  t h e  dependent v a r i a b l e )  can be desc r ibed  

by a mathematical  f u n c t i o n .  

c o n s t r u c t i o n  o f  a su r face  i n  an ( n t l )  d imensional  space. 

f i r s t  n dimensions correspond t o  the  v a r i a b l e s  xl, x2,  ..., xn and t h e  ( n + l ) t h  

dimension t o  t h e  response v a r i a b l e  y .  

response su r face  i s  g i ven  by 

Geomet r i ca l l y ,  t h i s  problem can be so l ved  by t h e  

I n  t h i s  space, t h e  

The general  a l g e b r a i c  fo rm o f  t he  

(15.21) ‘n) y = f ( x  1’ X2’ ..., 

The prob lem t h a t  remains t o  be so l ved  i s  t h e  n a t u r e  o f  t h e  f u n c t i o n  f .  I n  

genera l ,  a hypothes is  o f  t he  f o l l o w i n g  type  i s  made : f belongs t o  a c l a s s  o f  

f u n c t i o n s  f o r  which one o r  severa l  parameters a re  unknown. Th is  hypothes 

be w r i t t e n  i n  t h e  f o l l o w i n g  way : 

(15.22 

To de termine es t imates  bo, bl, . . .) bm o f  t h e  unknown parameters R o ,  B1, 

s can 

. . , om, 

the  r exper imen ta l l y  measuredvalues o f  t h e  v a r i a b l e  y (yl, y2, ..., y r )  a r e  

compared w i t h  t h e  values g iven by the  f u n c t i o n  15.22. I n  t h e  same way as i n  

s e c t i o n  3.2.8 (see eqn. 3 .33) ,  t he  measured va lue  y i s  expressed as t h e  sum 
j 

o f  f u n c t i o n  f and an e r r o r  e 
j 

j=1,2 ,..., r (15.23) 
j 

+ e  
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The parameters a r e  es t ima ted  by m i n i m i z i n g  t h e  sum o f  t h e  squares o f  t h e  

d i f f e r e n c e s  between t h e  measured values ( y . )  and t h e  values g i ven  by the  f u n c t i o n  f 
J 

r 
Min C ( y j  - 

j = l  
(15.24) 

Th is  techn ique f o r  e s t i m a t i n g  the  6 parameters i s  c a l l e d  t h e  leas t -squares  

f i t t i n g  method. 

d e r i v a t i v e s  o f  eqn. 15.24 w i t h  respec t  t o  a l l  6 parameters. I n  the  f o l l o w i n g  

sec t i ons ,  some s p e c i a l  t ypes  o f  f u n c t i o n s  a r e  examined. 

The es t imates  a r e  ob ta ined  by s e t t i n g  equal  t o  zero  t h e  p a r t i a l  

15.5.2. F i t t i n g  o f  p lane  su r faces  

The genera l  l i n e a r  f u n c t i o n  of  t h e  v a r i a b l e s  xl, x2, . . . , xn can be w r i t t e n  

as 

y = 30 + BIXl + B2X2 + ... + BnXn (15.25) 

I n  t h i s  p a r t i c u l a r  case o f  eqn. 15.22, t h e  number o f  parameters i s  n + l .  

Express ion  15.24 f o r  o b t a i n i n g  t h e  leas t -squares  es t imates  now becomes 

(15.26) 

The es t ima tes  are  found by s e t t i n g  t o  zero the  p a r t i a l  d e r i v a t i v e s  o f  t h i s  

express ion  w i t h  respec t  t o  t h e  parameters.  

w i t h  n + l  unknown values- 

Very o f t e n  i t  w i l l  be conven ien t  t o  i n t r o d u c e  d e v i a t i o n s  f rom a g i ven  base 

Th is  y i e l d s  n + l  l i n e a r  equat ions  

p o i n t  f o r  bo th  t h e  x and y v a r i a b l e s  and i n  some ins tances  t o  s c a l e  t h e  x 

v a r i a b l e s .  Th is  leads  t o  new va r iab les ,  y '  and 5 ,  g iven  by 

Y ' = Y - Y g  (15.27) 
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and 

(15.28) 

where Ri i s  a s c a l i n g  f a c t o r  and ( x ~ , ~ ,  x ~ , ~ ,  ..., x 

p o i n t .  By these t rans fo rma t ions ,  eqn. 15.25 now becomes 

y ) rep resen ts  t h e  base n,O’ 0 

I t  must be observed t h a t  t h e  parameters B a re  d i f f e r e n t  f rom those i n  eqn. 

15.25 and t h a t  t h e  presence o f  a base p o i n t  makes i t  p o s s i b l e  t o  d i s r e g a r d  t h e  

parameter Bo. 

I n  t h e  same way as i n  the  genera l  case, i t  i s  now p o s s i b l e  t o  o b t a i n  es t imates  

o f  t h e  6 parameters by c o n s i d e r i n g  the  f o l l o w i n g  express ion  

(15.30) 

S e t t i n g  t o  zero t h e  p a r t i a l  d e r i v a t i v e s  o f  t h i s  express ion  w i t h  respec t  t o  the  

parameters 6, t he  f o l l o w i n g  n equat ions  f o r  de termin ing  t h e  es t imates  bl, b2,  . .. , 
bn a r e  ob ta ined  

r n 

r n 

and t h i s  i n  t u r n  g i ves  t h e  f o l l o w i n g  genera l  equat ion  

r n  r 
(15.3:) 
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By d e f i n i n g  

r 

j = 1  
Cik = c 5 .  i j  ‘kj 

and 

r 
Di = C 5. 

j=1 i j  Y j  

t h e  genera l  equa t ion  becomes 

n 
1 Cik bk = Di 

k= 1 

(15.32) 

(15.33) 

(15.34) 

O f ten  when t h e  i n f l u e n c e  o f  t h e  v a r i a b l e s  c l ,  c 2 ,  ..., 5, on a dependent 

v a r i a b l e  y ‘  i s  be ing  i n v e s t i g a t e d ,  i t  i s  p o s s i b l e  t o  choose t h e  values o f  t h e  

5 v a r i a b l e s  f r e e l y .  Suppose t h e  values Cij a r e  chosen i n  such a way t h a t  a l l  

Cik a re  zero when i i s  d i f f e r e n t  f rom k. Eqn. 15.34 then  takes t h e  form 

‘kk bk = ’k k = 1,2, . .., n (15.35) 

a t r i v i a l  s o l u t i o n  o f  which i s  g i v e n  by 

Dk 

‘kk 

b - -  k -  

A s e t  o f  exper iments which has t h i s  p r o p e r t y  i s  c a l l e d  an or thogona l  des ign .  

Th is  te rm r e s u l t s  f rom t h e  p r o p e r t y  t h a t  t h e  vec tors  ti g iven  by 

a r e  or thogona l  vec tors  i n  an n-dimensional  space. 
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An example o f  an or thogona l  des ign  w i t h  t h r e e  va r iab les ,  xl, x2  and x3, and 

f o r  which xly0, x x and y a re  a l l  zero,  i s  g i ven  i n  Table 15 . IV .  2,O' 3,O 0 

I t  can e a s i l y  be seen t h a t  

Cik = 0 i f i # k  

and 

C k k  = 8 k = 1,2,3 

I f  o n l y  exper iments 2, 3, 4 and 8 o r  exper iments 1, 5, 6 and 7 a r e  considered, 

Cik ( f o r  i # k )  a re  a l s o  a l l  zero.  

15.5.3. F i t t i n g  o f  a q u a d r a t i c  su r face  

When c o n s i d e r i n g  n va r iab les ,  t he  general  q u a d r a t i c  f u n c t i o n  con ta ins  a l l  

l i n e a r  terms, a l l  squares o f  v a r i a b l e s  and a l l  cross produc ts .  I t  can be w r i t t e n  

as 

n n n  
(15.36) 

I n  t h i s  equat ion ,  i t  has a l ready  been assumed t h a t  i f  a l l  5 v a r i a b l e s  a re  zero,  

then so i s  t h e  response v a r i a b l e  y. 

determined i s  n t ( n ( n t l ) ) / 2  and a t  l e a s t  as many measurements must be made 

f o r  each o f  t h e  v a r i a b l e s .  

g i v e n  by 

The number o f  c o e f f i c i e n t s  6 t o  be 

The leas t -squares  es t imates  o f  t he  parameters a r e  

n n n n  n 

M i  n ' ( y j  - ' 8k <k - ' '. ' i k  c i j  < k j  ) L  
(15.37) 

6, ... 6, j = l  k= 1 i = l  k= i  

S e t t i n g  t o  zero t h e  d e r i v a t i v e s  o f  t h i s  express ion  w i t h  respec t  t o  t h e  

parameters,  one ob ta ins  two se ts  o f  l i n e a r  equat ions  t h a t  make i t  p o s s i b l e  t o  
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c a l c u l a t e  es t ima tes  bk and bik o f  Bk and Bik 

n n n  

and 

n n n  
m 1,2, ..., n 

s = r, ..., n 
bk ‘kms i = l  k = i  b i k  ‘ikms = Dm k = l  

where t h e  f o l l o w i n g  d e f i n i t i o n s  a r e  used 

r 
Dm = C y j  hj 

j = l  

r 

‘km = jfl ‘k j  ‘mj 

and 

301 

(15.38) 

(15.39) 

(15.40) 

(15.41) 

(15.42) 

(15.43) 

(15.44) 

Eqns. 15.38 and 15.39 form a system o f  n t ( n ( n t 1 ) / 2 )  equat ions  w i t h  t h e  same 

number o f  unknown values bk and bik. 

s o l u t i o n  can e a s i l y  be found by success ive  e l i m i n a t i o n  o f  v a r i a b l e s .  

These equat ions  a r e  l i n e a r  so t h a t  a 

The f i t t i n g  o f  p lane  and q u a d r a t i c  sur faces  can be genera l i zed  t o  more 

complex f u n c t i o n s  i n  a s t r a i g h t f o r w a r d  manner. 

and gaussian f u n c t i o n s  have rece ived  a t t e n t i o n .  

I n  p a r t i c u l a r ,  general  po lynomia ls  
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Chapter 16 

AN INTRODUCTION TO COMBINATORIAL PROBLEMS I N  ANALYTICAL CHEMISTRY 

16.1. INTRODUCTION 

I n  t h e  p reced ing  p a r t ,  we d iscussed t h e  r e l a t i v e l y  s imp le  problem o f  how t o  

o p t i m i z e  a response as a f u n c t i o n  o f  a r e l a t i v e l y  smal l  number o f  w e l l  de f i ned  

v a r i a b l e s .  C i t i n g  a remark made by Nalimov, we s t a t e d  t h a t  a t r e n d  i n  modern 

sc ience i s  t o  pass f rom the  s tudy  o f  w e l l  o rgan ized systems t o  d i f f u s e  systems. 

I n  t h i s  p a r t  o f  t he  book, we cons ide r  t h e  o p t i m i z a t i o n  o f  even more d i f f u s e  

systems than i n  P a r t  11. 

comb ina to r ia l  na ture .  

o r  r e l a t e d  techniques and opera t i ona l  research .  I n  f a c t ,  these methods w i l l  be 

seen t o  o v e r l a p  ( f o r  example, graph theory ,  which i s  cons idered t o  be p a r t  o f  

o p e r a t i o n a l  research ,  can be used f o r  unsuperv ised l e a r n i n g  techniques, a 

s u b d i v i s i o n  o f  p a t t e r n  r e c o g n i t i o n ) .  

The problems t o  be so l ved  i n  t h i s  p a r t  a re  o f  a 

Most o f  them can be so l ved  by p a t t e r n  r e c o g n i t i o n  methods 

I n  a few ins tances ,  o t h e r  techniques can be app l i ed ,  such as t h e  r e d u c t i o n  

o f  l a r g e  ma t r i ces ,  i n  c o n j u n c t i o n  w i t h  l eas t - squares  techn iques  and i n f o r m a t i o n  

theo ry .  

o f  p r e f e r r e d  s e t s .  

Here too, we must no te  some ove r lap  (see t h e  s e c t i o n  on t h e  r e l a t i o n  between 

h i e r a r c h i c a l  c l u s t e r i n g  and i n f o r m a t i o n  theo ry  i n  Chapter 18) .  

Shoenfeld 

These techn iques  are  used f o r  s o l v i n g  problems concern ing  t h e  s e l e c t i o n  

For  t h i s  reason, they  a r e  d iscussed toge the r  i n  Chapter 17. 

and De Voe (1976) no ted  t h a t  t h e  c l a s s i f i c a t i o n  o f  a p p l i c a t i o n s  

o f  s t a t i s t i c a l  and numerical  methods t o  a n a l y t i c a l  chemis t r y  r e s u l t e d  i n  much 

f r u s t r a t i o n .  

nomenclature, and a l s o  t o  t h e  l a c k  o f  fundamental unders tand ing  o f  t h e  b a s i c  

p r i n c i p l e s  t h a t  u n d e r l i e  t h e  d i v e r s e  a p p l i c a t i o n s  o f  these mathematical  techn ique 

Th is  i s  c e r t a i n l y  t r u e  i n  a r a p i d l y  deve lop ing  area such as t h a t  descr ibed here.  

According t o  them, t h i s  i s  due t o  t h e  non-un i fo rm i t y  o f  

Many chemists work ing  i n  t h i s  area a r e  n o t  so much i n t e r e s t e d  i n  t h e  

a p p l i c a t i o n  o f  mathematical  techniques i n  a n a l y t i c a l  chemis t ry  as i n  s o l v i n g  
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a p a r t i c u l a r  problem such as one o f  t h e  f i v e  c i t e d  i n  s e c t i o n  16.2. 

some techn ique - o f t e n  i n  another  domain o f  sc ience - and p u b l i s h  i t , u s i n g  t h e  

te rm ino logy  o f  t h i s  p a r t i c u l a r  area o f  sc ience.  Adding t o  t h i s  t h e  ove r lap  

between methods and techniques ment ioned above, i t  i s  c l e a r  t h a t  i t  i s  ve ry  

d i f f i c u l t  t o  a r r i v e  a t  a complete c l a s s i f i c a t i o n  o f  methods. 

t o  d e r i v e  a c o n s i s t e n t  nomenclature here, b u t  some o f  t he  i n t e r r e l a t i o n s h i p s  

between t h e  d i f f e r e n t  methods a r e  g i ven .  

They f i n d  

We do n o t  a t tempt  

Most mathematical  methods o f  t h i s  p a r t  o f  t he  book have been in t roduced  i n t o  

a n a l y t i c a l  chemis t r y  r a t h e r  r e c e n t l y .  

i n  t h i s  f i e l d ,  b u t  we f e e l  t h a t  i t  i s  p robab le  t h a t  such t h e o r i e s  o r  methods 

as game theo ry  and PERT w i l l  be a p p l i e d  i n  a n a l y t i c a l  chemis t ry  and t h e r e f o r e  

they  a r e  i n t roduced  i n  f o l l o w i n g  chapters .  A f t e r  a l l ,  i t  would have seemed 

improbable 10 years  ago t h a t  i n f o r m a t i o n  theo ry  and h i e r a r c h i c a l  c l u s t e r i n g  

methods would f i n d  r e a l  uses i n  a n a l y t i c a l  chemis t ry .  

Some o f  them have n o t  been used a t  a l l  

I n  t h e  f o l l o w i n g  sec t i on ,  f i v e  t y p i c a l  comb ina to r ia l  problems, t h e  s o l u t i o n s  

o f  which a r e  g i v e n  i n  l a t e r  chapters  o f  P a r t  111, 

t h a t  many such o p t i m i z a t i o n  problems occur  i n  ana 

above, P a r t  111 i s  devoted l a r g e l y  t o  t h e  d iscuss  

techniques and opera t i ona l  research. There fore ,  

a r e  descr ibed i n  o r d e r  t o  show 

y t i c a l  chemis t ry .  As ment ioned 

on o f  p a t t e r n  r e c o g n i t i o n  

e c t i o n  16.3 g i v e s  an i n t r o d u c t i o n  

t o  p a t t e r n  r e c o g n i t i o n  and as some o f  t he  more i m p o r t a n t  o f  these techn iques  

assume normal d i s t r i b u t i o n s ,  s e c t i o n  16.4 g i ves  a s h o r t  account o f  m u l t i v a r i a t e  

s t a t i s t i c s .  Sec t i on  16.5 i n t roduces  o p e r a t i o n a l  research .  

16.2. SOME EXAMPLES OF COMBINATORIAL PROBLEMS 

(1) A GLC example (I) 

There a re  many s t a t i o n a r y  l i q u i d  phases a v a i l a b l e  f o r  use i n  g a s - l i q u i d  

chromatography (GLC). McReynolds (1970) pub l i shed  a s e t  o f  226 phases. Many 

workers have p o i n t e d  o u t  t h a t  t h e r e  i s  a need f o r  t h e  s e l e c t i o n  o f  a s e t  o f  

p r e f e r r e d  phases. I n  f a c t ,  such se ts  have been proposed severa l  t imes .  One 

means o f  a r r i v i n g  a t  such a s e t  was exp lo red  by Dupuis and D i j k s t r a  (1975) 

iranchembook.ir/edu

https://iranchembook.ir/edu


307 

and l a t e r  by Eskes e t  a l .  (1975). 

any o t h e r  a n a l y t i c a l  method) i s  t o  produce i n f o r m a t i o n  (see a l s o  Chapter 8 ) ,  and 

they  t r i e d  t o  assess the  i n f o r m a t i o n  t h a t  cou ld  be produced by a s e t  o f  

2, 3, . .., n phases, so as t o  determine which s e t  y i e l d s  t h e  most i n f o r m a t i o n  ; 

t h i s  would then c o n s t i t u t e  t h e  p r e f e r r e d  s e t  o f  phases. The s e l e c t i o n  o f  

op t ima l  s e t s  o f  a n a l y t i c a l  a t t r i b u t e s  o r  f ea tu res  (GLC s t a t i o n a r y  phases, 

wavelengths f o r  spectrophotometry,  mass spec t romet r i c  p o s i t i o n s ,  e t c .  ) i s  

d iscussed i n  Chapter 17. 

They no ted  t h a t  t h e  purpose o f  GLC (and o f  

( 2 )  A GLC example (11)  

Another approach t o  the  same problem i s  t o  t r y  t o  c l a s s i f y  t h e  GLC phases. 

I t  seems e v i d e n t  t h a t  a p r e f e r r e d  s e t  shou ld  be composed o f  phases w i t h  d i f f e r e n t  

c h a r a c t e r i s t i c s .  

be t o  c l a s s i f y  them. 

d i v i d e  t h e  226 phases i n t o  10 groups and s e l e c t  one phase ( t h e  b e s t )  o u t  o f  

each o f  t h e  groups. 

l ook  f o r  t h e  10 i n d i v i d u a l  b e s t  phases ( t h i s  c o u l d  have been done by u s i n g  the  

e v a l u a t i o n  methods descr ibed i n  P a r t  I ) ,  b u t  f o r  t h e  op t ima l  combina t ion  o f  

10 phases. 

A p r e l i m i n a r y  s tep  be fo re  t h e  s e l e c t i o n  o f  phases shou ld  then 

I d e a l l y ,  if one needs a s e t  o f  10 phases, one shou ld  

Th is  a p p l i c a t i o n  s t resses  t h e  f a c t  t h a t  one does n o t  mere ly  

Fo r  each phase, one ob ta ins  t h e  r e t e n t i o n  t imes o f  10 t e s t  substances (p robes)  

The 10 r e t e n t i o n  t imes g i ven  and these a re  used t o  c a r r y  o u t  t he  c l a s s i f i c a t i o n .  

f o r  each phase c o n s t i t u t e  a p a t t e r n .  

be used. 

P a t t e r n  r e c o g n i t i o n  methods can t h e r e f o r e  

( 3 )  M i l k  and t h y r o i d  examples 

One o f  t h e  more impor tan t  a p p l i c a t i o n s  o f  a n a l y t i c a l  chemis t ry  i s  t o  

d i s c r i m i n a t e  between two o r  more k inds  o f  samples, f o r  example between cows ' 

and goa ts '  m i l k .  

number o f  samples known t o  belong t o  one o f  t h e  ca tegor ies  between which one 

shou ld  make a d i s c r i m i n a t i o n .  I n  the  m i l k  example, one determines the  f a t t y  

a c i d  percentages f o r  severa l  f a t t y  ac ids  ( t y p i c a l l y  about 20) f o r  a number o f  

samples t h a t  a re  known t o  be cows' m i l k ,  and t h e  same f o r  a number o f  samples 

One o b t a i n s  a s e t  o f  r e s u l t s  f o r  d i f f e r e n t  parameters f o r  a 
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o f  g o a t s ’  m i l k .  The o p t i m i z a t i o n  problem i s  t o  s e l e c t  a combina t ion  o f ,  f o r  

example, 5 o u t  o f  t h e  o r i g i n a l  20 parameters i n  such a way t h a t  t h e  b e s t  

p o s s i b l e  d i s c r i m i n a t i o n  i s  ob ta ined.  

I n  the  t h y r o i d  example, one c a r r i e s  o u t  f i v e  c l i n i c a l  chemical t e s t s  t o  make 

a d iagnos is  o f  t h e  t h y r o i d  s t a t e  o f  a p a t i e n t ,  f o r  example, i n  o rde r  t o  make 

a d i s t i n c t i o n  between e u t h y r o i d  (normal)  and hypo thy ro id  cases. These t e s t s  

c o s t  money and t ime  and t h e  o p t i m i z a t i o n  problem i s  t o  e s t a b l i s h  whether a l l  

f i v e  t e s t s  a re  necessary, and i f  n o t ,  t o  make a s e l e c t i o n  o f ,  say, t h r e e  t e s t s  

so t h a t  t h e  d i s c r i m i n a t i o n  ob ta ined  i s  as good as poss ib le .  

a r e  so l ved  by  p a t t e r n  r e c o g n i t i o n  methods. 

These problems a l s o  

( 4 )  Ion-exchange problem 

The ion-exchange separa t i on  o f  m ix tu res  o f  severa l  metal  i ons  i n t o  i n d i v i d u a l  

components can u s u a l l y  be ach ieved i n  seve ra l  ways. The a n a l y t i c a l  chemist  has 

a t  h i s  d i sposa l  a da ta  s e t  c o n s i s t i n g  o f  d i s t r i b u t i o n  c o e f f i c i e n t s  o f  t h e  metal  

i o n s  t o  be separa ted  and h i s  task  i s  t o  e l a b o r a t e  an op t ima l  f l o w  scheme. Should 

one f i r s t  e l u t e  i o n  5 us ing  s o l v e n t  A and then i o n  

one r a t h e r  s t a r t  by e l u t i n g  5 and 4 t o g e t h e r  w i t h  t h e  purpose o f  separa t i ng  

them i n  a second s tep  ? One can c o n s t r u c t  a network o r  graph c o n t a i n i n g  a l l  o f  

these p o s s i b i l i t i e s .  The problem i s  then t o  determine which way one shou ld  

choose o f  t h e  many p o s s i b l e  a l t e r n a t i v e s  i n  t h e  network.  Th is  i s  a t y p i c a l  

o p e r a t i o n a l  research  problem. 

u s i n g  s o l v e n t  B, o r  shou ld  

( 5 )  C l i n i c a l  l a b o r a t o r y  example 

There i s  an overwhelming a r r a y  o f  apparatus a v a i l a b l e  f o r  c l i n i c a l  chemis t ry  

l a b o r a t o r i e s .  They o n l y  

pe r fo rm a few d i f f e r e n t  de termina t ions  and one can u s u a l l y  guess w i th  some p r e c i s i o n  

how many o f  each o f  these de te rm ina t ions  they  w i l l  have t o  c a r r y  out. 

t h i s  and know ng what apparatus (manual o r  automated, 1-, 2-, o r  n-channel 

apparatus) i s  a v a i l a b l e  and the  cos ts  o f  buy ing  and o p e r a t i n g  each o f  these 

ins t rumen ts ,  

s a t i s f i e s  t h e  requirements o f  t h e  l a b o r a t o r y  most economica l l y .  

These l a b o r a t o r i e s  have o f t e n  a r a t h e r  l i m i t e d  programme. 

Knowing 

t i s  p o s s i b l e  t o  determine which s e t  (combina t ion)  o f  apparatus 

Th is  a l s o  i s  
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a t y p i c a l  o p e r a t i o n a l  research  problem. 

16.3. PATTERN RECOGNIT ION AND RELATED TECHNIQUES 

Modern a n a l y t i c a l  methods a l l o w  t h e  de te rm ina t ion  o f  many substances 

s imu l taneous ly  and computers p r o v i  de f a c i  1 i t i e s  f o r  s t o r i n g  o r  hand1 i ng t h e  1 arge 

amounts o f  da ta  ob ta ined  i n  t h i s  way. 

they  shou ld  be used toge the r ,  p a r t i c u l a r l y  because t h e  r e s u l t s  ob ta ined  f o r  t he  

parameters a r e  o f t e n  r e l a t e d  t o  each o t h e r .  

As many da ta  a r e  ob ta ined  a t  a t ime,  

C l i n i c a l  chemis t ry  i s  an area o f  a n a l y t i c a l  chemis t r y  where one o f t e n  

determines severa l  chemical parameters f o r  t h e  same sample. However, one uses 

t h e  r e s u l t s  i n d i v i d u a l l y  (e.g., i f  a parameter i s  h i g h e r  than normal t h e  p a t i e n t  

shou ld  be suspected o f  hav ing  a c e r t a i n  disease) o r  success i ve l y  (e.g. ,  i f  

parameter a i s  h igh ,  b u t  b i s  normal, c e r t a i n  conc lus ions  can be drawn). 

t he  da ta  a re  ob ta ined  s imu l taneous ly  and concern one sample, i t  would be 

p r e f e r a b l e  t o  use them s imu l taneous ly  i n s t e a d  o f  i n d i v i d u a l l y ,  and F i g .  16.1, 

taken f rom Winkel (1973),  i l l u s t r a t e s  one o f  t h e  advantages o f  do ing  so. The 

e l l i p s o i d a l  con tour  l i n e  d e l i n e a t e s  the  r e g i o n  expected t o  c o n t a i n  68.3% o f  t h e  

samples, as determined f r o m  a two-dimensional  gaussian d i s t r i b u t i o n .  The two 

parameters a re  c o r r e l a t e d  as t h e  main a x i s  o f  t h e  e l l i p s o i d  i s  n o t  p a r a l l e l  t o  

t h e  absc issa .  

As 

I n  chapter  3, i t  was seen t h a t  t he  c o r r e l a t i o n  c o e f f i c i e n t  i s  

121 , . , !  . . I 1 0  I Fe 

4 8 12 16 2 0  
F i g .  16.1. A b i v a r i a t e  d i s t r i b u t i o n , .  The parameters HGB (B-haemoglobin) and 
FE (S - i ron ,  t r a n s f e r r i n  bound) were measured f o r  52 h e a l t h y  men ( f rom Winkel, 
1973). 
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one o f  t h e  parameters t h a t  cha rac te r i zes  a b i v a r i a t e  d i s t r i b u t i o n .  

uses t h e  parameters i n d i v i d u a l l y  ( i  .e., two separa te  u n i v a r i a t e  gaussian 

d i s t r i b u t i o n s ) ,  t he  normal r e g i o n  would be t h e  rec tang le .  Several  p o i n t s  f a l l  

o u t s i d e  t h e  r e c t a n g l e  and would be dec la red  abnormal by t h e  u n i v a r i a t e  t h i n k i n g  

person, whereas i n  f a c t  t hey  a re  norma1,as would be recogn ized by t h e  b i v a r i a t e  

t h i n k i n g  observer .  

I f  one 

Another, and i n  t h e  p resen t  c o n t e x t  s t i l l  more impor tan t ,  advantage i s  t h a t  

s p e c i f i c  p a t t e r n s  can be observed f o r  d i f f e r e n t  k inds  o f  samples. 

f o r  example, t he  m i l k  problem mentioned i n  s e c t i o n  16.2 and suppose t h a t  two 

groups o f  samples, cows' ( C )  and goa ts '  ( G )  m i l k  have t o  be d i f f e r e n t i a t e d  and 

two parameters a r e  used. The parameters o f  t h i s  example a re  h y p o t h e t i c a l  and 

a r e  t h e r e f o r e  c a l l e d  parameters 1 and 2 ( F i g .  16 .2) .  

example, t he  c o n t e n t  o f  b u t y r i c  a c i d  and s t e a r i c  ac id ,  r e s p e c t i v e l y .  The two 

parameters d e f i n e  a two-dimensional  space and t h e  C and G groups a r e  found t o  

occupy d i f f e r e n t  l o c a t i o n s  i n  t h i s  space. 

by de te rm in ing  t o  which o f  the  two c l u s t e r s  an unknown sample belongs, one i s  

a b l e  t o  decide whether i t  i s  a C o r  a G sample. 

L e t  us cons ider ,  

They m igh t  represent ,  f o r  

They a re  s a i d  t o  fo rm c l u s t e r s  and, 

I 
parameter 2 

e 

F i g .  16.2. The fo rma t ion  o f  c l u s t e r s  i n  a two-dimensional space. 

T h i s  reason ing  can be genera l i zed  t o  more dimensions. Consider aga in  the  

m i l k  example. 

d i s t r i b u t i o n  o r  p a t t e r n .  

be viewed as a p o i n t  i n  20-dimensional space, i t s  coord ina tes  xi be ing  t h e  

A p a r t i c u l a r  m i l k  f a t  sample i s  c h a r a c t e r i z e d  by i t s  f a t t y  a c i d  

I f  t h e r e  a r e  20 f a t t y  ac ids ,  each m i l k  f a t  sample can 
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percentage f a t t y  a c i d  concen t ra t i ons .  

by a v e c t o r  ( p a t t e r n  v e c t o r )  

Such a p o i n t  i s  conven ien t l y  represented  

-f 

X2O) x = (xl, x2, ..., x i ,  ..., 

The v e c t o r  i s  composed o f  d measurement r e s u l t s  (20  i n  t h e  m i l k  sample) 

c o n s t i t u t i n g  a s e t  o f  d s c a l a r  va lues .  

space. 

con ta ins  226 p o i n t s .  

i n d i v i d u a l  p a t i e n t  r e s u l t  i s  represented  by f i v e  s c a l a r  values, t h e  r e s u l t s  o f  

t h e  f i v e  c l i n i c a l  t e s t s .  

The d parameters d e f i n e  the  p a t t e r n  

I n  t h e  GLC example, t h e  p a t t e r n  space c o n s i s t s  o f  10 dimensions and 

I n  the  t h y r o i d  example, t h e r e  are  f i v e  dimensions and each 

I f  one were ab le  t o  observe t h e  p a t t e r n  space v i s u a l l y ,  as was p o s s i b l e  i n  

the  two dimensional  case i n  F i g .  16.2, one would no te  t h a t  t h e  p o i n t s  tend t o  

fo rm groups o r  c l u s t e r s .  

and so  would goa ts '  m i l k  samples. 

c h a r a c t e r i s t i c s  o r  p a t t e r n s  w i l l  t end  t o  fo rm c l u s t e r s .  

s i m i l a r  p a t t e r n s  o r  t h e  i s o l a t i o n  o f  t h e  c l u s t e r s  i s  t h e r e f o r e  o f  g r e a t  a n a l y t i c a l  

i n t e r e s t .  As  d-dimensional p o i n t s  cannot be observed v i s u a l l y ,  one needs 

mathematical  methods i n  o rde r  t o  deal w i t h  t h e  p a t t e r n s  and c l u s t e r s  i n  an 

d -dimensi  onal  space. 

Fo r  example, cows' m i l k  samples would c l u s t e r  t oge the r  

I n  t h e  same way, GLC phases w i t h  s i m i l a r  

The r e c o g n i t i o n  o f  

The genera l  te rm " p a t t e r n  r e c o g n i t i o n "  r e f e r s  t o  au tomat ic  procedures f o r  

c l a s s i f y i n g  i n d i v i d u a l  obse rva t i ons  i n t o  d i s c r e t e  groups on t h e  bas i s  o f  a 

m u l t i v a r i a t e  da ta  m a t r i x  (Shoenfe ld  and De Voe, 1976).  P a t t e r n  r e c o g n i t i o n  

has been t h e  o b j e c t  o f  much s tudy  i n  the  l a s t  few years .  

impor tan t  techn iques  o f  t h e  d i s c i p l i n e  o f  chemometrics. 

t o  have been co ined  by Xowa lsk i ,  i s  d e f i n e d  by t h i s  au tho r  (1975) as i n c l u d i n g  

t h e  a p p l i c a t i o n  o f  mathematical  and s t a t i s t i c a l  methods t o  t h e  a n a l y s i s  o f  

chemical measurements. Both the  m i l k  and t h e  GLC problem can be so l ved  by p a t t e r n  

r e c o g n i t i o n  methods, b u t  t he re  i s  an e s s e n t i a l  d i f f e r e n c e  between them. 

m i l k  problem, the  groups between which a c l a s s i f i c a t i o n  must be c a r r i e d  o u t  

a re  known (goats  and cows). 

I t  i s  one o f  t h e  most 

Th is  term, which seems 

I n  the  

One c a l l s  t h i s  superv ised l e a r n i n g  o r  p a t t e r n  
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r e c o g n i t i o n  ( i n  t h e  r e s t r i c t e d  sense).  

t he  groups (one does n o t  even know how many groups t o  expec t ) .  

unsuperv ised l e a r n i n g  o r  p a t t e r n  c o g n i t i o n .  

I n  the  GLC problem, one does n o t  know 

Th is  i s  c a l l e d  

One o f  t h e  d i f f i c u l t i e s  i n  p a t t e r n  r e c o g n i t i o n  i s  what has repea ted ly  been 

c a l l e d  " the  curse  o f  d imens iona l i t y " .  

c l a s s i f i c a t i o n  problem may become t o o  complex, and a r e d u c t i o n  i n  t h e  number 

o f  dimensions can he lp  t o  make i t  more manageable. 

rep resen t  the  da ta  o r i g i n a l l y  p resen t  i n  d dimensions i n  two o r  t h r e e  dimensions 

i n  such a way t h a t  t he  s i m i l a r i t i e s  and d i s s i m i l a r i t i e s  between the  da ta  p o i n t s  

a r e  conserved, a t  l e a s t  p a r t i a l l y ,  t h i s  can be a va luab le  a i d  i n  a r r i v i n g  a t  

a b e t t e r  unders tand ing  o f  t he  data. 

I f  many v a r i a b l e s  a r e  present ,  t h e  

Fu r the r ,  i f  one i s  ab le  t o  

I n  genera l ,  t h e  human observer  i s  o f t e n  a b e t t e r  p a t t e r n  recogn ize r  than t h e  

au tomat ic  methods descr ibed i n  t h i s  p a r t  o f  t he  book, a t  l e a s t  when t h e  da ta  

a r e  represented  i n  two o r  t h r e e  dimensions. There fore ,  i t  i s  i n t e r e s t i n g  t o  

be a b l e  t o  make a t  l e a s t  a p r e l i m i n a r y  e v a l u a t i o n  o f  t h e  da ta  p resen t  us ing  one 

o f  t h e  low-dimensional  r e p r e s e n t a t i o n  ( d i s p l a y )  methods. I n  t h i s  con tex t ,  two 

m u l t i v a r i a t e  s t a t i s t i c a l  methods must be i n v e s t i g a t e d ,  namely p r i n c i p a l  

components and f a c t o r  a n a l y s i s .  

a re  p a t t e r n  r e c o g n i t i o n  methods. 

Most books on p a t t e r n  r e c o g n i t i o n ,  such as those by Duda and H a r t  (1973) and 

Andrews (1972),  c o n t a i n  a t  l e a s t  re fe rences  t o  them. Many t y p i c a l  p a t t e r n  

r e c o g n i t i o n  da ta  se ts  have a l s o  been i n v e s t i g a t e d  by these two techniques 

( t h e  GLC problem, f o r  i n s t a n c e ) .  The p r i n c i p a l  components method formed t h e  

bas i s  o f  one o f  t h e  more i n t e r e s t i n g  p a t t e r n  r e c o g n i t i o n  techniques (SIMCA, 

Wold, 1974). 

Not  a l l  workers cons ider  t h a t  these techn iques  

They are, however, c e r t a i n l y  r e l a t e d  methods. 

These methods reduce d i m e n s i o n a l i t y  by fo rm ing  1 i n e a r  combinat ions o f  t h e  

fea tu res  t h a t  determine the  o r i g i n a l  dimensions. T h e i r  p r i n c i p a l  o b j e c t  i s  

t h e r e f o r e  t o  condense the  more e s s e n t i a l  i n f o r m a t i o n  p resen t  i n  t h e  da ta  and, 

due t o  in te rdependent  v a r i a b l e s ,  i n  such a way t h a t  one ob ta ins  a few more 

'Lfundamental" va r iab les .  I n  t h e  GLC example, t h e r e  a r e  o r i g i n a l l y  10 v a r i a b l e s  
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( t h e  r e t e n t i o n  i n d i c e s  o f  t h e  10 t e s t  compounds) and t h e  i n f o r m a t i o n  i s  

condensed i n t o  two ma jo r  va r iab les ,  t h e  f i r s t  o f  which, f o r  example, i s  

i d e n t i f i e d  as t h e  more fundamental parameter, p o l a r i t y .  

remain, a two-dimensional  r e p r e s e n t a t i o n  i s  poss ib le .  P r i n c i p a l  components and 

f a c t o r  a n a l y s i s  a r e  d iscussed i n  Chapter 19. 

As o n l y  two v a r i a b l e s  

I n  some c l a s s i f i c a t i o n s  o f  p a t t e r n  r e c o g n i t i o n ,  one cons iders  two success ive  

s teps ,  namely f e a t u r e  e x t r a c t i o n  and c l a s s i f i c a t i o n  (see, f o r  example, Young 

and C a l v e r t ,  1974).  

t rans formed i n t o  a f e a t u r e  v e c t o r  xr, so t h a t  t h e  dimensions o f  xr a r e  l e s s  than 

those o f  Xd. 

o f  f e a t u r e  e x t r a c t i o n  i s  f e a t u r e  s e l e c t i o n  : one s e l e c t s  f rom t h e  d v a r i a b l e s  

(dimensions) p resen t  r v a r i a b l e s  t h a t  seem t o  be the  most d i s c r i m i n a t i n g .  The 

fea tu res  ob ta ined  t h e r e f o r e  correspond t o  some o f  t h e  g i ven  measurements w h i l e  

i n  t h e  d i s p l a y  methods t h e  d i m e n s i o n a l i t y  r e d u c t i o n  i s  ob ta ined  by combining 

some o f  t h e  v a r i a b l e s  i n t o  a new v a r i a b l e .  Feature  s e l e c t i o n  c o n s t i t u t e s  a 

means o f  choosing s e t s  o f  o p t i m a l l y  d i s c r i m i n a t i n g  v a r i a b l e s  and, i f  these 

v a r i a b l e s  a re  t h e  r e s u l t s  o f  a n a l y t i c a l  t e s t s ,  t h i s  c o n s i s t s  i n  f a c t  i n  t h e  

s e l e c t i o n  o f  an op t ima l  combina t ion  o f  a n a l y t i c a l  t e s t s  o r  procedures.  Th is  

s u b j e c t  i s  t h e r e f o r e  c l e a r l y  o f  spec ia l  importance i n  t h e  c o n t e x t  o f  t h i s  book. 

+ 
I n  the  f e a t u r e  e x t r a c t i o n ,  t h e  p a t t e r n  v e c t o r  xd i s  

+ + 

+ 
D isp lay  methods a r e  p a r t  o f  f e a t u r e  e x t r a c t i o n .  Another ca tegory  

The second s tep  i n  t h e  p a t t e r n  r e c o g n i t i o n  procedure i s  t h e  c l a s s i f i c a t i o n  

s tep ,  which means t h a t  one t r i e s  t o  p lace  t h e  samples c h a r a c t e r i z e d  by t h e i r  

i n d i v i d u a l  p a t t e r n s  i n  t h e  ca tegory  t o  which they  belong. 

i s  based on d i s tances  between p o i n t s  i n  the  r -d imens iona l  space. The sma l le r  t h e  

d i s tance  between p o i n t s ,  t h e  more probab le  i t  i s  t h a t  they  belong t o  the  same 

ca tegory .  

Th is  c l a s s i f i c a t i o n  

D is tances  a r e  d iscussed i n  Chapter 18. 

The way i n  which the  c l a s s i f i c a t i o n  i s  c a r r i e d  o u t  depends f i r s t l y  on whether 

one i s  concerned w i t h  a superv ised o r  an unsupervised l e a r n i n g  problem. I n  

the  superv ised problem, one knows t h e  ca tegor ies  i n  which the  samples can be 

c l a s s i f i e d .  Wi th  groups c o n s i s t i n g  o f  samples w i t h  known c l a s s i f i c a t i o n  ( l e a r n i n g  

groups) , one develops c l a s s i f i c a t i o n  r u l e s  ( d e c i s i o n  f u n c t i o n s )  t h a t  p e r m i t  one 

t o  a l l o c a t e  i n d i v i d u a l  samples t o  the  c o r r e c t  ca tegory .  
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The development o f  t h e  r u l e s  i s  c a l l e d  t h e  l e a r n i n g  o r  t r a i n i n g  s tep .  When 

one knows how t o  combine the  v a r i a b l e s  i n  o rde r  t o  o b t a i n  an op t ima l  c l a s s i f i c a t i o n ,  

one can c a l c u l a t e  t h e  c o n t r i b u t i o n  o f  each o f  t h e  parameters t o  t h e  d i s c r i m i n a t i o n .  

C l e a r l y ,  i f  one wants t o  s e l e c t  an op t ima l  combina t ion  o f  t h r e e  a n a l y t i c a l  t e s t s ,  

i t  w i l l  c o n s i s t  o f  t h e  t h r e e  t h a t  have been found t o  c o n t r i b u t e  most t o  t h e  

d i s c r i m i n a t i o n .  

One u s u a l l y  makes a d i s t i n c t i o n  between s t a t i s t i c a l  methods i n  which t h e  

da ta  f o l l o w  a m u l t i v a r i a t e  normal d i s t r i b u t i o n  and d i s t r i b u t i o n - f r e e  (non-paramet r ic )  

methods. 

l a t t e r  ca tegory .  

techn iques  a r e  discussed. 

There i s  a tendency t o  rese rve  t h e  te rm p a t t e r n  r e c o g n i t i o n  f o r  t h e  

I n  Chapter 20, bo th  t h e  pa ramet r i c  methods and t h e  non-parametr ic 

Unsupervised l e a r n i n g  o r  c l u s t e r i n g  methods have been used l e s s  i n  chemis t ry .  

C l u s t e r i n g  c o n s i s t s  i n  t h e  genera t i on  o f  c l u s t e r s  o r  c lasses ,  when the  c lasses  

a re  undef ined a yJh iah i .  

t o  us a r e  aimed a t  c l a s s i f y i n g  a n a l y t i c a l  procedures ( o r  t h e i r  a t t r i b u t e s ) .  

Th i s  i s  an impor tan t  s tep  i n  t h e  s e l e c t i o n  o f  op t ima l  procedures and these 

methods a r e  t h e r e f o r e  discussed i n  d e t a i l  i n  Chapter 18. 

The o n l y  a p p l i c a t i o n s  i n  a n a l y t i c a l  chemis t ry  known 

16.4. MULTIVARIATE STATISTICAL TECHNIQUES 

16.4.1 . I n t roduc .t i on 

Several  d e f i n i t i o n s  have been proposed f o r  mu1 t i v a r i a t e  s t a t i s t i c a l  

techn iques .  

t he  most app rop r ia te .  M u l t i v a r i a t e  s t a t i s t i c a l  techniques a r e  those which a r e  

a p p l i e d  when e i t h e r  more than one independent v a r i a b l e  o r  more than one 

dependent v a r i a b l e  a re  t o  be cons idered s imu l taneous ly .  I t  can be observed 

t h a t  t h i s  d e f i n i t i o n  a l s o  i n c l u d e s  two-way and higher-way ANOVA, which have 

t r a d i t i o n a l l y  been excluded f rom these techn iques .  

u s u a l l y  mu1 t i v a r i a t e  s t a t i s t i c a l  techniques a r e  de f i ned  as techniques t h a t  

r e q u i r e  t h e  use o f  ma t r i ces .  

The one suggested here i s  t he  most genera l  and seems t o  us t o  be 

The reason f o r  t h i s  i s  t h a t  
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Th is  survey  does n o t  i n c l u d e  mu1 t i v a r i a t e  f requency d i s t r i b u t i o n s  and 

probab i  1 i ty f u n c t i o n s  , which have a1 ready been ment ioned i n  Chapter 3. 

In t h e  f o l l o w i n g  sec t i ons ,  a survey w i l l  be g i ven  o f  t h e  main m u l t i v a r i a t e  

s t a t i s t i c a l  techn iques ,  e x c l u d i n g  two-way and g r e a t e r  ANOVA and m u l t i p l e  

regress ion ,  which have been cons idered e x t e n s i v e l y  i n  Chapters 4 and 15. 

For  t h e  reader  i n t e r e s t e d  i n  t h e  mathematical  d e t a i l s  o f  t h e  techn iques  

exp la ined  here  and i n  the  f o l l o w i n g  chapters ,  t h e  book by H a r r i s  (1975) w i l l  

p rov ide  a c l e a r  d e s c r i p t i o n .  

books by Mor r i son  (1967) and Kenda l l  and S t u a r t  (1968).  

m u l t i v a r i a t e  s t a t i s t i c a l  techniques and i n  which o n l y  t h e  most necessary 

mathematical  d e t a i l s  a re  g i ven  was w r i t t e n  by Kendal l  (1975).  

F u r t h e r  read ing  on t h e  s u b j e c t  shou ld  i n c l u d e  t h e  

A book f o r  users o f  

2 16.4.2. H o t e l l i n g ' s  T 

It was seen i n  s e c t i o n  3.2.4.2.1 t h a t  when two popu la t i ons  a r e  cons idered 

and a s i n g l e  v a r i a b l e  i s  measured f o r  elements o f  t h e  two popu la t i ons ,  a t - t e s t  

makes i t  p o s s i b l e  t o  t e s t  whether t h e r e  i s  a s i g n i f i c a n t  d i f f e r e n c e  between t h e  

mean va lues  o f  t he  v a r i a b l e  f o r  t he  two popu la t i ons .  

a re  two o r  more dependent v a r i a b l e s  f o r  each o f  t he  two popu la t i ons  and i t  can 

be q u e r i e d  whether a s i g n i f i c a n t  d i f f e r e n c e  e x i s t s  f o r  any o f  t h e  dependent 

v a r i a b l e s .  

computed by a s s o c i a t i n g  we igh ts  t o  each o f  them. 

t h i s  g i v e s  

Of ten ,  however, t h e r e  

For  t h i s ,  a l i n e a r  combina t ion  o f  t h e  dependent v a r i a b l e s  i s  

Wi th  p dependent v a r i a b l e s  

+ wPyP 
w = WIYl + w2y2 + ... (16.1) 

Fo r  each element i under examinat ion, the va lue  Wi o f  t he  new dependent 

v a r i a b l e  W i s  g i ven  by 

w .  = WIYli + W2Y2i -t . . . + WPYPi 
1 

(16.2) 

Th is  makes i t  p o s s i b l e  t o  compute a u n i v a r i a t e  t - v a l u e  f o r  t h e  d i f f e r e n c e  
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between the  

t - v a l u e  w i l  

t h e  l a r g e s t  

two popu la t i ons  based upon t h e  new dependent v a r i a b l e  W .  As t h i s  

depend upon t h e  chosen we igh ts ,  a m a t r i x  method i s  used t o  compute 

The square o f  t he  t - v a l u e  f o r  t h e  t - v a l u e  f o r  any s e t  o f  we igh ts .  
n 

op t ima l  s e t  o f  we igh ts  i s  c a l l e d  H o t e l l i n g ' s  TL and i t  has been shown t h a t  i t  

has an F - d i s t r i b u t i o n .  

t h e  presence o f  two o r  more dependent va r iab les .  

It prov ides  a means o f  comparing two popu la t i ons  i n  

16.4.3. M u l t i v a r i a t e  a n a l y s i s  o f  va r iance  (MANOVA) 

2 J u s t  as H o t e l l i n g ' s  T genera l i zes  t h e  t - t e s t ,  one-way m u l t i v a r i a t e  a n a l y s i s  

o f  va r iance  (one-way MANOVA) genera l  i zes one-way ANOVA. 

used whenever t h e  i n f l u e n c e  o f  t h e  d i f f e r e n t  l e v e l s  of  a f a c t o r  on more than 

one dependent v a r i a b l e  i s  be ing  s tud ied .  As w i t h  H o t e l l i n g ' s  T2, t h e  s e t  of 

p dependent v a r i a b l e s  i s  reduced t o  a s i n g l e  v a r i a b l e  i n  the  same way as i n  

eqn. 16 .1  and f o r  each element i an equa t ion  i d e n t i c a l  w i t h  eqn. 16.2 i s  ob ta ined  

One-way MANOVA can be 

Again, as f o r  H o t e l l i n g ' s  TL, t h e  s e t  o f  we igh ts  i s  determined i n  such a way 

t h a t  t h e  F-value used f o r  t e s t i n g  t h e  equ iva lence o f  v a r i a b l e  W f o r  t he  d i f f e r e n t  

l e v e l s  o r  popu la t i ons  i s  as l a r g e  as poss ib le .  The d i s t r i b u t i o n  o f  t h e  s t a t i s t i c  

ob ta ined  i n  t h i s  way i s  complex and the  d e t a i l s  w i l l  n o t  be d iscussed here .  

Another approach f o r  t e s t i n g  t h i s  hypothes is  i s  based on t h e  de terminants  o f  

t h e  covar iance ma t r i ces  ob ta ined  by cons ide r ing  t h e  d i f f e r e n t  popu la t i ons .  

These methods were d iscussed e x t e n s i v e l y  by H a r r i s  (1975) .  

f o r  one-way ANOVA, a g e n e r a l i z a t i o n  e x i s t s  f o r  each ANOVA model. 

I n  t h e  same way as 

16.4.4. Measures o f  c o r r e l a t i o n  

I n  the  presence o f  one independent v a r i a b l e  and one dependent v a r i a b l e ,  t h e  

c l a s s i c a l  measure o f  l i n e a r  r e l a t i o n s h i p  i s  g i v e n  by t h e  c o r r e l a t i o n  c o e f f i c i e n t  

(see s e c t i o n  3.2.6.3).  

dependent v a r i a b l e  b u t  severa l  independent , / a r i ab les .  The measure o f  a s s o c i a t i o n  

i s  p rov ided  by t h e  e s t i m a t i o n  o f  t h e  reg ress ion  c o e f f i c i e n t s ,  B .  

I n  the  m u l t i p l e  reg ress ion  problem t h e r e  i s  s t i l l  one 

I t  i s  equal  
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t o  t h e  c o r r e l a t i o n  between t h e  independent variables and t h e  p r e d i c t e d  dependent 

v a r i a b l e  which i s  ob ta ined  us ing  t h e  leas t -squares  es t ima t ions  o f  

o f  t he  independent v a r i a b l e s .  Th is  c o r r e l a t i o n  i s  c a l l e d  t h e  m u l t i p l e  c o r r e l a t i o n  

c o e f f i c i e n t .  

dependent v a r i a b l e  w i t h  any l i n e a r  combina t ion  o f  t h e  independent v a r i a b l e s .  

as c o e f f i c i e n t s  

I t  can be shown t h a t  i t  p rov ides  the  l a r g e s t  c o r r e l a t i o n  o f  t h e  

When bo th  severa l  independent v a r i a b l e s  and severa l  dependent v a r i a b l e s  a r e  

Again, l i n e a r  combinat ions considered, a f u r t h e r  g e n e r a l i z a t i o n  i s  necessary. 

o f  t h e  independent v a r i a b l e s  and o f  t he  dependent v a r i a b l e s  a r e  considered. 

Fo r  t h i s  we d e f i n e  

w = c . w  x 
~ j j  

(16 .3)  

and 

v = c . v . y  (16.4) 
J J ~  

A measure o f  t he  r e l a t i o n s h i p  between the  two s e t s  o f  v a r i a b l e s  i s  ob ta ined  

by computing the  c o r r e l a t i o n  c o e f f i c i e n t  between V and W and maximizing ove r  

a l l  p o s s i b l e  we igh ts  v .  and w Th is  measure i s  c a l l e d  the  canon ica l  

c o r r e l a t i o n  c o e f f i c i e n t .  
J j '  

16.4.5. Ana lys i s  o f  covar iance 

Ana lys i s  o f  covar iance (ANCOVA) was b r i e f l y  ment ioned as a p a r t i c u l a r  case 

o f  the  genera l  l i n e a r  model i n  s e c t i o n  4.2.1.1. I t  a r i s e s  when the re  i s  one 

dependent v a r i a b l e  and when t h e  independent v a r i a b l e s  a re  d i v i d e d  i n t o  a s e t  

o f  u s u a l l y  con t inuous  v a r i a b l e s  ( t h e  m u l t i p l e  reg ress ion  s i t u a t i o n )  and a s e t  

o f  v a r i a b l e s  which i n d i c a t e  t h a t  t h e  elements o f  t h e  sample a r e  d i v i d e d  i n t o  

severa l  groups i n  a one-way o r  higher-way c l a s s i f i c a t i o n  ( t h e  ANOVA s i t u a t i o n ) .  

M u l t i v a r i a t e  a n a l y s i s  o f  covar iance (MANCOVA) i s  an ex tens ion  o f  ANCOVA i n  

the  presence o f  severa l  dependent v a r i a b l e s .  
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As the  genera l  l i n e a r  model genera l i zes  m u l t i p l e  reg ress ion ,  one-way and 

higher-way ANOVA and ANCOVA, a model has been proposed t h a t  genera l i zes  

canon ica l  c o r r e l a t i o n ,  MANOVA and MANCOVA. 

16.4.6. Techniques f o r  reduc ing  a s e t  o f  v a r i a b l e s  

A l l  of t he  techniques descr ibed so f a r  a re  concerned w i t h  t h e  r e l a t i o n s h i p  

between a s e t  o f  independent v a r i a b l e s  and a s e t  o f  dependent v a r i a b l e s .  

t h i s  sec t i on ,  two techniques a r e  o u t l i n e d  f o r  reduc ing  the  number o f  v a r i a b l e s  

by r e p l a c i n g  t h e  o r i g i n a l  s e t  w i t h  a sma l le r  one ; u s u a l l y  t h e  new v a r i a b l e s  

do n o t  be long t o  t h e  o r i g i n a l  s e t .  

I n  

I n  p r i n c i p a l  components ana lys i s ,  l i n e a r  combinat ions o f  t h e  o r i g i n a l  d 

v a r i a b l e s  a re  considered. These have t h e  genera l  fo rm o f  eqn. 16.4. The we igh ts  

a re  determined i n  such a way t h a t  t he  va r iance  o f  W shou ld  be as l a r g e  as 

poss ib le ,  s u b j e c t  t o  the  c o n d i t i o n  t h a t  t h e  sum o f  t h e  squares o f  t h e  we igh ts  

be u n i t y  as i n c r e a s i n g  the  we igh ts  i n d e f i n i t e l y  w i l l  a l s o  i nc rease  t h e  var iance 

o f  W i n  t he  same way. 

The v a r i a b l e  W ob ta ined  i n  t h i s  way i s  c a l l e d  the  f i r s t  p r i n c i p a l  component 

The second p r i n c i p a l  component i s  aga in  a l i n e a r  combina t ion  o f  t h e  fo rm g i ven  

by eqn. 16.4 found us ing  t h e  f o l l o w i n g  c o n d i t i o n s  : i t s  var iance i s  t o  be 

maximized, t he  sum o f  t h e  squares o f  t h e  we igh ts  i s  u n i t y  and i t  i s  u n c o r r e l a t e d  

w i t h  the  f i r s t  p r i n c i p a l  component. 

Th i s  process i s  cont inued u n t i l  r p r i n c i p a l  components have been ex t rac ted .  

I t  can e a s i l y  be seen t h a t  t he  var iance o f  successive p r i n c i p a l  components have 

non- increas ing  values and t h a t  t h e i r  sum i s  equal  t o  t h e  sum o f  t h e  var iances  

o f  t h e  o r i g i n a l  v a r i a b l e s .  

v a r i a b l e s  a re  s t r o n g l y  i n te rconnec ted  a smal l  number o f  p r i n c i p a l  components 

w i l l  y i e l d  a l l m o s t  a l l  o f  the  va r iance  o f  t h e  o r i g i n a l  s e t  o f  v a r i a b l e s .  

s m a l l e r  s e t  o f  new v a r i a b l e s  can then be used f o r  any subsequent s t a t i s t i c a l  

a n a l y s i s  i n s t e a d  o f  t h e  o r i g i n a l  much l a r g e r  s e t .  

I t  can a l s o  be seen t h a t  i f  some o r  a l l  o f  t he  

Th is  

Fac to r  a n a l y s i s  i s  a method ve ry  s i m i l a r  t o  p r i n c i p a l  components a n a l y s i s .  
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The main d i f f e r e n c e  i s  t h a t  i n  f a c t o r  ana lys i s ,  t h e  v a r i a b l e s  o f  t h e  s m a l l e r  

s e t  a re  n o t  r e q u i r e d  t o  be unco r re la ted .  These v a r i a b l e s  a r e  c a l l e d  f a c t o r s .  

The va r ious  f a c t o r  a n a l y s i s  methods concent ra te  e i t h e r  on e x p l a i n i n g  the  

percentages o f  t h e  var iance o f  each o r i g i n a l  v a r i a b l e  h e l d  i n  common w i t h  

o t h e r  v a r i a b l e s  g i v e n  the  number o f  f a c t o r s  o r  on f i n d i n g  the  number o f  f a c t o r s  

g i ven  these percentages. Both methodologies and t h e i r  r e l a t i o n  a r e  reviewed 

by Kruska l  (1978).  They l e a d  t o  an a t t r a c t i v e  geomet r ica l  i n t e r p r e t a t i o n  as 

planes o f  c l o s e s t  f i t  t o  data p o i n t s  i n  measurement space (see f u r t h e r  Chapter 

16.5. OPERATIONAL RESEARCH 

Acko f f  and Sas ien i  (1968) d e f i n e d  o p e r a t i o n a l  research  ( O R )  as " t h e  appl  

o f  s c i e n t i f i c  method by i n t e r d i s c i p l i n a r y  teams t o  problems i n v o l v i n g  t h e  

c o n t r o l  o f  o rgan ized (man-machine) systems so as t o  p rov ide  s o l u t i o n s  which 

serve the  purposes o f  t he  o r g a n i z a t i o n  as a whole".  C l e a r l y ,  such a method 

c a t i o n  

bes t  

( o r  r a t h e r ,  c o l l e c t i o n  o f  methods) i s  s u i t e d  f o r  t h e  purpose t h a t  i s  t h e  c e n t r a l  

theme o f  t h i s  book, namely o p t i m i z a t i o n .  

The te rm "o rgan iza t i on "  i s  impor tan t  i n  t h i s  con tex t .  As s t a t e d  by Goulden 

(1974) i n  h i s  a r t i c l e  e n t i t l e d  "Management s tud ies  and techniques f o r  a p p l i c a t i o n  

i n  a n a l y t i c a l  research, development and service' :  t h e r e  a r e  th ree  e s s e n t i a l  

components o f  much human endeavour : t h e  work t o  be undertaken ; t h e  o rgan iza t i o r  

necessary t o  e f f e c t  t h a t  work and the  peop le  by whom t h e  work w i l l  be done. 

A n a l y t i c a l  chemists tend  t o  pay more a t t e n t i o n  t o  t h e  work t o  be accompl ished 

and t h e  t o o l s  w i t h  which t o  do i t  than t o  t h e  two o t h e r  components. 

becomes e v i d e n t  when one cons iders  t h e  c l i n i c a l  l a b o r a t o r y  example ( s e c t i o n  

16.2).  

b iochemical  parameter i n  an e f f i c i e n t  way, b u t  o n l y  a few on how t o  des ign  an 

op t ima l  c o n f i g u r a t i o n  f o r  a c l i n i c a l  l a b o r a t o r y  ! 

Th is  

Thousands o f  a r t i c l e s  have been pub l i shed  on how t o  determine a 

I t  i s  a c h a r a c t e r i s t i c  o f  o rgan iza t i ons  t h a t  t hey  a r e  complex systems (see 

a l s o  P a r t  V )  and t h e  o p t i m i z a t i o n  t h e r e f o r e  u s u a l l y  c o n s i s t s  i n  a comparison 
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o f  many d i f f e r e n t  a l t e r n a t i v e s .  

s o l u t i o n  f o r  problems inwh ichmany  combinat ions a re  poss ib le .  

common s i t u a t i o n  i n  a n a l y t i c a l  chemis t r y  and f o r  t h i s  reason OR techniques 

shou ld  be o f  general  va lue  i n  t h i s  f i e l d  (see a l s o  Massart  and Kaufman, 1975).  

OR techn iques  a r e  used t o  f i n d  the  op t ima l  

Th is  i s  a very  

Many of t h e  problems d iscussed a r e  problems o f  o r g a n i z a t i o n  i n  the  t r u e  

sense, b u t  o the rs ,  such as t h e  s e l e c t i o n  o f  r e p r e s e n t a t i v e  GLC probes (Chapter 

2 3 ) ,  are  n o t .  

analogue ( i n  t h e  GLC probe example, the  l o c a t i o n  o f  supermarkets).  

chapters  on OR (Chapters 21-24), t h e  o r g a n i z a t i o n a l  analogue i s  always used t o  

e x p l a i n  t h e  problem and t h e  s o l u t i o n  method. 

I n  t h i s  i ns tance ,  however, t he re  i s  u s u a l l y  an o r g a n i z a t i o n a l  

I n  t h e  

I t  may appear s u r p r i s i n g  t o  f i n d  severa l  chapters  devoted t o  techn iques  from 

t h e  management sciences i n  a book such as t h i s .  These techn iques  are ,  however, 

c e r t a i n l y  r e l e v a n t  t o  ou r  purpose. 

p o s s i b l e  use o f  t he  resources a t  h i s  d isposa l  i n  o r d e r  t o  ach ieve  a c e r t a i n  

goal ( u s u a l l y  commercial) .  Th i s  fo rmula ,  however, descr ibes  e q u a l l y  w e l l  t h e  

task  o f  most a n a l y t i c a l  chemists,  even o f  those who a r e  i n v o l v e d  o n l y  w i t h  

research. 

t o  h e l p  them i n  t h e i r  dec i s ions  t o  be u s e f u l  t o  a n a l y t i c a l  chemis ts .  

The manager's j o b  i s  t o  make the  b e s t  

Hence i t  i s  reasonable f o r  t h e  techniques used by modern managers 

I t  i s  v e r y  impor tan t  t o  no te  here  t h a t  we have w r i t t e n  " t o  h e l p  them w i t h  

t h e i r  dec i s ions "  and n o t  " t o  make t h e i r  dec i s ions " .  A l though O R  methods a r e  

mathematical  methods, t hey  r a r e l y  o f f e r  exac t  and ready-made s o l u t i o n s  f o r  

r e a l - l i f e  problems. 

p r e c i s e  t o  cover  a l l  f a c t o r s .  There fore ,  t h e  s o l u t i o n s  ob ta ined  shou ld  be 

understood more as a gu ide  f o r  e v a l u a t i n g  r e a l i s t i c  s o l u t i o n s .  

OR methods use models, which can r a r e l y  be s u f f i c i e n t l y  

Th is  i s  u s u a l l y  n o t  understood by a n a l y t i c a l  chemists,  who g e n e r a l l y  assume 

t h a t  as OR techniques a re  mathematical  techniques, they  shou ld  l e a d  t o  exac t  

and u n r e f u t a b l e  s o l u t i o n s .  

obv ious l y  n o t  t h e  i d e a l  one, f o r  reasons t h a t  were n o t  i nco rpo ra ted  i n  t h e  model, 

they  tend t o  conclude t h a t  OR methods a re  wor th less .  

o u t  t he  branch and bound procedure 

When they  f i n d  t h a t  the  s o l u t i o n  ob ta ined  i s  

Fo r  example, by c a r r y i n g  

f o r  t h e  s e l e c t i o n  o f  GLC probes (Chapter 2 2 ) ,  
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one a r r i v e s  a t  the conclusion t h a t  propionaldehyde should be one of the se lec ted  

probes. 

s u i t a b l e  as  a GLC probe. 

a t  a chromatographic symposium (De Clercq e t  a l . ,  1976) t h i s  remark was made 

by one of the audience and i t  was very c l e a r  t h a t ,  t o  him, t h i s  rendered the 

whole model worthless. In f a c t ,  i t  was never the purpose t o  s t a t e  t h a t  t h i s  

probe should be used i n  prac t ice ,  b u t  ra ther  t h a t ,  according t o  the c r i t e r i a  

o f  the model, i t  was the best  ava i lab le .  For pract ical  use, one should then 

choose a probe t h a t  resembles propionaldehyde as  c losely as possible  b u t  with 

more desirable  propert ies  from t h e  point of view of pract ical  appl icat ion.  

d i f f i c u l t y  i n  applying OR r e s u l t s  i s  not r e s t r i c t e d  t o  ana ly t ica l  chemistry 

b u t  i s  a l s o  encountered i n  more c lass ica l  appl ica t ions .  

optimal solut ion of a job a l loca t ion  problem i n  industry may be re jec ted  by 

management on the  grounds of possible d i f f i c u l t i e s  with t rade  unions. 

As indicated above, OR cons is t s  of a co l lec t ion  of mathematical techniques. 

This substance, however, i s  n o t  very s t a b l e  and therefore  i s  n o t  

When the  r e s u l t s  of the  calculat ions were presented 

This 

For instance,  the 

Some o f  these a re  l i n e a r  programming, in teger  programming, queuing theory, 

dynamic programming, graph theory, game theory and simulation. The prototype 

problems t h a t  can be solved are  the following according t o  Ackoff and Sasieni 

(1968) : 

1. Allocation 

2.  Inventory 

3. Replacement 

4. Queuing 

5 .  Sequencing and coordination 

6 .  Routing 

7. Competitive 

8. Search 

Many, b u t  not a l l  of these prototype problems have been applied i n  analyt ical  

chemistry. 

each of which i s  discussed in  a separate  chapter. 

I n  t h i s  book, we have gathered the appl icat ions i n t o  four  categories ,  

This c l a s s i f i c a t i o n  i s  highly 
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a r b i t r a r y  and i s  used more f o r  convenience than f o r  s c i e n t i f i c  reasons. 

f i r s t  chap te r  (Chapter 21),  we d iscuss  some o f  t he  o l d e s t  methods o f  OR around 

t h e  c e n t r a l  theme : "how many and which apparatus ( o r  methods) shou ld  be 

used ? I t .  

t h a t  a l i m i t e d  amount o f  f a c i l i t i e s  must be a l l o c a t e d  among d i f f e r e n t  j o b s  i n  

o r d e r  t o  maximize one o r  o the r  economic f u n c t i o n .  

o f  l i n e a r  programming. 

was p laced  i n  t h e  ca tegory  " compe t i t i ve "  by A c k o f f  and Sas ien i )  and which i s  

d iscussed i n  Chapter 21, because game theo ry  i s  r e l a t e d  t o  l i n e a r  programming. 

I n  a l l o c a t i o n  problems one o f t e n  cons iders  t h a t  t h e  j o b s  can be c a r r i e d  o u t  

s imu l taneous ly .  I n  p r a c t i c e ,  t h i s  i s  r a r e l y  t r u e .  

immedia te ly  a v a i l a b l e ,  i t  may break down o r ,  a t  c e r t a i n  moments, so much work 

can be presented  t h a t  t he  c a p a c i t y  o f  t h e  apparatus i s  t e m p o r a r i l y  exceeded. 

Delays i n  execu t ion  r e s u l t  andqueues o f  j o b s  a r e  formed. 

t h e  c o s t  o f  t h i s  under one o r  o t h e r  c o n s t r a i n t  such as a c o s t  c o n s t r a i n t  i s  t he  

s u b j e c t  o f  queuing theo ry .  As t h e  mathematics o f  queuing theo ry  r a p i d l y  become 

t o o  i n v o l v e d  when complex models a re  s tud ied ,  one must o f t e n  r e s o r t  t o  s i m u l a t i o n  

techn iques .  

I n  t h e  

The f i r s t  problem cons idered i s  an a l l o c a t i o n  problem, which means 

I t  i s  so l ved  by the  techn ique 

Th is  i s  f o l l o w e d  by a d i scuss ion  o f  game theo ry  (which 

Apparatus may n o t  be 

The means o f  m in im iz ing  

Chapter 22 discusses a l l o c a t i o n  problems o f  a spec ia l  type, namely those i n  

which t h e  r e s u l t s  must be expressed i n  i n t e g e r s .  

problem ( s e c t i o n  16.2), l i n e a r  programming c o u l d  l e a d  t o  r e s u l t s  such as t h a t  

a combina t ion  o f  1 .61  three-channel  apparatus and 0.45 s ix -channe l  apparatus i s  

op t ima l .  C l e a r l y  t h i s  i s  o f  no p r a c t i c a l  use. Techniques of i n t e g e r  programming 

enable one t o  a r r i v e  a t  r e s u l t s  expressed i n  i n t e g e r s .  

p a r t i a l  enumerat ion techn iques .  

I n  the  c l i n i c a l  l a b o r a t o r y  

Very o f ten ,  one uses 

Chapter 23 con ta ins  some problems f o r  which graphs a re  used. These a r e  

a p p l i e d  f i r s t  t o  r o u t i n g  problems, such as how t o  f i n d  t h e  s h o r t e s t  pathway 

between two l o c a t i o n s .  

16.2 can be so lved i n  t h i s  way. 

programming, a techn ique which can be a p p l i e d  p r i n c i p a l l y  t o  a l l o c a t i o n ,  i n v e n t o r y  

I t i s  shown t h a t  t h e  ion-exchange problem i n  s e c t i o n  

The same problem i s  a l s o  so l ved  us ing  dynamic 
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and rep1 acement problems. 

with the use of graphs, b u t  they of ten permit the technique t o  be followed more 

e a s i l y .  

Graphs a r e  always used, however, i n  the  sequencing and control methods known 

as PERT and CPM. 

problem i s  given i n  the same chapter. 

Dynamic programming i s  not necessar i ly  car r ied  o u t  

I n  the second example i n  sect ion 23.3 no graphs a r e  used, however. 

An h e u r i s t i c  method f o r  solving a p a r t i c u l a r  sequencing 

Chapters 21-23 a l l  discuss models i n  which one c r i t e r i o n ,  such as  c o s t ,  

However, most solut ions to  r e a l - l i f e  time o r  variance, must be optimized. 

problems a r e  judged according t o  more than one c r i t e r i o n .  

the recent science of m u l t i - c r i t e r i a  ana lys i s ,  which i s  designed to  give 

answers t o  problems of t h i s  type. 

Chapter 24 discusses  
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Chapter 17 

PREFERRED SETS - SOME SELECTION PROCEDURES 

17.1. QUANTITATIVE MULTICOMPONENT ANALYSIS 

I n  genera l ,  a n a l y t i c a l  problems cannot be so l ved  by measuring one s i g n a l .  

Only i n  spec ia l  cases and/or by t a k i n g  c e r t a i n  p recau t ions  w i l l  t h e  measurement 

o f  one s i g n a l  be s u f f i c i e n t  f o r  s o l v i n g  the  a n a l y t i c a l  problem. The q u a n t i t a t i v e  

a n a l y s i s  o f  complex samples, even i f  one i s  i n t e r e s t e d  i n  one component o n l y ,  

can be a t t a c k e d  e i t h e r  by employing s p e c i f i c  o r  s e l e c t i v e  procedures o r  by the  

use o f  non -se lec t i ve  o r  n o n - s p e c i f i c  procedures t h a t  have been made s e l e c t i v e  

o r  s p e c i f i c  th rough a combinat ion w i t h  a masking o r  separa t i on  s tep  p r i o r  t o  

t h e  measurement. I t  a l s o  i s  p o s s i b l e  t o  d i l u t e  t h e  sample i n  o r d e r  t o  decrease 

i n t e r f e r e n c e s  ( f o r  i ns tance ,  t he  borax techn ique i n  X-ray f luorescence spec t roscopy)  

o r  t o  app ly  s p e c i a l  c a l i b r a t i o n  techniques (such as t h e  s tandard  a d d i t i o n s  

method). The procedure,  u s u a l l y  i n d i c a t e d  by t h e  te rm mu1 t icomponent a n a l y s i s ,  

i s  used when i n t e r f e r e n c e s  a r e  p resen t  and e i t h e r  a l l  o r  some o f  t h e  components 

i n  the  sample a re  t o  be determined. 

The purpose o f  t h i s  s e c t i o n  i s  t o  i n t r o d u c e  a mathematical  model o f  t h e  

mult icomponent a n a l y s i s  and t o  show i t s  a p p l i c a b i l i t y  and l i m i t a t i o n s .  I n  

subsequent sec t i ons  t h e  use o f  t he  model f o r  some o p t i m i z a t i o n  problems w i l l  be 

discussed. The mathematics o f  t he  mult icomponent a n a l y s i s  have been t r e a t e d  

e x t e n s i v e l y  by Herschberg (1964.) , Neuer (1971) , Junker  and Bergmann (1974) , 

Parczewsk and Rokosz (1975) and Parczewski (1976 a,b), and Ka ise r  (1972) used 

the  model t o  d e f i n e  s e l e c t i v i t y ,  s p e c i f i c i t y  and s e n s i t i v i t y  (see a l s o  Chapter 7 ) .  

The model i s  a g e n e r a l i z a t i o n  o f ,  f o r  ins tance,  t h e  two-component a n a l y s i s  by 

spectrophotometry where t h e  spec t ra  o f  t h e  two components ove r lap .  I t  may be 

p o s s i b l e  t h a t  t he  main a p p l i c a t i o n s  o f  t h e  mult icomponent model a r e  t o  be found 

i n  spectrophotometry ( i n f r a r e d  and u l t r a v i o l e t - v i s i b l e ) ,  where u s u a l l y  i t  can 

be assumed t h a t  t h e  absorbance o f  a m i x t u r e  o f  l i g h t - a b s o r b i n g  compounds can be 
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cons idered as the  sum o f  t he  absorbances o f  t h e  pure  compounds. 

system no rma l l y  behaves l i n e a r l y  ( v a l i d i t y  o f  t h e  Lambert and Beer l aws) .  

Moreover, t he  

I t i s  c l e a r  t h a t  f o r  t h e  a n a l y s i s  o f  an n-component m ix tu re ,  a t  l e a s t  n 

independent measurements a r e  requ i red ,  p rov ided  t h a t  l i n e a r i t y  and a d d i t i v i t y  

can be assumed. Then the  mathematical  model i s  represented  by a s e t  o f  m l i n e a r  

equat ions  (m b n ) .  I f ,  f o r  t h e  s o l u t i o n  o f  t h e  a n a l y t i c a l  problem, use i s  made 

o f  spec t ra ,  absorbances a r e  measured a t  m wavelengths. 

a r e  known, t h e  concen t ra t i ons  can be determined. The model c o n s i s t s  o f  t h e  

f o l l o w i n g  equat ions  (see a l s o  Chapter 7)  

I f  t h e  a b s o r p t i v i t i e s  

......... ' l n  'n 

'2n 'n 

y1 = S l l  x1 t S12 x 2  

y* = SEl  x1 + s22 x2  ......... 
..................................... 

......... ym = Sml XI + sm2 x2 'mn 'n 

( 1 7 . 1 )  

I n  spectrophotometry,  y .  represents  the  absorbance a t  wavelength j, xi t he  
J 

concen t ra t i on  o f  component i and S . .  t h e  a b s o r p t i v i t y  o f  component i a t  wavelength 
J 1  

j (p rov ided  t h a t  the  o p t i c a l  pa th leng th  i s  1 cm). I n  genera l ,  t h e  c o e f f i c i e n t s  

Sji a r e  t o  be regarded as p a r t i a l  s e n s i t i v i t i e s .  

t he  s e t  o f  equat ions  can be reduced t o  one equa t ion  and t h e  remain ing  cons tan t  

i s  t h e  c a l i b r a t i o n  cons tan t  o r  t h e  s e n s i t i v i t y  o f  t h e  procedure.  

p a r t i a l  s e n s i t i v i t i e s  ( o r  c a l i b r a t i o n  cons tan ts )  have t o  be determined by a 

c a l i b r a t i o n ,  employing e i t h e r  pure substances o r  m ix tu res  o f  known compos i t ion .  

For  t h i s  c a l i b r a t i o n  m x n measurements a r e  r e q u i r e d  ( n  samples a t  m wavelengths 

i n  spec t rophotomet ry ) .  

as f o l l o w s  

Fo r  a one-component system, 

Obv ious ly  the  

Eqn. 1 7 . 1  can conven ien t l y  be w r i t t e n  by u s i n g  m a t r i c e s  

Sl l  S12 ......... 

SPl S Z 2  '2n ......... 
..................... 

......... Sml sm2 'mn 
[ (17.2)  
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o r ,  i n  abb rev ia ted  fo rm 

+ -+ -+ + 
Y, = Smxn.Xn o r  Y = S .X  (17.3) 

-+ + 
where Ym i s  a column v e c t o r  o f  dimension m and X,, a column v e c t o r  o f  d imension n. 

The m a t r i x  Smxn of d imension mxn def ines t h e  r e l a t i o n s h i p  between the  measurements 

and t h e  compos i t ion  and i s  c a l l e d  the  c a l i b r a t i o n  m a t r i x  (Chapter 7).  

geomet r ic  sense, Smxn l i n k s  t h e  m-dimensional space o f  measurements, Rm, w i t h  

t h e  n-dimensional  space o f  composi t ions,  Rn. 

i n  F i g .  17.1. Xn and Ym rep resen t  composi-tions and s e t s  o f  measurements i n  these 

spaces. 

In a 

Th is  i s  i l l u s t r a t e d  schemat i ca l l y  
-+ -f 

. 

F i g .  17.1. Schematic r e p r e s e n t a t i o n  o f  t h e  processes o f  c a l i b r a t i o n  and a n a l y s i s .  

I n  o r d e r  t o  be a n a l y t i c a l l y  u s e f u l ,  t h e  r a t r i x  Smxn shou ld  un ique ly  r e l a t e  
+ -+ 
Xn and Y,. 

( n e g l e c t i n g  a t  p resen t  t h e  i n f l u e n c e  o f  e r r o r s ) .  

shou ld  be u n i q u e l y  r e l a t e d  t o  a ' p a r t i c u l a r  s e t  o f  measurements. 

e labo ra te  here  on t h e  mathematical  d e t a i l s  assoc ia ted  w i t h  t h i s  uniqueness 

(see Ka iser ,  1972).  

i n  a sense a re  i n v e r s e  processes, a l s o  f rom a mathematical  p o i n t  o f  v iew. 

i m p l i e s  t h a t  t h e r e  i s  an i n v e r s e  ( o r  r e c i p r o c a l )  r e l a t i o n s h i p  g i ven  by 

Each s e t  o f  measurements shou ld  correspond t o  a c e r t a i n  compos i t i on  

Conversely, each compos i t ion  

We s h a l l  n o t  

It i s  s u f f i c i e n t  t o  observe t h a t  a n a l y s i s  and c a l i b r a t i o n  

Th is  

-+ -+ -+ + 
Xn = Tnxm.Ym o r  X = T.Y (17.4) 
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as an abbrev ia ted  fo rm o f  an equa t ion  t h a t  can be cons idered as t h e  r e c i p r o c a l  

of  eqn. 17.2. The elements T . .  o f  T a re  

r e l a t e d  t o  the  p a r t i a l  

and between Tij and S . .  w i l l  be exp lo red  i n  the  n e x t  sec t i on .  

The m a t r i x  Tnxm i s  o f  d imension nxm. 
1 J  

s e n s i t i v i t i e s  S . . .  The r e l a t i o n s h i p s  between T and S 
J 1  

J’ 
To conclude t h i s  sec t i on ,  i t  shou ld  be remarked t h a t ,  i n  p r i n c i p l e ,  s i m i l a r  

However, models can be envisaged f o r  non - l i nea r  and f o r  non -add i t i ve  systems. 

t h e  d e s c r i p t i o n  o f  such systems r e q u i r e s  many more c a l i b r a t i o n  cons tan ts  

(compared w i t h  the  l i n e a r  system) and consequent ly t h e  model i s  more d i f f i c u l t  

t o  handle.  

spaces can be expressed by l i n e a r  equat ions  and then t h e  model as descr ibed i n  

t h i s  s e c t i o n  i s  a p p l i c a b l e  t o  samples t h a t  va ry  l i t t l e  i n  compos i t ion .  

survey o f  ( n o n - l i n e a r )  c a l i b r a t i o n  f u n c t i o n s  i n  X-ray f l uo rescence  a n a l y s i s  was 

g i v e n  by Rasberry and H e i n r i c h  (1974). 

I n  some i ns tances  the  r e l a t i o n s h i p  between l i m i t e d  reg ions  o f  t h e  

A 

17.2. LEAST-SQUARES SOLUTION 

I f  t h e  number o f  ( independent)  measurements, m, i s  l a r g e r  than t h e  number o f  

components, n, t h e  system i s  s a i d  t o  be overdetermined. 

presence o f  exper imenta l  e r r o r s  w i l l  cause e r r o r s  i n  t h e  compos i t ion  

( concen t ra t i ons ) .  

y i e l d  d i f f e r e n t  va lues  f o r  t he  compos i t ion .  

be found by a p p l i c a t i o n  o f  t h e  leas t -squares  method t o  a l l  m measurements. 

b r i e f  t rea tmen t  o f  t h e  leas t -squares  techn ique as a p p l i e d  t o  mult icomponent 

a n a l y s i s  w i l l  be g i ven  here  ; a d e t a i l e d  d i scuss ion  was g i v e n  by the  au thors  

c i t e d  i n  s e c t i o n  17.1. 

The s e t  o f  eqns. 17.1 can be r e w r i t t e n  as f o l l o w s  

I n  p r a c t i c e ,  t h e  

Every s e t  o f  n equat ions  s e l e c t e d  f rom t h e  m a v a i l a b l e  w i l l  

The most p robab le  compos i t ion  can 

A 

y j  = S j l  x1 + s .  x t ... t Sji x .  t ... t Sjn xn t e j  J2 2 1 
(17.5) 

w i t h  j = 1, ..., m and e .  be ing  the  unknown e r r o r  o f  measurement y p rov ided  

t h a t  a l l  y .  a re  measured w i t h  t h e  same p r e c i s i o n  ( f o r  spec t rophotomet ry  t h i s  i s  

J j ’  

J 
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an approx imat ion  as the  p r e c i s i o n  g e n e r a l l y  depends on t h e  absorbance). 

i n  p rev ious  chapters  (Chapters 3 and 1 5 ) ,  t h e  leas t -squares  techn ique r e q u i r e s  

c e .  t o  be minimized. Thus 

As seen 

2 

j J  

(17 .6)  2 m 
Mi n c (y j  - S j l  x1 . sj2 x2 . . . . .  sji x -  , . ... - s .  x ) ~n n xl, ... xn j=l 

By d i f f e r e n t i a t i n g  equa t ion  17.6 w i t h  respec t  t o  xl, x2,  .... xi, .... xn and 

s e t t i n g  a l l  d i f f e r e n t i a l s  t o  zero,  t he  m equat ions  (eqns. 1 7 . 5 )  are  reduced t o  

n equat ions  f rom which t h e  most p robab le  values o f  xl, x2 ,  . ... xi, .... xn can 

be ca l cu la ted .  These equat ions  a r e  

m m m 
y .  = x c Sjl sji + x2 , c  s j2 sji + ... 

j=l 'ji J 1 j= l  J=1 
( 1 7 . 7 )  

m 
t xi c s . .  t ... t xn c s .  s . .  ( i = l ,  . . . .  n) m 2  

j=1 J '  j=1 Jn J1 

and t h e  values o f  x .  a r e  g i v e n  by t h e  q u o t i e n t  o f  two determinants,  i . e .  
1 

2 
C sj2 sj l  ... C s j l  y j  ... C s .  s .  

Jn 31 

~n j 2  

c s .  
5 1  

J 2  . . .  c sj* y j  ... c s .  s c S j l  s j2  c s? 

. . . . . . . . . . . . . . . . . . . . . . . . . .  
c Sjl  sji c sj2 sji ... c s . .  y ... c Sjn Sji 

~1 j 
I . . . . . . . . . . . . . . . . . . . . . . . . . .  1 c Sjl Sjn c s j2 Sjn ... c Sjn y j  ... c s;n 

x: = 
I 

2 e s .  C sJ2 sj l  ... C Sji S j l  . . .  C S .  S 
~n j l  3 1  

... ... c Sj l  sj2 c S i 2  c Sj i  s j2 ' ' jn  ' j2 

I . . . . . . . . . . . . . . . . . . . . . . . . . .  

c S j l  sji c sj2 sji ... c sji 2 . .. c Sjn Sji 

/ . . . . . . . . . . . . . . . . . . . . . . . . . .  
2 
Jn 

I C Sj l  Sjn c s j2  Sjn ... x Sji Sjn  ... c s .  

(17.8) 
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c s .  y .  c s j2 S j l  
51 J 

c s? c sj2 Y j  5 2  

( a l l  c a r e  sunis over  j ) .  

In  o r d e r  t o  i l l u s t r a t e  the l e a s t - s q u a r e s  c a l c u l a t i o n  we s h a l l  cons ide r  the 

C Sj l  y j  8214.7 

C Sj2 y j  98659.18 

ch lor ine-bromine  system (see Chapter 7 ) .  

and x2  being the concen t r a t ions  of c h l o r i n e  and bromine, r e s p e c t i v e l y ,  and y l ,  

y2 .  y3 ,  y4 ,  y5 and y6 t h e  measurements a t  the wavenumbers 2 2 ,  24,  26,  28, 30 

and 32 x 10 

For an o p t i c a l  pa th l eng th  o f  1 cm, x1 

3 cm-l, the se t  of  ( c a l i b r a t i o n )  equa t ions  reads  

C s? c S j l  Y j  

c S j l  s j2  C s .  y 
51 

52 j 

y1 = 4 . 5  x1 t 168 x2 

y2 = 8 .4  x1 t 211 x2 

y3 = 20 x1 -t 158 x2 

y4  = 56 x1 t 30 x2 

y5 = 100 x1 t 4 .7  x2 

y6 = 71 x1 t 5 . 3  x2 

18667.81 C Sj l  y j  

8214.7 C S j 2  y j  

Eqns. 17 .7  become 

(17 .9 )  

and the s o l u t i o n  wi l l  be 

x. = - - 

1774269531 

(17 .11 )  

(17 .12)  
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These s o l u t i o n s  can a l s o  be w r i t t e n  i n  m a t r i x  n o t a t i o n  as f o l l o w s  

[:I] (17 .13 )  

-+ + 
Th is  equa t ion  corresponds t o  eqn. 17.4 ,  w i t h  X = T.Y. 

have been c a l c u l a t e d  f rom t h e  p a r t i a l  s e n s i t i v i t i e s .  

f a m i l i a r  w i t h  m a t r i x  a lgebra ,  i t  i s  e a s i e r  t o  condense t h e  convers ion  o f  S t o  7 

i n t o  the  express ion  

The elements Tij o f  T 

For  t h e  reader  who i s  

T = ( S ' . S ) - ' .  S '  (17 .14 )  

I n  o t h e r  words, T i s  ob ta ined  by p r e - m u l t i p l y i n g  S by i t s  t ranspose S ' ,  i n v e r t i n g  

t h i s  p roduc t  and subsequent ly post-mu1 t i p l y i n g  t h i s  i n v e r s e  by S ' .  

T i s  t h e  l e f t  i n v e r s e  o f  S and, when rn = n (square m a t r i x ) ,  T i s  s imp ly  the  

i nve rse  o f  S. By t a k i n g  the  same numerical  example as used above, i t  can e a s i l y  

be v e r i f i e d  t h a t  eqn. 17 .4  leads t o  t h e  T m a t r i x  as c a l c u l a t e d  by the  leas t -squares  

techn ique.  

A1 t e r n a t i v e l y ,  

The transpose o f  S i s  g i v e n  by 

and the  p roduc t  

118667.81 8 2 1 4 . 7 1  
S ' . S  = 

1 8 2 1 1 . 7  98659.18J 

I n v e r t i n g  t h i s  p roduc t  leads  t o  t h e  m a t r i x  

18667.81 1 1 
( s l . s ) - l  = 

1 774 269 531 

(17 .15 )  

(17 .16 )  

(17 .17)  

iranchembook.ir/edu

https://iranchembook.ir/edu


332 

and f i n a l l y  we obtain 

- 

0.00175 

-0.30051 0.00038 0.03298 3.00554 0.00392 

0.00218 0.00157 0.00006 -0.00041 -0.00027 
(17.18) I 

I t  can be expected t h a t ,  i n  general ,  the  precision of the procedure increases  

with an increasing number of measurements. To some extent  the e f f e c t  of using 

an overdetermined system i s  the same as  the e f f e c t  of repeated measurements on 

the precis ion.  For the multicomponent analysis  (by using spectrophotometry), 

the analyst  can choose between the use of  an overdetermined system o r  reduce the 

number of measurements t o  the  minimum (m  = n )  required f o r  the determination. 

For a treatment of the relat ionships  between the number o f  measurements, the 

e r r o r s  o f  t h e  measurements and the precis ion of the procedure, the reader i s  

re fe r red  t o  Herschberg (1964), Parczewski and Rokosz (1975) and Parczewski 

(1976 a ) .  Obviously i t  i s  advantageous, when considering the precision of the 

procedure, t o  s e l e c t  wavelengths a t  which the a b s o r p t i v i t i e s  a re  large even when 

an overdetermined system i s  used. 

has a l so  been described by Sustek (1974) and Parczewski (197G b ) .  

of ins tances ,  the appl icat ion o f  the least-squares  procedure may lead t o  a negative 

value f o r  one or more of the concentrations and modifications of the least-squares  

procedure have therefore  been proposed (see ,  f o r  instance,  Leggett, 1977). 

Optimization with respect  t o  the precis ion 

In a number 

17.3. C H O O S I N G  AN OPTII1AL SET i3F WAVENUMBERS 

I n  sect ion 17.1 i t  was observed t h a t  f o r  the determination of n components 

n o t  more than n measurements a re  required,  provided t h a t  the rnul ticomponent 

system can be represented by a s e t  of l i n e a r  equations f o r  which y = 0 i f  

x = 0. The question a r i s e s  o f  which s e t  of wavenumbers ( i n  spectrophotometry) 

i s  t o  be preferred.  The search f o r  such a n  optimal s e t  requires the use o f  an  

optimization c r i t e r i o n .  Provided t h a t  the experimental e r rors  ( i n  a n  absolute 

sense)  i n  the determination of absorbances a r e  the same a t  every wavenumber, the  

s e n s i t i v i t y  i s  a s u i t a b l e  c r i t e r i o n .  I t  i s  c l e a r  t h a t  f o r  a one-component 
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analys is  t h i s  r e s u l t s  i n  choosing the  wavenumber where the  absorption peak has 

i t s  maximum. This r e s u l t s  in  a minimal ( r e l a t i v e )  e r r o r  a n d ,  in  general ,  i n  a 

minimal l i m i t  of detect ion.  

As has been shown, multicomponent analysis  i s  character ized by a s e t  o f  

par t ia l  s e n s i t i v i t i e s  a n d  maximizing one of these does not necessar i ly  r e s u l t  in  

the maximization o f  the o thers .  However, according t o  Kaiser ( 1 9 7 2 ) ,  i t  i s  

possible  t o  def ine the  s e n s i t i v i t y  of a multicomponent procedure as the absolute 

value of the determinant of the ca l ibra t ion  matrix. 

a number of measurements equal t o  the number of the  components (m = n ) .  Then 

This i s  possible only f o r  

(17.19) 

A maximum s e n s i t i v i t y  corresponds t o  a determinant with la rge  diagonal elements 

and  low off-diagonal elements, or in  more general terms, with one t h a t  can be 

converted i n t o  such a determinant by an interchange of rows (which leaves the 

absolute value of the determinant unchanged). 

par t ly  para l le l  with a high s e l e c t i v i t y  ( see  Chapter 7 ) ,  which means t h a t  a 

highly s e n s i t i v e  procedure i s  a procedure i n  which each measurement i s  l a rge ly  

dependent on the concentration of only one of the components. The s e n s i t i v i t y  

i s  therefore  a parameter t h a t  can be used f o r  comparing d i f f e r e n t  s e t s  of 

wavenumbers. A maximum s e n s i t i v i t y  corresponds with a maximum precis ion.  

I n  order  t o  i l l u s t r a t e  the pr inc ip le  of using the s e n s i t i v i t y  as  an optimization 

I n  f a c t ,  a high s e n s i t i v i t y  runs 

parameter, we again choose the chlorine-bromine system. From the s i x  wavenumbers 

i t  i s  possible t o  choose several p a i r s ,  t o  be exact ( 

each of these pa i r s  i t  i s  possible t o  ca lcu la te  the s e n s i t i v i t y ,  i . e . ,  the  

absolute value of the determinant of the  a b s o r p t i v i t i e s .  

determinants a r e  given i n  Table 17.1. 

6 ) = ( ) = 15 pa i rs .  For n 

The values of these 
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Table 17.1 

S e n s i t i v i t i e s  f o r  t h e  system ch lo r ine-bromine i n  ch lo ro fo rm w i t h  combinat ions 
o f  two wavenumbers 

3 Wavenumber ( x  10 cm-l) 

22 24 26 28 30 32 

22 0 460 1650 9300 16800 12000 
24 0 2890 11600 21050 15000 
26 0 8250 15705 11000 
28 0 2740 1830 
30 0 189 

3 3 -1 O f  t h e  seve ra l  p o s s i b i l i t i e s ,  t h e  combina t ion  o f  24 x 10 and 30 x 10 cm 

appears t o  be t h e  bes t .  

cor respond ing  t a b l e  o f  a b s o r p t i v i t i e s  o r  t h e  spec t ra  (see Chapter 7 ,  Table 7.1  

and F i g .  7 . 1 ) .  

a t  30 x 10 cm . The p r i n c i p l e  o f  a maximal s e n s i t i v i t y  corresponding t o  

(on average) minimal e r r o r s  a l s o  ho lds  f o r  l a r g e r  numbers o f  components where 

spec t ra  ove r lap  i n  a compl ica ted  way and where i t  i s  imposs ib le  t o  choose a s e t  

s imp ly  by l o o k i n g  a t  t h e  spec t ra .  

Th is  i s  n o t  s u r p r i s i n g  when one cons iders  the  

Bromine has i t s  abso rp t i on  maximum a t  24 x lo3 cm-' and c h l o r i n e  

3 -1 

Al though the  o p t i m i z a t i o n  procedure i s  r e l a t i v e l y  s imple,  i n  p r a c t i c e  i t s  

a p p l i c a t i o n  r e q u i r e s  an apprec iab le  number o f  c a l c u l a t i o n s  and thus  computer 

t ime.  

s e n s i t i v i t i e s  have t o  be compared. 

and n = 6 ,  t h e  number o f  de terminants  t o  be c a l c u l a t e d  i s  593775. There fore ,  

i t  can be s t a t e d  t h a t  t h e  s t r a i g h t f o r w a r d  procedure as desc r ibed  here cannot be 

app l i ed ,  even when u s i n g  a modern computer. 

developed an o p t i m i z a t i o n  procedure t h a t  r e q u i r e s  fewer c a l c u l a t i o n s .  

t o  i n t r o d u c e  t h i s  method a g e n e r a l i z a t i o n  o f  t h e  s e n s i t i v i t y  concept o f  K a i s e r  

Wi th  m wavenumbers f rom which a s e t  o f  n i s  t o  be chosen, (:) = m!/(m-n)! n !  

For  the  r e l a t i v e l y  s imp le  s i t u a t i o n  o f  m = 30 

Junker  and Bergmann (1974) have 

I n  o r d e r  

has 

Is1 

The 

ca 1 

t o  be presented. Junker  and Bergmann (1974) de f ined  t h e  s e n s i t i v i t y  by 

(17 .20)  

s e n s i t i v i t y ,  d e f i n e d  as t h e  r o o t  o f  t h e  de terminant  o f  t h e  p roduc t  o f  t h e  

b r a t i o n  m a t r i x  and i t s  t ranspose, can a l s o  be used when m # n.  I S 1  as 
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2 de f i ned  by eqn. 17.20 i s  t h e  de terminant  o f  a square m a t r i x  w i t h  n elements 

and equa ls  I S /  d e f i n e d  by eqn. 17.19 i f  m = n. 

when each measurement i s  l a r g e l y  determined by one component ; a h i g h  s e n s i t i v i t y  

runs p a r a l l e l  t o  a h i g h  s e l e c t i v i t y .  Thus, t h e  s e n s i t i v i t y  de f i ned  by eqn. 

17.20 can be used f o r  a comparison and s e l e c t i o n  o f  overdetermined systems. 

The s e n s i t i v i t y  i s  a t  a maximum 

The o p t i m i z a t i o n  procedure o f  Junker and Bergmann (1974) c o n s i s t s  i n  f i r s t  

c a l c u l a t i n g  t h e  s e n s i t i v i t i e s  o f  t h e  m p o s s i b l e  combinat ions o f  m-1  p o s i t i o n s .  

O f  these m combinat ions,  t h a t  w i t h  t h e  h i g h e s t  s e n s i t i v i t y  i s  r e t a i n e d  and, as 

a consequence, the  p o s i t i o n  which i n f l u e n c e s  t h e  s e n s i t i v i t y  l e a s t  i s  dropped. 

The procedure i s  repeated  by n e x t  cons ide r ing  t h e  m - 1  combinat ions o f  m-2 

combinat ions o f  m-2 p o s i t i o n s  each. Again, t h e  s e t  w i t h  the  h i g h e s t  s e n s i t i v i t y  

i s  r e t a i n e d .  The procedure i s  repeated  u n t i l  t h e  r e q u i r e d  number o f  wavelengths 

remains ( o f  course, m i s  always g r e a t e r  than o r  equal  t o  n ) .  

t h e  number o f  de terminants  t o  be c a l c u l a t e d  i s  g r e a t l y  reduced i n  comparison 

w i t h  t h e  "complete" s e l e c t i o n  procedure.  

444. However, t h e  de terminants  t o  be c a l c u l a t e d  are,  on average, l a r g e r  i n  

comparison w i t h  those r e q u i r e d  f o r  t h e  "complete" procedure.  

(1974) quoted a r e d u c t i o n  i n  computer t ime  o f  about 1000-fold.  

I t  i s  c l e a r  t h a t  

For m = 30 and n = 6 ,  t h i s  number i s  

Junker and Bergmann 

As i n d i c a t e d  above, t h e  o p t i m i z a t i o n  procedure o f  Junker  and Bergmann (1974) 

can be te rm ina ted  a t  any number o f  wavenumbers t h a t  one wishes t o  r e t a i n  ( i n  

o rde r  t o  i nc rease  t h e  p r e c i s i o n  i t  may be r e q u i r e d  t o  choose m > n ) .  For  m = n 

as w e l l  as f o r  m > n, i t  leads  t o  a near -op t ima l  s e t  w i t h  rega rd  t o  s e n s i t i v i t r  

and p r e c i s i o n .  

t he  r e a l  optimum has been found. To p u t  i t  d i f f e r e n t l y  : the  wavenumbers t h a t  

a re  s e l e c t e d  by a p p l i c a t i o n  o f  t he  procedure o f  Junker  and Bergmann (1974) need 

n o t  n e c e s s a r i l y  correspond t o  t h e  l a r g e s t  va lue  o f  a l l  p o s s i b l e  de terminants .  

Another reason f o r  n o t  f i n d i n g  the  t r u e  optimum i s  t h e  f o l l o w i n g .  

o r  u l t r a v i o l e t - v i s i b l e  spectrum c o n s i s t s  o f  severa l  hundreds o f  independent 

measurements and i t  i s  e s s e n t i a l  t o  p r e - s e l e c t  some tens  o f  wavenumbers i n  o rde r  

t o  avo id  spur ious  c a l c u l a t i o n s .  Junker and Bergmann (1974) t h e r e f o r e  suggested 

I t  i s  d i f f i c u l t ,  o r  p robab ly  imposs ib le ,  t o  prove whether o r  n o t  

An i n f r a r e d  
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a "manual" pre-select ion pr ior  to  the "automatic" se lec t ion  as described above. 

Fig. 17 .2  i s  a reproduction of the select ion procedure applied t o  0 - ,  m- a n d  

p-xylene. 

Bergmann (1974) have " ident i f ied"  the  selected posi t ions by ascr ibing these 

posi t ions t o  the components in  the mixture ( 0  = o-xylene,etc . ) .  

p a r t i c u l a r  example, t h i s  may be a val id  procedure ; f o r  more components t h i s  

" i d e n t i f i c a t i o n "  i s  impossible and n o t  re levant .  

The f igure  should be read together  with Table 17.11. Junker and 

I n  t h i s  

. INFRARED SPECTRA 

W 
0 
Z 
Q 

LT 
0 
cn 

m 

m 
a 

* 
1300.0 1000.0 

W A V E  NUM BER 
Fig. 1 7 . 2 .  Choice of an optimal s e t  of wavenumbers (Junker and Bergmann, 1974). 

Table 17 .11  

Result of optimization procedure of Junker and Bergmann ( 1 9 7 4 ) .  

Number of Dropped wavenumbers Sensi t i  vi t y  of 

(See a l s o  Fig. 17.1). 

wavenumbers Wavenumber ( cm-l) Ident i  f i  remaining s e t  

0.1216 
0.1290 
0.1183 
0.1150 

0.1091 
0.0948 
0.0795 

0.0656 
0.0529 
0.0350 

1 3  1071 p5 
12 1227 0 4  
11 1145 03 
10 1159 M4 

9 1221 p4 
8 1105 p3 
7 1037 r'3 

6 1020 02 
5 1172 M2 
4 1044 p2 

I' 1 
01  
P 1  

1095 optimal 
combination of 1054 

1119 three 
wavenumbers 
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17.4. THE INFORMATION CONTENT OF COFIBINED PROCEDURES 

I n  Chapter 8 i t  was observed t h a t  t he  i n f o r m a t i o n  con ten t  o f  a combina t ion  o f  

procedures i s  u s u a l l y  sma l le r  than the  sum o f  t he  i n f o r m a t i o n  conten ts  o f  t h e  

i n d i v i d u a l  procedures.  T h i s  i s  due t o  c o r r e l a t i o n s  between t h e  p h y s i c a l  q u a n t i t i e s  

( s i g n a l s )  f rom which t h e  i d e n t i t i e s  o f  t h e  unknown compounds ( o r  concen t ra t i ons  

i n  q u a n t i t a t i v e  a n a l y s i s )  a r e  der ived .  

measurement of  two ( o r  more) p h y s i c a l  q u a n t i t i e s  y i e l d s  p a r t l y  t he  same 

i n f o r m a t i o n  ( a l s o  c a l l e d  mutual i n f o r m a t i o n ) .  

As a r e s u l t  o f  these c o r r e l a t i o n s ,  t h e  

Fo r  i ns tance ,  bo th  m e l t i n g  p o i n t s  and b o i l i n g  p o i n t s  on average inc rease  w i t h  

i n c r e a s i n g  mo lecu la r  we igh t .  When a h i g h  m e l t i n g  p o i n t  has been observed, t h e  

b o i l i n g  p o i n t  i s  a l s o  expected t o  be h igh .  I f  t h e  c o r r e l a t i o n  between m e l t i n g  

p o i n t  and b o i l i n g  p o i n t  were p e r f e c t ,  i t  would make no sense t o  determine bo th  

q u a n t i t i e s  f o r  i d e n t i f i c a t i o n  purposes. 

because m e l t i n g  and b o i l i n g  p o i n t s  a r e  n o t  determined s o l e l y  by t h e  s i z e  o f  t h e  

molecule b u t  a re  a l s o  governed by f a c t o r s  such as t h e  p o l a r i t y  o f  t h e  molecu le .  

From t h i s  crude phys i ca l  d e s c r i p t i o n ,  i t  i s  c l e a r  t h a t  t he  measurement o f  t h e  

b o i l i n g  p o i n t  w i l l  y i e l d  an a d d i t i o n a l  amount o f  i n f o r m a t i o n  even i f  the  m e l t i n g  

p o i n t  i s  known. However, t h i s  a d d i t i o n a l  amount o f  i n f o r m a t i o n  i s  sma l le r  than 

t h a t  ob ta ined  i n  t h e  case o f  unknown m e l t i n g  p o i n t .  

However, t h e  c o r r e l a t i o n  i s  n o t  p e r f e c t  

I f  the  amount o f  i n f o r m a t i o n  ob ta ined f rom a combinat ion o f  procedures i s  t o  

be c a l c u l a t e d ,  use has t o  be made o f  an i n f o r m a t i o n  t h e o r e t i c a l  model t h a t  takes  

i n t o  account  t h e  c o r r e l a t i o n  between t h e  s i g n a l s  t h a t  a re  used f o r  g a t h e r i n g  the  

i n f o r m a t i o n .  

con ten ts  o f  combined procedures can be d i s t i n g u i s h e d .  The f i r s t  way has 

a l ready  been i n d i c a t e d  i n  Chapter 8. Eqn. 8.10 takes  i n t o  account a l l  p o s s i b l e  

combinat ions o f  ( two)  s i g n a l s .  

(composi te)  s i g n a l .  The p r w b a b i l i t y  f o r  each combina t ion  i s  i n t roduced  i n t o  

Shannon's equat ion  and thus  t h e  i n f l u e n c e  o f  t h e  c o r r e l a t i o n  upon t h e  i n f o r m a t i o n  

con ten t  i s  i m p l i c i t l y  taken i n t o  account.  

I n  p r i n c i p l e ,  two d i f f e r e n t  ways o f  c a l c u l a t i n g  the  i n f o r m a t i o n  

I n  f a c t ,  each combina t ion  i s  cons idered as one 
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Another way of calculat ing information contents has been applied t o  

combinations of s ta t ionary  phases f o r  gas chromatography by Dupuis and Di j k s t r a  

(1975) and Eskes e t  a l .  (1975). 

has been applied by Van Marlen and Dijkstra  (1976) t o  mass spectrometry 

(combination of mass peaks). 

of re tent ion indices  f o r  a large number of substances approximately follows a 

In a s l i g h t l y  d i f f e r e n t  way, the same procedure 

3upuis a n d  Dijkstra  showed t h a t  the  d i s t r i b u t i o n  

n 

normal d i s t r i b u t i o n .  

Introducing such a normal d i s t r i b u t i o n  i n t o  Shannon's equation leads t o  an 

information content equal t o  

This has been ver i f ied  by appl icat ion of the XL-test .  

2 2  

2 
1 't + 'e 
2 2  

I = - log 

'e 

(17 .21)  

( see  eqn. 8 .15) ,  where s t2  i s  the estimated variance o f  the " t rue"  retent ion 

indices and se2 the estimated variance of the e r r o r s .  

n-dimensional d i s t r ibu t ion  of the retent ion indices f o r  n s ta t ionary  phases 

follows an n-dimensional normal d i s t r i b u t i o n  t h a t  can be represented by 

I t  was assumed t h a t  the 

( 1 7 . 2 2 )  

+ +  
where Y and 

averages y,, ..., y and C and I C I  are  the covariance matrix and i t s  

determinant. 

a re  the column vectors o f  the  var iables  y l ,  . . . , y n  and the 
- 

n 
The covariance matrix i s  given by 

C =  (17.23) 

with s l l  = s . ~  and c i j  = c . .  being the estimated variances and covariances. 
1 J 1  

The assumption o f  a multinormal d i s t r i b u t i o n  i s  d i f f i c u l t  t o  ver i fy  because 

2 appl icat ion of a x - t e s t  requires  an unreasonably large number of re tent ion 
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indices .  

substances a r e  required, the amount of substances required f o r  two dimensions 

wil l  be n 2 ,  f o r  th ree  n3,  e t c .  Thus the assumption of a n-dimensional normal 

d i s t r i b u t i o n  has t o  be considered as an approximation. 

equivalent of Shannon’s eqn. 8.14 leads t o  a n  information content 

Roughly, one can s t a t e  t h a t  i f  f o r  a t e s t  f o r  one dimension n 

The n-dimensional 

where p and pe a re  the n-dimensional d i s t r i b u t i o n  functions of the measurements 

and e r r o r s ,  respect ively.  Integrat ion of eqn. 17.241eads t o  

m 

1 l c l m  
2 Z J C I ,  1 ( 1 , 2 ,  ..., n )  = - log (17.25) 

I C I ,  and I C I e  a re  the  determinants of the  covariance matrices of measurements 

(true values plus e r r o r s )  and e r r o r s .  

The model used f o r  calculat ing information contents expressed mathematically 

by eqn. 17.25 thus e x p l i c i t l y  takes i n t o  account the cor re la t ions  between the 

retent ion indices  f o r  the  several s ta t ionary  phases. 

17.5. SELECTION OF AN OPTIMAL SET OF STATIONARY PHASES 

The problem of se lec t ing  an optimal s e t  of s ta t ionary  phases a l so  requires  

the choice of an optimization c r i t e r i o n .  

as  a c r i t e r i o n  was discussed. 

information content i s  a c r i t e r i o n  including the  spread of the retent ion indices  

and the cor re la t ions  between the  retent ion indices .  

phases from a to ta l  number m can in  a way be compared with the se lec t ion  of 

wavelengths f o r  multicomponent analysis .  Here again,  a la rge  number of 

determinants have t o  be calculated i n  order  t o  f i n d  the optimal s e t  of phases. 

In sect ion 8.5 the  information content  

I n  the  context of combined procedures, the 

The choice of n s ta t ionary  
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Eskes e t  a l .  (1975), i n  a comparative study of se lec t ion  by information theory 

and taxonomy (see  Chapter 18), used the 16 s ta t ionary  phases l i s t e d  in  Table 

17.111. 

Table 17.111 

L i s t  of s ta t ionary  phases 

Column No. Stat ionary phase Column No. Stat ionary phase 

1 Squalane 9 Tricresyl phosphate 
2 Apiezon L 10 Diglycerol 
3 SE-30 11 Zonyl € 7  

5 Polyphenyl e t h e r  (6  r ings)  13 Hyprose SP80 
6 Bi s (ethoxyethyl ) phthal a t e  14 Tri ton X-305 
7 Carbowax 2OM 15 XF 1150 

4 Diisodecyl phthalate  1 2  QF- 1 

8 Diethyl glycol succinate  16 Quadrol 
Reprinted with permission. Copyright by the American Chemical Society. 

By using eqn. 17 .25  and assuming t h a t  the e r rors  f o r  a l l  s ta t ionary  phases 

a r e  the same and n o t  cor re la ted  (covariances of the e r rors  a re  z e r o ) ,  Eskes e t  

a l .  (1975) calculated information contents f o r  combinations o f  two and three 

columns, requir ing the ca lcu la t ion  of ( 2 )  = 120 and ( 3 )  = 560 determinants, 

respect ively.  The r e s u l t s  of a comparison of these combinations a re  given i n  

Table 17.IV.  

16 16 

Table 17.IV 

Best s ing le  s ta t ionary  phases and best combinations in  general and f o r  c lasses  
of a lcohols ,  aldehydeslketones, e s t e r s  (Eskes e t  a l .  1975) 

Best Best Best 
Class of s ta t ionary  Infor- combi- Infor- combi- Infor- 
compounds phase mation nation mation nation mation 

of two o f  three 
~~~~ 

General 13 6.8 b i t  10,12 13.5bit 1,8,10 19.2 b i t  
A1 coho1 s 8 6.4 2,8 12.0 8,1D,12 15.8 
Aldehvdes/ketones 8 6.4 10.12 12.9 1.8.10 17.9 
Ester; ' 1 2  6.4 lj8 12.1 2;8;11 16.0 
Reprinted with permission. Copyright by the American Chemical Society. 

Without giving a de ta i led  discussion,  two remarks should be made before we 

t r e a t  the  se lec t icn  procedure t o  be used f o r  the  combination o f  a g r e a t e r  

number of phases. F i r s t l y ,  i t  should be observed t h a t  f o r d i f f e r e n t  c lasses  of 
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compounds, d i f f e r e n t  combinat ions o f  s t a t i o n a r y  phases emerge. 

s u r p r i s i n g  - i t  mere ly  conf i rms ( i n  an o b j e c t i v e  way) what i s  f e l t  i n t u i t i v e l y  

o r  what i s  t o  be expected by cons ide r ing  the  mo lecu la r  i n t e r a c t i o n s .  

t h e  bes t  phase does n o t  always belong t o  the  bes t  s e t  o f  two o r  b e s t  s e t  o f  t h r e e .  

Th is  i s  n o t  

Secondly, 

When the  number o f  s t a t i o n a r y  phases inc reases ,  t he  number o f  c a l c u l a t i o n s  

becomes p r o h i b i t i v e  f o r  comparing a l l  p o s s i b l e  combinat ions.  Dupuis and D i j k s t r a  

(1975) i n t roduced  the  f o l l o w i n g  s e l e c t i o n  procedure t h a t  avo ids  the  need t o  

c a l c u l a t e  a l l  de terminants .  

t he  l a r g e s t  amount o f  i n f o r m a t i o n .  

c r i t e r i o n  12(l-rel). 

i n f o r m a t i o n  con ten t  I p  f o r  t h e  second phase and a low c o r r e l a t i o n  w i t h  t h e  f i r s t .  

I n  genera l ,  t he  k t h  s t a t i o n a r y  phase i s  s e l e c t e d  by u s i n g  t h e  c r i t e r i o n  

The f i r s t  phase s e l e c t e d  i s  t h e  one t h a t  y i e l d s  

The second phase i s  added by us ing  the  

A maximal va lue  o f  t h i s  c r i t e r i o n  corresponds t o  a l a r g e  

k 

where I i s  t he  i n f o r m a t i o n  con ten t  o f  

"average" c o r r e l a t i o n  o f  t h e  k t h  phase 

k 

(17.26) 

k 
phase k and C 

i =1 

w i t h  those a l ready  se lec ted .  The 

I rki I / ( k - I )  i s  t h e  

sequence o f  s t a t i o n a r y  phases determined i n  t h i s  way i s  n o t  op t ima l  i n  the  sense 

t h a t  t he  f i r s t  k phases o f  t h i s  sequence do n o t  n e c e s s a r i l y  y i e l d  t h e  bes t  s e t  

o f  k phases (where "bes t "  i s  i d e n t i c a l  w i t h  the  h i g h e s t  i n f o r m a t i o n  c o n t e n t ) .  

I t  mere ly  shou ld  be op t ima l  i n  t h e  sense t h a t  on p l o t t i n g  the  i n f o r m a t i o n  con ten t  

a g a i n s t  the number o f  phases se lec ted ,  t h e  l a r g e s t  i nc rease  i s  ob ta ined  when 

one more phase i s  added. 

17.26 o n l y  approximates-the op t ima l  sequence. A b e t t e r  approx imat ion  can be 

ob ta ined  by pe r fo rm ing  some a d d i t i o n a l  c a l c u l a t i o n s .  

However, t he  sequence found by a p p l i c a t i o n  o f  c r i t e r i o n  

Dupuis and D i  j k s t r a  cons idered t h e  de terminant  o f  t h e  covar iance m a t r i x  

cor respond ing  t o  t h e  sequence determined by a p p l i c a t i o n  o f  c r i t e r i o n  17.26. 

Th is  de terminant  can be w r i t t e n  as 
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'11 '12 '13 ' ' * 

'21 '22 '23 ' ' * 

'31 '32 '33 . ' * 

. . . . . . . . . 

( 1 7 . 2 7 )  

I t  can be conver ted  i n t o  a de terminant  o f  which a l l  elements i n  the  lower  t r i a n g l e  

a r e  zero,  f o r  i ns tance  by a p p l i c a t i o n  o f  t h e  Gauss e l i m i n a t i o n  method. 

t h i s  method, we s u b t r a c t  f rom t h e  elements o f  t h e  second row t h e  cor respond ing  

elements o f  t h e  f i r s t  row m u l t i p l i e d  by c21/sll, f rom the  t h i r d  row t h e  elements 

o f  t h e  f i r s t  m u l t i p l i e d  by c31/sll, f rom t h e  f o u r t h ,  e t c .  Then t h e  f o l l o w i n g  

de terminant  i s  ob ta ined  

Fo l l ow ing  

'11 '12 '13 . ' ' 

0 s;* C i 3  . . . 

c i 2  s i 3  . . . 0 

0 . . . . . . . 

. .  11 5 2  '13 S 

. .  '21'13 
c23- 

. .  c31'c12 '31"13 
s33- -F 0 c32- -- 

sll 

0 . . . . . .  f . . . . . . . . .  

(17.28) 

The elements o f  t h e  f i r s t  row a re  t h e  same as those o f  t he  o r i g i n a l  de terminant .  

The elements o f  t h e  f i r s t  column are  zero,  a p a r t  f rom the  f i r s t  e lement o f  t h a t  

column. The va lue  o f  t h e  new determinant  i s  t h e  same as t h a t  o f  t h e  o r i g i n a l  one. 

i iex t ,  t he  procedure i s  repeated  by s u b t r a c t i n g  m u l t i p l e s  o f  t h e  elements o f  

t he  second row from those o f  t he  t h i r d  and subsequent rows, i n  o rde r  t o  o b t a i n  

a de terminant  w i t h  t h e  same va lue ,  a l l  elements o f  t h e  second column ( a p a r t  f rom 

the  f i r s t  and the  second element)  be ing  zero.  I n  t h i s  s tep ,  t he  elements o f  

t h e  second row remain unchanged. The e l i m i n a t i o n  procedure i s  repeated  u n t i l  

a l l  elements i n  t h e  lower  t r i a n g l e  a re  zero .  The va lue  o f  t h i s  f i n a l l y  ob ta ined  

t r i a n g u l a t e d  de terminant  i s  equal t o  t h e  p roduc t  o f  t he  diagonal  e lements.  

Hence, the  i n f o r m a t i o n  con ten t  o f  t h e  combina t ion  o f  s t a t i o n a r y  phases i s  

p r o p o r t i o n a l  t o  t h e  l o g a r i t h m  o f  t h e  p roduc t  o f  t h e  diagonal  elements o f  t he  

t r i a n g u l a t e d  de terminant .  From t h e  e l i m i n a t i o n  procedure i t  i s  a l s o  c l e a r  t h a t  
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the information content of the  f i r s t  n s ta t ionary  phases i s  re la ted t o  the 

product of the f i r s t  n diagonal elements. The value of each diagonal element 

i s  influenced only by the preceding rows of the determinant and not by the 

fol  lowing rows. 

A n  optimal sequence wou ld  correspond t o  a t r iangulated determinant with the  

diagonal elements arranged according t o  decreasing magni tude. An e a r l i e r  se lec ted  

phase should contr ibute  more t o  the information content than a phase which i s  

selected l a t e r .  I f  the sequence appears t.o be non-optimal as  judged from the 

value of the  diagonal elements, an interchange of phases i s  required. This 

interchange corresponds t o  an interchange o f  rows a n d  columns of the determinant. 

I t  i s  obvious t h a t  the Gauss elimination procedure has t o  be repeated with the 

determinant corresponding t o  the adjusted sequence of s ta t ionary  phases. 

Usually one adjustment will lead t o  the optimal sequence ; i f  necessary, the 

whole procedure can be repeated. 

Apart from the  Gauss elimination procedure, other  methods a re  ava i lab le  f o r  

the t r iangula t ion .  

determinant, i . e . ,  c . .  = c 

I n  some procedures use i s  made of the symmetry of the 

i j  j i  (Wilkinson and Reinsch, 1971) .  

bits 

6 0  

5 0  

40 

30 

2 0  

10 

t ion 

0 2 4 6 8 1 0  
n u m b e r  of columns 

Fig. 17.3. 
(Dupuis and Dijkstra ,  1975) .  Reprihted with permission. Copyright American 
Chemical Society. 

A m o u n t  of information as a function of the number ,of columns 
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As an example of the procedure described, the sequencing of ten s ta t ionary  

phases (numbers 1-10 in  Table 17.IV) i s  shown in Fig. 17.3,  taken from Dupuis 

and Dijkstra  (1975). 

cor re la t ion  on the  information content i s  appreciable. Each s ta t ionary  

phase added t o  the  combination contr ibutes  l e s s  t o  the information content 

than the  former. 

From t h i s  f igure ,  i t  appears t h a t  the influence of the 

17.6.  DISCUSSION 

I n  t h i s  chapter on  t h e  se lec t ion  of preferred s e t s ,  two main themes have 

emerged. The f i r s t  theme i s  the  construct ion of a model t h a t  defines the optimal 

or preferred s e t  of  s igna ls  o r  measurements t o  be used f o r  the ana lys i s .  

Secondly, a t ten t ion  has been paid t o  the determination of t h a t  optimum. 

e s t a b l i s h  t h i s  optimum, a large number of ca lcu la t ions  a r e  usually required a n d  

i t  i s  of grea t  importance t o  define algorithms in  order  t o  keep t h i s  number 

within reasonable l imi t s .  I n  t h i s  sec t ion ,  we shal l  r e s t r i c t  the discussion t o  

some of the  models t h a t  have been used. 

observe t h a t  there  a r e  probably other  means of achieving the same goal .  

i t  i s  impossible t o  s t a t e  t h a t  the algorithms presented a r e  the  best .  

discussed only those methods which have been used so f a r  t o  solve problems in  

analyt ical  chemistry t h a t  require the calculat ion of a l a rge  number of 

determinants. 

To 

With respect t o  the ca lcu la t ions ,  we 

As y e t  

We have 

Obviously, the  se lec t ion  procedures introduced i n  the preceding sect ions can 

be applied only i f  the  se lec t ion  c r i t e r i o n  can be shaped i n t o  a determinant. 

The value of  the determinant represents  the s e n s i t i v i t y  of the mu1  ticomponent 

procedure or the information content of a combination of procedures. We sha l l  

not question the use of these c r i t e r i a  here. 

se lec t ion  c r i t e r i o n  has  already been discussed i n  Chapter 8. 

of wavenumbers, c r i t e r i a  o ther  than the s e n s i t i v i t y  can a l so  be used (see  Junker 

a n d  Bergmann, 1976 a , b ) .  

The information content as  a 

F o r  the  se lec t ion  

The l imi ta t ions  t o  the use of the s e n s i t i v i t y  a s  a c r i t e r i o n  a re  c l e a r l y  
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s e t  by t h e  n a t u r e  o f  t he  system which has t o  be l i n e a r .  

n o n - l i n e a r  systems i s  much more compl ica ted  and i t  i s  d o u b t f u l  whether such 

systems can be t r e a t e d  and op t im ized  by us ing  procedures s i m i l a r  t o  those 

descr ibed i n  t h i s  chapter .  I n  some ins tances ,  n o n - l i n e a r  systems can be conver ted  

i n t o  l i n e a r  systems by u s i n g  s u i t a b l e  t rans format ions .  

again t h a t  t h e  procedure o f  Junker and Bergmann (1974) leads  e s s e n t i a l l y  t o  a 

s e t  o f  measurements t h a t  i s  as s e l e c t i v e  as p o s s i b l e  f o r  t h e  components t o  be 

determined. The r a t i o n a l  approach t h e r e f o r e  runs p a r a l l e l  t o  the  approach t h a t  

would be, b u t  n o t  always can be, f o l l o w e d  i n t u i t i v e l y .  

Op t im iza t i on  o f  

I t  shou ld  be no ted  once 

The model used by Dupuis and D i j k s t r a  f o r  c a l c u l a t i n g  the  i n f o r m a t i o n  conten ts  

o f  combinat ions o f  s t a t i o n a r y  phases assumes t h a t  t he  r e t e n t i o n  i n d i c e s  measured 

on n s t a t i o n a r y  phases f o l l o w  an n-dimensional  normal d i s t r i b u t i o n .  I t  i s  

d i f f i c u l t  t o  v e r i f y  t h i s  assumption because o f  t he  l a r g e  number o f  i n d i c e s  

r e q u i r e d  f o r  t e s t i n g .  

i n  e r r o r .  Al though i t  i s  n o t  p o s s i b l e  t o  d iscuss  i n  d e t a i l  t h e  consequences o f  

t he  assumption, i t  i s  p o s s i b l e  t o  s t a t e  t h a t  t he  i n f o r m a t i o n  con ten ts  a r e  t o  be 

cons idered as maximal values. I n  t h e  n-dimensional  model, o n l y  i n t e r a c t i o n s  

( c o r r e l a t i o n s )  between two s t a t i o n a r y  phases have been taken i n t o  account.  As 

a r e s u l t  o f  these c o r r e l a t i o n s ,  t he  i n f o r m a t i o n  con ten t  o f  combined s t a t i o n a r y  

phases w i l l  be lower  than t h e  sum o f  the  i n f o r m a t i o n  conten ts  o f  t h e  i n d i v i d u a l  

phases. 

con ten t  m i g h t  decrease even f u r t h e r .  However, i t  i s  sa fe  t o  s t a t e  t h a t  t he  

e f f e c t  o f  such h i g h e r  o rde r  i n t e r a c t i o n s  causing a d e v i a t i o n  f rom t h e  

n-dimensional  normal d i s t r i b u t i o n  w i l l  be smal l  i n  comparison w i t h  t h e  e f f e c t s  

o f  t h e  c o r r e l a t i o n s  between the  r e t e n t i o n  i n d i c e s  o f  two s t a t i o n a r y  phases. 

As a r e s u l t ,  t h e  i n fo rma t ion  conten ts  c a l c u l a t e d  may be 

I f  h i g h e r  o rde r  i n t e r a c t i o n s  a r e  taken i n t o  account the  i n f o r m a t i o n  

I n  a n a l y t i c a l  chemis t ry ,  many more problems m igh t  be so l ved  i f  i t  were 

p o s s i b l e  t o  c a l c u l a t e  t h e  i n f o r m a t i o n  con ten t  o f  combinat ions o f  s i g n a l s .  

o n l y  r e t e n t i o n  i n d i c e s  can be and a re  used f o r  i d e n t i f i c a t i o n  purposes ; 

p h y s i c a l  p r o p e r t i e s  such as m e l t i n g  p o i n t s ,  b o i l i n g  p o i n t s  and peaks o f  spec t ra  

(mass, i n f r a r e d ,  magnet ic resonance) can a l s o  be used. 

f o rmu la ted  as the  de te rm ina t ion  o f  t h e  combina t ion  o f  s i g n a l s  ( r e t e n t i o n  i n d i c e s ,  

Not  

The problem can be 
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m e l t i n g  p o i n t s  o r  peaks o f  spec t ra )  t h a t  w i  

i n f o r m a t i o n  and thus  be t h e  most use fu l  f o r  

numbers o f  compounds a r e  t o  be d i s t i n g u i s h e  

1 y i e l d  t h e  l a r g e s t  amount o f  

i d e n t i f i c a t i o n  purposes. When smal l  

by t h e i r  phys i ca l  p r o p e r t i e s  o r  

spec t ra ,  t h e  approach t o  be f o l l o w e d  shou ld  be s i m i l a r  t o  t h a t  f o r  s e l e c t i n g  

t h e  b e s t  TLC system (Chapter 8 ) .  When a l a r g e  number o f  compounds i s  i nvo l ved ,  

t h e  approach n e c e s s a r i l y  needs t o  be s t a t i s t i c a l ,  i . e . ,  i t  runs p a r a l l e l  t o  t h e  

s e l e c t i o n  o f  s t a t i o n a r y  phases as t r e a t e d  i n  t h i s  chap te r .  

w i t h  respec t  t o  t h e  d i s t r i b u t i o n  o f  s i g n a l s  have t o  be made i n  o rde r  t o  be a b l e  

t o  c a l c u l a t e  i n f o r m a t i o n  conten ts  and t o  s e l e c t  p r o p e r t i e s  t h a t  a r e  use fu l  f o r  

l a r g e  r e t r i e v a l  systems. 

Then assumptions 

Van Mar len  and D i j k s t r a  (1976) cons idered t h e  spec ia l  case o f  b i n a r y  coded 

peak i n t e n s i t i e s  i n  mass spec t romet ry .  I n f o r m a t i o n  conten ts  o f  i n d i v i d u a l  peaks 

can be c a l c u l a t e d  by us ing  eqn. 7 i n  Chapter 8. The approximate va lue  o f  t he  

i n f o r m a t i o n  con ten t  o f  t h e  combina t ion  o f  peaks can be ob ta ined  by u s i n g  eqn. 

17.25.  However, t h e  assumption o f  a mu l t i no rma l  d i s t r i b u t i o n  f o r  a s e t  o f  

b i n a r y  peaks i s  n o t  j u s t i f i e d  and Van Marlen and D i j k s t r a  i n t roduced  a c o r r e c t i o n  

f a c t o r  i n  o r d e r  t o  account f o r  t h e  non-normal d i s t r i b u t i o n  and consequent ly 

t o  a r r i v e  a t  a b e t t e r  approx imat ion  o f  t he  i n f o r m a t i o n  con ten t .  The r e s u l t s  

o f  t h i s  s tudy ,  c o n s i s t i n g  i n  the  s e l e c t i o n  o f  an op t ima l  s e t  o f  peaks and the  

cor respond ing  values o f  t he  i n f o r m a t i o n  con ten t ,  w i t h o u t  t a k i n g  i n t o  account  

the  exper imenta l  e r r o r s ,  a re  represented  i n  F i g .  17.4 and Table 17.V. The 

genera l  p i c t u r e  resembles t h a t  o f  t h e  s e t  o f  s t a t i o n a r y  phases f o r  gas 

chromatography. 

t h e o r e t i c a l  p o i n t  o f  v iew i t  makes no sense t o  s t o r e  a l l  b i n a r y  coded mass peaks 

f o r  r e t r i e v a l  purposes. It appears t h a t  120 peaks y i e l d  the  same amount o f  

i n f o r m a t i o n  as t h e  t o t a l  s e t  o f  300 peaks f rom which those peaks were se lec ted .  

I t  i s  i n t e r e s t i n g  t o  observe t h a t  f rom the  i n f o r m a t i o n  
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Table 17.V 

Sequence of selected masses with amounts of information 

Selected masses Information f o r  n masses 

( b i t s )  n 

77 69 27 50 45 40 57 75 8 1  44 3 .4  10 
115 85 15 9 1  93 73 58 3 1  127 32 14.4 20 
98 38 6 1  55 87 105 18 65 53 59 19.3 30 
8 9  43 86 71 119 139 28 66 101 72 23.6 40 
26 83 30 107 64 79 113 131 60 103 27.3 50 
100 70 74 39 78 14 152 52 47 56 30.6 60 
95 67 37 84 80 63 76 169 5 1  90 33.3 70 
46 143 109 106 88  36 99 121 102 54 35.7 80 

165 114 117 92 94 126 189 42 125 29 37.3 90 
82 97 49 104 138 111 112 133 16 19 39.0 100 

188 33 149 222 1 4 1  135 68 25 62 155 40.1 110 
125 4 1  167 120 123 178 212 262 i 45  163 40.9 120 

t 
8 0 .  

0 20 40 60 80 100 
number of peaks 

Fig. 17.4. Information vs .  number o f  peaks (van Flarlen and Di jks t ra ,  1976).  
( 0 )  Without c o r r e l a t i o n ,  (-) with cor re la t ion .  Reprinted with permission. 
Copyright American Chemical Society. 

17.7 M A T R I X  A L G E B R A  

17.7.1. Introduction 

The simultaneous use o f  several values o f  a var iab le  o r  of several var iables  

leads t o  complicated notations and long equations. I n  s t a t i s t i c s ,  one i s  

f requent ly  confronted with problems i n  which such complicated notat ions make the 

sometimes simple r e s u l t s  d i f f i c u l t  t o  i n t e r p r e t .  

t o  make s t a t i s t i c a l  notations simpler and therefore  e a s i e r  t o  i n t e r p r e t .  

Matrix algebra makes i t  possible 
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1 7 . 7 . 2 .  Some def in i t ions  

1 7 . 7 . 2 . 1 .  Matrlctis-and-vectot-s 

A matrix A or Amxn i s  a rectangular tab le  of mxn elements 

a i j  ( i  = 1 , 2  ..... m ; j = 1 , 2  ..... n )  : 

A = Amxn = . . . . . .  . . . . . .  J arnl arn2 . * 

(17.29) 

The numbers o f  rows m and columns n define the dimensions of the  matrix. A 

matrix containing 1 row ( m  = 1)  o r  1 column ( n  = 1)  i s  ca l led  a vector .  I f  

m = 1 i t  i s  ca l led  a row-vector and i f  n = 1 a column-vector. A row-vector can 

be represented as 

+ +  
B = B = [bl, b2  ... bn] n (17.30) 

and a column-vector as  

(17.31) 

I f  the number o f  rows i s  equal t o  the number o f  columns ( m  = n ) ,  the matrix i s  

ca l led  a square matrix. The principal diagonal of a square matrix A i s  the s e t  

of elements {al l  aZ2 a33 . . .  ‘mm’. 
I f  in  a square matrix f o r  each i and j a i j  i s  equal t o  a . .  the matrix i s  

ca l led  symmetric. I n  the  representat ion as a tab le  the principal diagonal o f  

such a matrix i s  a l i n e  of symmetry. 

J1 

A square matrix in  which a l l  the  elements on one s ide  of the principal 

diagonal a re  zero i s  cal led t r iangular .  
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a . .  = 0 f o r  i z j 
1J  

o r  

a . .  = O  f o r  i < j 
1J  

(17.32) 

I f  both conditions a r e  v e r i f i e d ,  the  matrix i s  ca l led  diagonal 

a i j  = 0 f o r  i # j (17.33) 

A diagonal matrix i s ,  o f  course, symmetric. 

A square matrix i s  ca l led  an i d e n t i t y  matrix i f  a l l  elements outs ide the  

principal diagonal a r e  zero and a l l  elements o f  the  pr incipal  diagonal a r e  equal 

to unity 

a . .  = O  f o r  i # j 

a , .  = 1 
1J 

1 1  

A n  i d e n t i t y  matrix of m rows and columns i s  represented by Im 

I =  
m 

(17.34) 

(17.35) 

A matrix of which a l l  elements are  equal t o  zero i s  represented by O m x n .  

The transpose of a matrix Amxn i s  a matrix obtained t h r o u g h  a permutation 

of i t s  rows and columns. I t  i s  represented by A;lxm and i t s  elements a r e  given 

by 

a ; j  = a j i  (17.36) 
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-t 

C ’ =  

The transpose o f  a square matrix of dimension m i s  a square matrix of dimension m .  

The  transpose o f  a symmetric matrix i s  the matrix i t s e l f .  

row-vector i s  a column-vector, and vice versa. 

The transpose o f  a 

Examples 

Consider a matrix A 

c -  

2 

0 

1 

- 2  

3 - -  

The transpose i s  given by 

-t 

Consider a row-vector C 

-f 

c = ?  = p 0 1 - 2  33 
5 

I t s  transpose i s  given by 

With each square matrix, A corresponds a real value cal led i t s  determinant 

a n d  wri t ten as I A l .  

rn, the determinants o f  a number o f  submatrices o f  dimension ( m - 1 )  contained 

To compute the  determinant o f  a square matrix A of dimension 
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i n  A a r e  used. 

t he  de terminants  o f  smal l  square ma t r i ces  . 
To make t h i s  p o s s i b l e  i t  must f i r s t  be c l e a r  how t o  compute 

Fo r  m = 1 t h e  de terminant  i s  equal  t o  t h e  un ique element o f  t h e  m a t r i x  

all a12 a13 

I A l  = a21 a22 a23 

31  a32 a33 a 

If A = Pl1] then / A /  = all (17.37) 

= 
a l l a22a33  + a 12 a 23 a 31 + a13a21a32 

- a  a a 

(17'39) 

31 22  13 - a32a23a l l  - a33a21a12 

For  m = 2 t h e  de terminant  i s  g i ven  by 

I A l  = 
11 a12 

a21 a22 

a 

= all a22 - a12 a21 (17.38) 

Th is  fo rmula  can a l s o  be w r i t t e n  as 

To o b t a i n  t h i s  fo rmula ,  one cons iders  t h e  f i r s t  row o f  A : take  t h e  f i r s t  

element o f  t h e  row all and cons ide r  t h e  de terminant  o f  t h e  m a t r i x  ob ta ined  by 

removing f rom A the  row and t h e  column c o n t a i n i n g  all. I t  i s  g i ven  by 

Th is  de terminant  i s  c a l l e d  the  minor  o f  all. 

element a . .  w i t h  a f a c t o r  ( - l ) i +J  one ob ta ins  t h e  c o f a c t o r  o f  t he  element,  which 

i s  w r i t t e n  as Ai j .  

By m u l t i p l y i n g  t h e  minor  o f  an 

1J 

The determinant  i s  g i v e n  by 
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I t  can be shown t h a t  t h e  same r e s u l t  i s  ob ta ined  by t a k i n g  any row o r  column 

o f  t h e  m a t r i x ,  m u l t i p l y i n g  each element o f  t h i s  row o r  column by i t s  c o f a c t o r  

and adding the  r e s u l t s  

m m 
(17.40) 

The c o f a c t o r s  o f  t h e  elements o f  a square m a t r i x  can aga in  be cons idered as 

elements of a square m a t r i x ,  t h e  dimension of  which i s  t h e  same as t h e  dimension 

of t h e  o r i g i n a l  m a t r i x .  

m a t r i x  of  t h e  o r i g i n a l  m a t r i x  ; i t  i s  w r i t t e n  as Ad j  A 

The transpose o f  t h i s  m a t r i x  i s  c a l l e d  the  a d j o i n t  

I 

Adj  A = [nij] (17.41) 

Consider a m a t r i x  A 3 x 2  g i ven  by 

2 4  

[-: 0 
3 2  

By cons ide r ing  the  rows of  A as separa te  row-vectors the  m a t r i x  i s  e q u i v a l e n t  

t o  t h r e e  row-vectors of  two elements each : ( 2  4 ) ,  (-1 0 )  and ( 3  2 ) .  These 

vec to rs  can a l s o  be represented  i n  a p lane as 
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(-1 x $0) XI 

-1 1 2 3  

I n  the  same way, the  columns o f  A can be considered as  two separate  column 

-vectors  o f  three elements each 

These vectors can a l s o  be represented as vectors o f  a three-dimensional space. 

When considering a square matrix Amxm i t  i s  possible  t o  regard i t  as  a s e t  o f  

in row-vectors i n  m-dimensional space or  as a s e t  o f  m column-vectors a l s o  i n  

m-dimensional space (Rm). 

Consider a matrix Amxn. The rank o f  A i s  defined a s  the dimension o f  the 

l a r g e s t  square matrix contained in A and with a non-zero determinant. Therefore, 

the  rank o f  a matrix i s  a t  most equal t o  the smallest  dimension. The r a n k  of a 

matrix A i s  wri t ten as  r A [ I  
r [i?nxn] 5 min (m,n) ( 1 7 . 4 2 )  

A matrix f o r  which 

r [Amxn] < min ( m , n )  ( 1 7 . 4 3 )  

i s  ca l led  s ingular .  I f  r Amxn = min ( m , n )  i t  i s  cal led regular .  A square [ I  

iranchembook.ir/edu

https://iranchembook.ir/edu


354 

m a t r i x  i s  t h e r e f o r e  r e g u l a r  i f  i t s  de terminant  i s  d i f f e r e n t  f rom zero.  

Geomet r i ca l l y ,  t h e  rank  o f  a m a t r i x  can be de f i ned  as t h e  maximal number o f  

l i n e a r  independent rows o r  columns t h a t  i t  con ta ins .  I t  can a l s o  be seen as t h e  

dimension o f  t h e  s m a l l e s t  subspace c o n t a i n i n g  e i t h e r  a l l  o f  i t s  rows o r  a l l  o f  

i t s  columns. 

17.7.3. Opera t ions  on ma t r i ces  

Two mat r i ces  w i t h  t h e  same dimensions a r e  c a l l e d  equal i f  each element o f  one 

m a t r i x  i s  equal  t o  the  cor respond ing  element o f  t h e  second m a t r i x .  

Amxn = 'mxn 

i f  and o n l y  i f  a . .  = bij f o r  a l l  i and j. 
1 J  

(17.44) 

The sum o f  two ma t r i ces  w i t h  t h e  same dimensions i s  a new m a t r i x  ob ta ined  by 

adding t h e  cor respond ing  terms o f  t h e  two mat r i ces  

(17.45) 
'mxn = Amxn + 'mxn 

i f  and o n l y  i f  c . .  = a 
i j  i j  

+ bij f o r  a l l  i and j .  

The p roduc t  o f  a m a t r i x  by a cons tan t  i s  a new m a t r i x  ob ta ined  by m u l t i p l y i n g  

each element o f  t h e  m a t r i x  by t h e  cons tan t  

Bmxn = Amxn 

i f  and o n l y  i f  b . .  = a .  x k f o r  a l l  i and j .  
I J  1 j  

(17.46) 
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The p roduc t  o f  two ma t r i ces  can o n l y  be d e f i n e d  i f  t h e  number o f  columns o f  

t he  f i r s t  m a t r i x  i s  equal t o  t h e  number o f  rows o f  t h e  second m a t r i x .  

c . .  o f  t he  r e s u l t i n g  m a t r i x  C i s  ob ta ined  by cons ide r ing  t h e  i t h  row o f  t h e  

f i r s t  m a t r i x  A 

A 

t h e  i t h  row a r e  m u l t i p l i e d  by t h e  elements o f  t h e  j t h  column and t h e  r e s u l t s  a r e  

added. 

An element 

1J  

and t h e  j t h  column o f  t h e  second m a t r i x  Bpxn. The i t h  row o f  
mxP 

con ta ins  p elements and so does t h e  j t h  column o f  Bpxn. The elements o f  
mxP 

Th is  can a l s o  be expressed i n  t h e  f o l l o w i n g  way 

X B  'mxn = Amxp pxn 

i f  and o n l y  i f  cij = C aik . b k j  f o r  a l l  i and j .  
P 

k=l 

(17.47) 

I t  can be observed t h a t  t h e  p roduc t  o f  two square ma t r i ces  w i t h  i d e n t i c a l  

dimensions g i ves  a new m a t r i x  w i t h  the  same dimensions and t h a t  i n  genera l  t h e  

r e s u l t  depends upon the  o r d e r  o f  t he  two mat r i ces  

(17.48) Amxm 'mxm + 'mxm Amxm 

The p roduc t  o f  a row-vec tor  by a column-vector i s  a m a t r i x  c o n t a i n i n g  a s i n g l e  

element 

P 

i =1 
Alxp x Bpxl = Clxl = c = C aibi (17.49) 

When t h e  p roduc t  i s  zero, t h e  two vec to rs  a re  s a i d  t o  be or thogona l .  

o f  a row-vec tor  i s  d e f i n e d  as t h e  square r o o t  o f  t h e  p roduc t  o f  t h i s  v e c t o r  by 

i t s  t ranspose 

The l e n g t h  

(17.50) 

iranchembook.ir/edu

https://iranchembook.ir/edu


The i n v e r s e  o f  a square m a t r i x  i s  a new square m a t r i x  o f  t h e  same dimension 

such t h a t  t he  p roduc t  o f  t h e  two mat r i ces  i n  any o r d e r  i s  equal  t o  t h e  i d e n t i t y  

m a t r i x  : the  i n v e r s e  o f  a m a t r i x  A i s  c a l l e d  A-' 

i s  t h e  i n v e r s e  o f  Amxm i f  and o n l y  i f  

m x = I -1 
Amxm Amxm = *mxm 

(17.51) 

It can be shown t h a t  o n l y  r e g u l a r  ma t r i ces  have an i nve rse  and t h a t  t he  i n v e r s e  

i s  g i ven  by 

(17.52) 

I "mxm I 

17.7.4. Eigenvalues and e igenvec tors  

Consider a square m a t r i x  Amxm. Suppose t h a t  h i s  an unknown va lue  and cons ide r  

t h e  m a t r i x  A - X . I .  Th i s  m a t r i x  i s  ob ta ined  by s u b t r a c t i n g  X f r om a l l  d iagonal  

elements o f  A.  

de terminant  o f  t h e  r e s u l t i n g  m a t r i x  i s  zero  

An e igenva lue  o f  t he  m a t r i x  A i s  a va lue  o f  X f o r  which the  

IA-X.I[ = 0 (17.53) 

The computat ion o f  t h i s  de terminant  y i e l d s  an equa t ion  depending upon 

t h e  mth degree. 

and o f  

I n  genera l ,  t h i s  equa t ion  can be w r i t t e n  i n  t h e  f o l l o w i n g  way 

(17.54) 
m-2 + (-@ + C m - l ( - U  m- 1 + Cm-2(-X) . .. t cl(-X) + c3 = 0 

The c o e f f i c i e n t s  c ~ - ~ ,  c ~ - ~ ,  . .., cl, co depend upon t h e  elements o f  t he  m a t r i x  A .  

Th is  equa t ion  has m s o l u t i o n s  which can be r e a l  o r  imag inary  ; they  w i l l  be 
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ca l led  X1, h 2 ,  ..., a. 
I n  t h i s  instance one has the in te res t ing  property 

eigenvalues i s  equal t o  the sum o f  the  diagonal elements o f  A .  This value i s  

a l so  ca l led  the t r a c e  o f  A 

When the matrix i s  symmetric t h e  eigenvalues a re  r e a l .  

t h a t  the sum o f  the  

m m 
C X . =  C a = t r A  

1 i i  i =1 i =1 

The product of the eigenvalues i s  then equal t o  the determinant o f  A 

m 

i =1 
11 X .  1 = I A l  

Variance-covariance matrices have the  property t h a t  t h e i r  eigenvalues a re  a1 1 

pos i t ive  or zero. 

Exampl e 

Consider the 

2 2  

B =  [: 0 2' 

0 1  

B - A.1 = 

Following matrix 

2 

- A  : j 
0 1-x 

I B - A . I I =  (1  - X) (-1) (1 - A) = 0 

This equation has three  real  solut ions : X1 = 0, X2 = 1 and X 3  = 1. 

17.7.4.2.  k % ~ g w x m s  

-f 

To each eigenvalue X i  a column-vector C ( i )  can be associated t h a t  i s  
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orthogonal on the matrix A - X I i '  

+ 
( A  - Xi I )  x C ( i )  = iJ 

This equal i t y  can a l s o  be wri t ten as  

+ + 
A x C ( i )  = Xi C ( i )  

(17.55) 

(17.56) 

+ 
When multiplying C ( i )  by a constant another eigenvector i s  obtained. For t h i s  

reason, the vector C ( i )  i s  reduced t o  un i t  length by dividing i t  by i t s  length 

This y i e l d s  a new vector  V(i)  

+ 

+ 

(17.57) 

Consider the example o f  the  previous sect ion again. 

matrix B given by 

A = 1 i s  an eigenvalue o f  

-f 

Eigenvector C i s  found using eqn. 17.56 

This g i  ves the fol1 owing equations 

c1 t 2 c2 + 2 c j  = c1 

2 c3 = c2 

c3 = c3 
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A s o l u t i o n  i s  g i v e n  by 

-t 

As t h i s  v e c t o r  has u n i t  l e n g t h  i t  i s  equal  t o  t h e  cor respond ing  v e c t o r  V. 

-t 

Consider a square m a t r i x  Amxm and a column-vector X o f  d imension m. M u l t i p l y i n g  
-t + 

m a t r i x  A by v e c t o r  X y i e l d s  a new column-vector Y o f  d imension m. 

a m a t r i x  Amxm de f i nes  a t rans fo rma t ion  on t h e  s e t  o f  column-vectors o f  d imension 

m. 

a re  ob ta ined  f rom X o n l y  by m u l t i p l i c a t i o n  w i t h  cons tan ts  and a d d i t i o n .  

d e f i n i t i o n  o f  e igenvec to rs  i t  can be seen t h a t  a non-zero v e c t o r  X i s  an 

e igenvec to r  o f  m a t r i x  A i f  i t s  t r a n s f o r m a t i o n  through A y i e l d s  a v e c t o r  on t h e  

same s t r a i g h t  l i n e  as X. 

by a cons tan t  

There fore ,  

-f 

The t r a n s f o r m a t i o n  i s  l i n e a r  because t h e  elements o f  t h e  r e s u l t i n g  vec to r  Y 
+ 

From the  
-f 

-t -t 

There fore ,  t h e  r e s u l t i n g  v e c t o r  i s  equal t o  X m u l t i p l i e d  

The cons tan t  A i s  t he  e igenva lue .  

corresponds e x a c t l y  one e igenva lue  b u t  t he  same cons tan t  can be an e igenva lue  

of  many e i  genvectors.  

It can be seen t h a t  t o  each e igenvec to r  t h e r e  

Consider t h e  example o f  t h e  p rev ious  sec t i on .  M u l t i p l y i n g  m a t r i x  B by i t s  
-f 

e igenvec to r  C g i ves  

-f 

Th is  v e c t o r  i s  on t h e  same s t r a i g h t  l i n e  as C.  The e n t i r e  s t r a i g h t  l i n e  o f  t h e  
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eigenvector i s  l e f t  unchanged by the l i n e a r  transformation. 

a vector not on t h i s  l i n e  wil l  not be transformed in  the same way. For  example, 

considering the vector D 

On the other  hand, 

i 

I t  i s  transformed i n t o  

which i s  not on the same l i n e  as  3. 

in to  a d i f f e r e n t  s t r a i g h t  l i n e .  

The s t r a i g h t  l i n e  containing D i s  transformed 
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Chapter 18 

PREFERRED SETS - THE CLASSIFICATION APPROACH 

18.1. THE CLASSIFICATION PROBLEM 

I n  t h i s  chap te r  we d iscuss  GLC example (11 )  o f  Chapter 16, t oge the r  w i t h  some 

A l a r g e  number o f  l i q u i d  GLC phases (more than 700) have been r e l a t e d  problems. 

proposed i n  t h e  l i t e r a t u r e ,  o f  which a t  l e a s t  200 have been used by a t  l e a s t  

a few workers.  

i s  necessary because i t  shou ld  e l i m i n a t e  redundant phases and leave a r e s t r i c t e d  

number w i t h  r e a l l y  d i f f e r e n t  c h a r a c t e r i s t i c s ,  i .e., a r e s t r i c t e d  p r e f e r r e d  se t .  

Th i s  can be achieved by group ing  ( c l a s s i f y i n g )  l i q u i d  phases w i t h  analogous 

r e t e n t i o n  behav iour  f o r  t h e  same t e s t  substances (p robes) .  L e t  us suppose t h a t  

such a c l a s s i f i c a t i o n  i s  a t tempted by us ing  o n l y  two probes ( f o r  i ns tance ,  

benzene and e t h a n o l ) .  The ( imag ina ry )  r e t e n t i o n  i n d i c e s  f o r  a number o f  l i q u i d  

phases ( c a l l e d  A, B, ..., J )  o f  these two substances are  shown i n  F ig .  18.1. 

I t  i s  c l e a r  t h a t  some r e d u c t i o n  o f  t h i s  l a r g e  number o f  phases 

C l e a r l y ,  phases E and 0 have very  s i m i l a r  r e t e n t i o n  p r o p e r t i e s  and, i f  some 

o f  t h e  phases have t o  be e l im ina ted ,  e i t h e r  E o r  D shou ld  be one of  these. 

A c l a s s i f i c a t i o n  o f  these phases pe rm i t s  one t o  d i s t i n g u i s h  f i r s t  two groups ( o r  

c lasses  o r  c l u s t e r s ) ,  namely ABCDE and FGHIJ. 

r e t a i n e d  f rom t h e  o r i g i n a l  ten ,  i t  seems l o g i c a l  t o  take  one o f  t h e  f i r s t  group 

and one o f  t h e  second. On c l o s e r  observa t ion ,  one notes t h a t  t he  f i r s t  group 

can be d i v i d e d  i n t o  two sub-groups, namely ABC and ED, and t h a t  i n  t h e  second 

one can d i s c e r n  f u r t h e r  two sub-groups, namely FGHI and J. 

be selected,one o f  each of t h e  sub-groups shou ld  be i nc luded .  One c o u l d  

t h e r e f o r e  r e - s t a t e  t h e  problem o f  s e l e c t i n g  a r e s t r i c t e d  s e t  o f  l i q u i d  phases 

i n  t h e  f o l l o w i n g  way : c l a s s i f y  t h e  e x i s t i n g  l i q u i d  phases i n  such a way t h a t  

groups o f  l i q u i d  phases w i t h  analogous c h a r a c t e r i s t i c s  a r e  formed and s e l e c t  

f rom each group one ( o r  more) l i q u i d  phases. 

a r e s t r i c t e d  s e t  o f  phases f o r  GLC (and TLC) was developed i n  a s e r i e s  o f  

I f  o n l y  two phases a r e  t o  be 

I f  f o u r  phases a re  t o  

T h i s  approach t o  the  s e l e c t i o n  o f  
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F i g .  18.1. 
phases ( imag inary  va l  ues a re  used). 

P l o t  o f  t he  r e t e n t i o n  i n d i c e s  o f  substances a and b f o r  t e n  l i q u i d  

A 

+ b 
re ten t i on  index of a 

papers by Massart  and co-workers (Massart  and De C lercq ,  1974 ; Massart  e t  a l . ,  

1974 ; De C le rcq  e t  a l . ,  1975 ; De Clercq  and Massart ,  1975). 

18.2. CLASSIFICATION TECHNIQUES 

The s o l u t i o n  t h a t  i s  proposed here  i s  t h e  e l a b o r a t i o n  o f  a h i e r a r c h i c a l  

c l a s s i f i c a t i o n  o f  l i q u i d  phases. I t  i s  h i e r a r c h i c a l  because l a r g e  groups a re  

d i v i d e d  i n t o  s m a l l e r  ones ( f o r  i ns tance ,  i n  F i g .  18.1 group ABCDE i n t o  groups 

ABC and ED). These can be s p l i t  up aga in  u n t i l  e v e n t u a l l y  each group c o n s i s t s  

of o n l y  one l i q u i d  phase. 

i n  F ig .  18.2. Th is  k i n d  of rep resen ta t i on  i s  c a l l e d  a dendrogram. 

The r e s u l t i n g  c l a s s i f i c a t i o n  can a l s o  be dep ic ted  as 

To a r r i v e  a t  t h i s  c l a s s i f i c a t i o n ,  one has t o  d e t e c t  c l u s t e r s  o f  p o i n t s  i n  a 

p a t t e r n  space ( two-dimensional  i n  t h i s  i n s t a n c e ) .  These techniques a re  t h e r e f o r e  
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c a l l e d  h i e r a r c h i c a l  c l u s t e r i n g  techniques and a r e  p a r t  o f  t h e  group o f  

unsupervised l e a r n i n g  techn iques .  

A B C D E F G H I J  
1 

I I 
A B C D E  

A B C  r - l  D E  

FGHIJ  
I 

FGHl n J 

r - h l  
F G  H I  

r4 
D E  

dl 
A B C  

F i g .  18.2. Dendrogram f o r  t he  c l a s s i f i c a t i o n  o f  t he  
i n  F ig .  18.1. 

l i q u i d  phases represented  

A c l a s s i f i c a t i o n  such as t h a t  shown i n  F i g .  18.2 resembles c l o s e l y  a b i o l o g i c a l  

c l a s s i f i c a t i o n  i n  wh ich  a l l  l i v i n g  species a re  f i r s t  d i v i d e d  i n t o  regna and then 

i n t o  phy la ,  c lasses ,  subclasses, e t c . ,  down t o  t h e  i n d i v i d u a l  species.  I n  the  

l a s t  15-20 years ,  taxonomis ts  have used numerical  techn iques  ( i n  f a c t ,  c l u s t e r i n g  

methods) t o  a r r i v e  a t  t h i s  r e s u l t .  

c a l l e d  numerical  taxonomy. A s tandard  book on t h i s  s u b j e c t  has been w r i t t e n  

by Sneath and Sokal (1973) .  The terms numerical  taxonomy and h i e r a r c h i c a l  

c l u s t e r i n g  methods a r e  in te rchangeab le .  

on t h e  c l a s s i f i c a t i o n  o f  TLC and GLC systems 

taxonomy. 

The c o l l e c t i o n  o f  these techn iques  has been 

Massart  and De C le rcq  (1974) i n  papers 

p r e f e r r e d  t h e  term numerical  

I n  t h i s  chap te r  we s h a l l  f o l l o w  ma in l y  t h e  te rm ino logy  used by Sneath and 

Sokal .  For  example, we c a l l  t h e  o b j e c t s  t o  be c l a s s i f i e d  opera t i ona l  taxonomic 

u n i t s  (OTUs). I n  the  examples o f  i n t e r e s t  t o  us they  rep resen t  the  i n d i v i d u a l  

GLC l i q u i d  phases o r  TLC systems and i n  b i o l o g y  t h e  i n d i v i d u a l  l i v i n g  species.  

These OTUs a re  c l a s s i f i e d  accord ing  t o  the  values taken by a number o f  

parameters,  c a l l e d  t h e  c h a r a c t e r i s t i c s .  I n  the  GLC problem, these a re  the  

r e t e n t i o n  i n d i c e s  o f  t he  probes. 

c a r r i e d  o u t  i n  f i v e  steps, as f o l l o w s  : 

The comparison and c l a s s i f i c a t i o n  o f  OTUs i s  
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( a )  The c o n s t r u c t i o n  of a da ta  m a t r i x .  Th i s  m a t r i x  can c o n s i s t  s imp ly  o f  t h e  

o r i g i n a l  da ta  o r  o f  da ta  t ransformed, f o r  example, by s c a l i n g  (see Chapter 20).  

I n  t h e  GLC problem (Massart  e t  a l . ,  1974), a 226 x 10 m a t r i x  was used, c o n s i s t i n g  

o f  t he  r e t e n t i o n  i n d i c e s  o f  10 probes f o r  226 l i q u i d  phases as g i v e n  by 

McReynol ds (1970).  

( b )  The measurement o f  resemblance. I n  F i g .  18.1, t h e  c l u s t e r i n g  was c a r r i e d  

The l a r g e r  t h e  d i s tance  between two o u t  on t h e  bas i s  o f  a geomet r ica l  d i s tance .  

l i q u i d  phases, t h e  l e s s  they  resemble each o the r .  

a r e  p o s s i b l e  and a r e  discussed i n  sec t i ons  18.3 and 18.5.2. 

Several  measures o f  resemblance 

( c )  The c l u s t e r i n g  procedure.  A wide v a r i e t y  o f  p o s s i b i l i t i e s  e x i s t s .  An 

enumerat ion o f  some o f  these i s  g i ven  i n  s e c t i o n  18.4.1 and two methods a r e  

discussed i n  more d e t a i l  i n  sec t i ons  18.4.2 and 18.4.3. 

( d )  The d i s p l a y  o f  t he  c l a s s i f i c a t i o n .  

c l u s t e r i n g  methods i s  d iscussed i n  sec t i ons  18.4.2 and 18.4.3, i n  which these 

methods a r e  i n t roduced .  

The d i s p l a y  used w i t h  the  two 

( e )  The s e l e c t i o n  of  t h e  p r e f e r r e d  s e t .  Th i s  i s  discussed i n  s e c t i o n  18.4.4. 

18.3. MEASURES OF RESEMBLANCE 

To compare p a i r s  o f  OTUs, a measure o f  resemblance must be de f i ned  t h a t  

serves t o  q u a n t i f y  t h e  resemblance between the  values o f  t h e  c h a r a c t e r i s t i c s  f o r  

two OTUs i n  t h e  da ta  m a t r i x .  

w i t h  i = 1, . . . , d and j = 1, , . . , n , d be ing  t h e  number o f  c h a r a c t e r i s t i c s  

and n the  number o f  OTUs. 

between each p a i r  o f  columns i n  t h i s  m a t r i x .  

o f t e n  c rea ted  f o r  s p e c i f i c  c l a s s i f i c a t i o n  problems, have been proposed i n  seve ra l ,  

sometimes very  d i ve rse ,  domains o f  sc ience.  The two types  o f  c o e f f i c i e n t s  t h a t  

have been employed i n  most a n a l y t i c a l  a p p l i c a t i o n s  a re  the  d i s tance  and t h e  

c o r r e l a t i o n  c o e f f i c i e n t .  

The da ta  xik a r e  recorded i n  an i x k m a t r i x  

The resemblance o r  s i m i l a r i t y  must be computed 

Many c o e f f i c i e n t s  o f  resemblance, 

The f i r s t  c o e f f i c i e n t s  measure a d i s tance  between two OTUs i n  a p a t t e r n  

space. The sma l le r  t he  d i s tance  between two OTUs, t h e  more they  resemble each 
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o t h e r .  Two i d e n t i c a l  OTUs c o i n c i d e  so t h a t  t h e  d i s tance  between them i s  zero  

The geomet r ica l  Euc l idean d is tance,  a l s o  c a l l e d  t h e  taxonomical  d is tance,  

between t h e  two OTUs D and G i n  F i g .  18.1 i s  g i v e n  by 

(18.1) 

Th is  can be genera l i zed  f o r  d c h a r a c t e r i s t i c s ,  i .e.,  d-dimensional  space 

(18.2) 

The E u c l i d i a n  d i s tance  i s  a spec ia l  case o f  t he  more general  Minkowski d i s tance  

(between elements) o r  Mahalanobis d i s tance  (between groups) .  

The s i m i l a r i t y  can a l s o  be expressed as a c o r r e l a t i o n  c o e f f i c i e n t .  I n  t h i s  

i ns tance ,  one determines t h i s  c o e f f i c i e n t  between a l l  p a i r s  o f  columns o f  t h e  

data m a t r i x .  When the  c o e f f i c i e n t  i s  1, t h e  OTUs behave i n  t h e  same way and 

t h e  c l o s e r  t h e  c o e f f i c i e n t  approaches 0, t h e  l e s s  two OTUs resemble each o t h e r .  

The c o r r e l a t i o n  c o e f f i c i e n t  and t h e  d i s tance  do n o t  measure the  same p r o p e r t y .  

Th is  can be understood from t h e  da ta  i n  Table 18.1, where th ree  ( imag ina ry )  

TLC systems a re  compared. 

t o  be separated. 

The c h a r a c t e r i s t i c s  a re  t h e  Rf values o f  t he  substances 

Table 18.1 

Rf values o f  imag inary  TLC systems 

Substance Sys tem 

A B C 

1 0.30 0.60 0.15 
2 0.20 0.40 0.25 
3 0.10 0.20 0.35 
4 0.25 0.50 0.20 
5 0.35 0.70 0.10 

The E u c l i d i a n  d i s tance  between systems A and B i s  l a r g e ,  so t h a t  when t h i s  

c o e f f i c i e n t  o f  s i m i l a r i t y  i s  used, A and B are  very  d i f f e r e n t .  

A and B are, however, comple te ly  c o r r e l a t e d ,  so t h a t  when u s i n g  t h i s  measure 

The values f o r  
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A and B a r e  i d e n t i c a l .  

e l u t i n g  power, t he  Euc l idean d i s tance  shou ld  be used. 

one wants t o  o b t a i n  d i f f e r e n t  e l u t i o n  orders  one shou ld  use t h e  c o r r e l a t i o n  

c o e f f i c i e n t .  

c o e f f i c i e n t  i s  n o t  impor tan t .  

A i s  -1. 

For  p r a c t i c a l  separa t i on  purposes, one may cons ide r  t h a t  C does n o t  y i e l d  o t h e r  

separa t i on  p o s s i b i l i t i e s  than A so t h a t  A and C a re  cons idered t o  be i d e n t i c a l .  

One shou ld  then use t h e  abso lu te  va lue  o f  t h e  c o r r e l a t i o n  c o e f f i c i e n t .  

I f  one wants t o  c l a s s i f y  the  systems accord ing  t o  

I f ,  on t h e  o t h e r  hand, 

It shou ld  be no ted  t h a t  i n  t h i s  i ns tance  t h e  s i g n  o f  t h e  c o r r e l a t i o n  

The c o r r e l a t i o n  c o e f f i c i e n t  f o r  systems C and 

The o rde r  o f  e l u t i o n  i s  e x a c t l y  t h e  i n v e r s e  f o r  C compared w i t h  A .  

18.4. CLUSTERING PROCEDURES 

18.4.1. Types o f  c l u s t e r i n g  procedures 

With t h e  h e l p  o f  one o f  t h e  c o e f f i c i e n t s  o f  s i m i l a r i t y  ment ioned above, t he  

s i m i l a r i t y  m a t r i x  i s  cons t ruc ted .  Th is  i s  a symmetr ical  n x n resemblance 

o r  s i m i l a r i t y  m a t r i x .  

and E i n  Table 18.11 have t o  be c l a s s i f i e d .  

s i m i l a r i t y  m a t r i x  i n  Table 18.111. 

L e t  us suppose, f o r  example, t h a t  t h e  systems A,  B, C ,  D 

Using  eqn. 18.2 one ob ta ins  t h e  

Table 18.11 

Example o f  da ta  m a t r i x  

System Re ten t ion  index  

probe a probe b probe c probe d 

A 100 80 70 60 
B 80 60 50 40 
C 80 70 40 50 
0 40 20 20 10 
E 50 10 20 10 

Because the  m a t r i x  i s  symmetr ical ,  o n l y  h a l f  o f  t h i s  m a t r i x  need be used. 

The c l u s t e r i n g  procedure c o n s i s t s  i n  i s o l a t i n g  the  c l u s t e r s  f rom such a m a t r i x .  

There i s  a wide v a r i e t y  o f  these procedures a v a i l a b l e  and i t  i s  imposs ib le  t o  

d iscuss  a l l  o f  them here.  Readers a r e  r e f e r r e d  t o  Chapter 5 o f  t h e  book by 
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Sneath and Sokal (1973) f o r  more d e t a i l s .  

Table 18.111 

Simi la r i ty  matrix f o r  the  dis tances  obtained from Table 18.11 

A B C D E 

A 0  
B 40.0 0 
C 38.7 17.3 0 
D 110.4 70.7 78.1 0 
E 111.4 7 2 . 1  80.6 14.1 0 

We sha l l  discuss  here only the so-cal led SAHN techniques (sequent ia l ,  agglomerative, 

- hierarchical  , ion-overlapping) .  These techniques a re  ca l led  : 

( a )  agglomerative because they s t a r t  from individual OTUs which a re  taken 

together  i n  small s e t s ,  a f t e r  which those s e t s  merge with o ther  small s e t s  o r  

individual OTUs ; 

( b )  sequential because the grouping of t h e  OTUs i s  obtained using a sequential 

grouping algorithm (and not a simultaneous grouping of a l l  the OTUs in  c l a s s e s )  ; 

( c )  hierarchical  because, when the c l a s s i f i c a t i o n  i s  represented as  i n  

Fig. 18.2, there  a re  always l e s s  c lasses  a t  each ascending level ; 

( d )  non-overlapping because the  classes  a r e  mutually exclusive a t  each l e v e l .  

This means t h a t  the OTUs t h a t  a re  members of a cer ta in  c lass  cannot simultaneously 

be members o f  another group. 

The branch and bound technique explained i n  Chapter 22  i s ,  on the contrary,  

a d iv is ive  , simultaneous , non-hierarchi cal , non-over1 appi ng method because i t  

divides the s e t  of a l l  OTUs i n t o  subsets i n  one operat ion.  There i s  only one 

level i n  the c l a s s i f i c a t i o n  and members of one group do n o t  belong t o  any o ther  

group.  Several algorithms have been proposed f o r  SAHN c lus te r ing  methods. The 

two algorithms discussed here a re  the  average and s ingle  linkage grouping. 

For the l a t t e r ,  an operational research model i s  used. 

18.4.2. The average linkage algorithm 

I n  the s i m i l a r i t y  matrix, one seeks the smallest  A k l  value ( o r  whatever other  
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s i m i l a r i t y  c o e f f i c i e n t  i s  used).  

t h a t  o f  a l l  o f  t h e  OTUs t o  be c l a s s i f i e d ,  q and p a re  t h e  most s i m i l a r .  

a re  cons idered t o  fo rm a new combined OTU p*. 

reduced t o  ( n  - 1) x ( n  - 1). 

a l l  t h e  o the rs  a re  ob ta ined  by averag ing  the  s i m i l a r i t i e s  of q and p w i t h  these 

o t h e r  OTUs. Fo r  example 

L e t  us suppose t h a t  i t  i s  A which means 
qp '  

They 

The resemblance m a t r i x  i s  thereby  

The s i m i l a r i t i e s  between the  new OTU and 

(18.3) 

This  process i s  repeated u n t i l  a l l  OTUs a re  l i n k e d  toge the r  i n  one h i e r a r c h i c a l  

c l a s s i f i c a t i o n  system, which i s  represented  by a dendrogram. 

now be exp la ined  u s i n g  the  da ta  i n  Table 18.111. The sma l les t  A i s  14.1 

(between D and E ) .  

Th i s  procedure can 

D and E a re  combined f i r s t .  

Table 18.IV 

Successive reduced mat r i ces  f o r  t he  da ta  i n  Table 18.111 

(a )  A B C D* 

A 0  
B 40.0 0 
C 38.7 17.3 0 
D* 110.9 71.4 79.3 0 

D* i s  t he  OTU r e s u l t i n g  f rom t h e  combina t ion  o f  D and E 

(b )  A B" D* 

B* i s  t h e  OTU r e s u l t i n g  f rom t h e  combina t ion  o f  B and C 

( c )  A* D* 

A* 0 
D* 93.1 0 

A* i s  t h e  OTU r e s u l t i n g  f rom the  combinat ions o f  A and B* 

(d )  The l a s t  s t e p  c o n s i s t s  i n  t h e  j u n c t i o n  o f  A* and D* 
The r e s u l t i n g  dendrogram i s  g i ven  i n  F i g .  18.3 
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Fig .  18.3. Dendrogram f o r  t h e  da ta  i n  Table 18.111. 

The average l i n k a g e  method exp la ined  here i s  p robab ly  t h e  most commonly used. 

I t  does no t ,  however, c o n s t i t u t e  t h e  o n l y  p o s s i b l e  average l i n k a g e  method. 

can use o t h e r  than a r i t h m e t i c  averages. Moreover, t h e  averag ing  procedure 

descr ibed i s  a we igh ted  method. 

w i t h  another  OTU p* which arose i t s e l f  f rom t h e  un ion  o f  two OTUs p and 0. 

making t h e  averages, p* and q have t h e  same we igh ts  b u t  as p* c o n s i s t s  o f  p and 

0, t h e  l a t t e r  have o n l y  h a l f  t h e  we igh t  o f  q. 

c a l l e d  a weighted  p a i r  group method u s i n g  a r i t h m e t i c  averages (WPGMA), i n  

c o n t r a s t  w i t h  UPGMA methods (unweighted p a i r ,  e t c . )  where t h e  d i s tances  a re  

c a l c u l a t e d  w i t h  equal  we igh ts  f o r  each o f  t h e  o r i g i n a l  OTUs. 

r e s u l t i n g  f rom the  un ion  o f  p* and q i s  c a l l e d  q*, then 

One 

Consider, f o r  example, t h e  un ion  o f  an OTU q 

When 

The method used here i s  t he re fo re  

I f  the  OTU 

A * = ( A  + Ako + Akq) / 3 kq kP 

18.4.3. Opera t iona l  research  techniques 

(18.4) 

I n  t h e  average l i n k a g e  procedure the  s i m i l a r i t y  c o e f f i c i e n t  between an OTU 

and a c l a s s  c o n s i s t i n g  o f  two o r  more OTUs i s  computed as an average (eqn. 18.3).  
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I n  t h e  s i n g l e  l i n k a g e  procedure,  t he  s i m i l a r i t y  i s  expressed as t h e  s i m i l a r i t y  

between t h e  OTU and the  neares t  (most s i m i l a r )  OTU o f  t h e  c l a s s .  

18.IV ( a )  t h e  d i s tance  between A andD*would n o t  be 110.9 b u t  110.4, t h e  s h o r t e s t  

o f  t h e  d i s tances  between A and D and A and E, D and E be ing  t h e  OTUs o f  c l a s s  D*. 

The s i n g l e  l i n k a g e  procedure can be c a r r i e d  o u t  accord ing  t o  t h e  same k i n d  o f  

a l g o r i t h m  as t h e  average l i n k a g e  procedure.  

I n  Table 

I t can a l s o  be c a r r i e d  o u t  conven ien t l y  u s i n g  a g raph- theo re t i ca l  a lgo r i t hm,  

namely t h e  c a l c u l a t i o n  o f  t he  minimal spanning t r e e  i n  a network.  

s i m p l e s t  a lgo r i t hms  was d e r i v e d  by Kruska l  (1956). 

graph theo ry  i s  exp la ined  i n  s e c t i o n  23.1. 

connected t o  each o t h e r  th rough highways ( o r  a p roduc t i on  u n i t  t o  s i x  c l i e n t s  

th rough a p i p e l i n e ) .  

t h e  highway i s  min ima l .  

18.4 two p o s s i b l e  c o n f i g u r a t i o n s  are g iven.  

than b ) .  

conta n i n g  a l l  p o s s i b l e  l i n k s  and bo th  a r e  connected graphs 

nodes a r e  l i n k e d  d i r e c t l y  o r  i n d i r e c t l y  t o  each o t h e r ) .  

t r e e s  and t h e  t r e e  f o r  which t h e  sum o f  t he  values o f  the  l i n k s  i s  min ima l  i s  

c a l l e d  t h e  min ima l  spanning t r e e .  Th is  minimal spanning t r e e  i s  a l s o  the  op t ima l  

s o l u t i o n  f o r  t h e  highway problem. 

One o f  t he  

The te rmino logy  used i n  

Suppose t h a t  seven towns must be 

Th is  must be done i n  such a way t h a t  t he  t o t a l  l e n g t h  o f  

The d i s tances  between t h e  c i t i e s  a r e  known. I n  F i g .  

C l e a r l y  ( a )  i s  a b e t t e r  s o l u t i o n  

Both (a )  and (b )  a re  graphs t h a t  a r e  p a r t  o f  t h e  complete graph 

( a l l  of  t h e  

These graphs a r e  c a l l e d  

L e t  us now cons ide r  how t o  f i n d  t h e  minimal spanning t r e e .  There a r e  seve ra l  

K r u s k a l ' s  (1956)  a l g o r i t h m  i s  the  a lgo r i t hms  t h a t  can be used t o  achieve t h i s .  

s i m p l e s t  when the  number o f  nodes i s  n o t  t oo  l a r g e .  

be s t a t e d  as f o l l o w s  : "add t o  t h e  t r e e  t h e  edge w i t h  t h e  sma l les t  va lue  which 

does n o t  fo rm a c y c l e  w i t h  t h e  edges a l ready  p a r t  o f  t h e  t ree " .  In Tab le  18.V 

the  d i s tances  between t h e  nodes o f  F ig .  18.4 a r e  g iven.  

a lgo r i t hm,  one s e l e c t s  f i r s t  t h e  sma l les t  va lue  i n  t h e  Table ( l i n k  BC, va lue  2 3 ) .  

The n e x t  sma l les t  va lue  i s  28 ( l i n k  AB). 

30 ( l i n k s  EF and EG). 

T h i s  would, however, c lose  the  c y c l e  ABC and i s  t h e r e f o r e  e l im ina ted .  

K r u s k a l ' s  a l g o r i t h m  can 

Accord ing  t o  t h i s  

The n e x t  sma l les t  values a r e  29 and 

The n e x t  s m a l l e s t  va lue  i n  t h e  t a b l e  i s  32 ( l i n k  A C ) .  

Ins tead,  
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Tab le  18.V 

D is tance between p o i n t s  i n  F ig .  18.4 (Massart  and Kaufman, 1975. Repr in ted  w i t h  

. permiss ion  f rom t h e  American Chemical Soc ie ty )  

A B C D E F G  

A 0  
B 28 0 
C 32 23 0 
D 35 40 60 0 
E 100 80 103 75 0 
F 119 104 128 90 29 0 
G 127  105 126 105 30 35 0 

( a1 D 

A 

G 
C 

c, 

F ig .  18.4. Examples o f  t r e e s  i n  a graph. (a )  i s  t h e  minimal spanning t r e e  
(Massart  and Kaufman, 1975. Repr in ted  w i t h  permiss ion  from t h e  American 
Chemi c a l  S o c i e t y )  . 

t h e  n e x t  l i n k  t h a t  s a t i s f i e s  t h e  c o n d i t i o n s  o f  K r u s k a l ' s  a l g o r i t h m  i s  AD and 

t h e  l a s t  one i s  DE. 

i n  F i g .  18 (a ) .  By c a r e f u i  i n s p e c t i o n  o f  t h i s  f i g u r e ,  one notes t h a t  two c l u s t e r s  

can be ob ta ined  i n  a fo rmal  way by b reak ing  t h e  l o n g e s t  edge (DE). 

poss i  b i  1 i t i e s  have been proposed by Zahn (1971).  

I f  A,  B ,  ..., G a re  chromatographic systems, then t h i s  a l l ows  one t o  c l a s s i f y  

The minimal spanning t r e e  ob ta ined  i n  t h i s  way i s  t h a t  g i ven  

Var ious o t h e r  
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these systems i n t o  two c lasses .  When a more d e t a i l e d  c l a s s i f i c a t i o n  i s  needed, 

one breaks the  second l o n g e s t  edge, e t c . ,  u n t i l  t h e  d e s i r e d  number o f  c lasses  

i s  ob ta ined.  

t h i  n-1 ayer  chromatography. 

De C le rcq  and Massart  (1975) showed how t h i s  can be a p p l i e d  t o  

18.4.4. The s e l e c t i o n  o f  t h e  p r e f e r r e d  s e t  f rom t h e  c l a s s i f i c a t i o n  

When a dendrogram has been ob ta ined,  one i s o l a t e s  t h e  c l u s t e r s  o r  c lasses  by 

b reak ing  t h e  l i n k s  o f  lowest  s i m i l a r i t y .  

breaks f i r s t  t h e  l i n k  a t  A = 85.2, then t h a t  a t  A = 28.0, e t c .  T h i s  procedure 

resembles c l o s e l y  t h e  b reak ing  o f  t h e  l o n g e s t  edge i n  a minimal spanning t r e e .  

Once t h e  c l u s t e r s  have been i s o l a t e d ,  one can choose from each o f  them t h e  b e s t  

OTU, t h e  d e f i n i t i o n  o f  which obv ious l y  depends on the  c r i t e r i a  used. 

s e l e c t i o n  o f  l i q u i d  phases i n  GLC, one cou ld  t h i n k  o f  p r i c e ,  s t a b i l i t y ,  

a v a i l a b i l i t y  and o t h e r  p r a c t i c a b i l i t y  c r i t e r i a .  

an op t ima l  s e t  f o r  q u a l i t a t i v e  ana lys i s ,  one cou ld  a l s o  s e l e c t  f rom each o f  t h e  

c l u s t e r s  t h e  l i q u i d  phase w i t h  t h e  b e s t  separa t i on  c h a r a c t e r i s t i c s ,  i .e.,  t h e  

one which y i e l d s  t h e  l a r g e s t  amount o f  i n f o r m a t i o n .  

I n  t h e  example i n  F i g .  18.3, one 

Fo r  t h e  

I f  i t  i s  the  purpose t o  develop 

18.5. INFORMATION AND CLASSIFICATION 

18.5.1. A c o m a r i s o n  o f  t h e  i n f o r m a t i o n  t h e o r e t i c a l  and numerical  taxonomic 

approaches 

Eskes e t  a l .  (1975) a p p l i e d  bo th  i n f o r m a t i o n  theo ry  and numerical  taxonomy 

t o  t h e  s e l e c t i o n  o f  p r e f e r r e d  s e t s  o f  2-5 l i q u i d  phases f rom a s e t  o f  16. 

amount o f  i n f o r m a t i o n  ob ta ined  f o r  these l i q u i d  phases was c a l c u l a t e d  u s i n g  t h e  

r e t e n t i o n  i n d i c e s  o f  a da ta  s e t  o f  248 substances f rom eqn. 17.25. 

taxonomy was c a r r i e d  o u t  by t a k i n g  t h e  l i q u i d  phases (columns) as OTUs and t h e  

r e t e n t i o n  i n d i c e s  as the  c h a r a c t e r i s t i c s .  The c o r r e l a t i o n  c o e f f i c i e n t  was 

used as the  measure o f  resemblance. 

The 

The numerical  

I n  Table 18.V1, t h e  r e s u l t s  a re  compared. 
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Tab le  18.VI 

Combinat ion o f  columns y i e l d i n g  a maximal amount o f  i n f o r m a t i o n  and t h e  
c l a s s i f i c a t i o n  o f  columns ob ta ined  by numerical  taxonomy ( f o r  names o f  columns, 
see Eskes e t  a l . ,  1975) 

columns o f  columns i n f o r m a t i o n  ( b i t s )  
No. o f  Bes t  combina t ion  T o t a l  amount o f  C l a s s i f i c a t i o n  o f  columns 

1 13 6.8 
2 10, 12 13.5 1-6,9,11,12/7,8,lO,l3-16 
3 1, 8, 10 19.2 1-6,9,11,12/ 7,8 13-16/ 10 
4 2, 8, 10, 11 24.4 1-6,9/ 7,8,13-16/ 11,12/ 10 
5 2, 8, 10, 11, 13 29.1 1-6,9/7,13-16/11,12/10/8 

There i s  complete agreement between t h e  two approaches. Considek-, f o r  example, 

t h e  p r e f e r r e d  s e t  o f  f i v e  columns (Nos. 2, 8, 10, 11 and 13) ob ta ined  by u s i n g  

i n f o r m a t i o n  theo ry .  

taxonomic c l a s s i f i c a t i o n .  T h i s  i s  indeed the  case. The agreement between the  

r e s u l t s  i s  n o t  s u r p r i s i n g  because t h e  i n f o r m a t i o n  p e r  column v a r i e s  o n l y  s i g h t l y ,  

so t h a t  t h e  c o r r e l a t i o n  i s  a l s o  t h e  de termin ing  f a c t o r  i n  the  i n f o r m a t i o n  

t h e o r e t i c a l  approach. 

methods a r e  d i f f e r e n t  b u t  e q u i v a l e n t  approaches t o  t h e  problem o f  s e l e c t i n g  

op t ima l  s e t s  o f  t e s t s  f o r  q u a l i t a t i v e  a n a l y s i s .  

e x p l i c i t l y  t he  f o l l o w i n g  two r u l e s  : each t e s t  o f  t he  s e l e c t e d  s e t  shou ld  be as 

good as poss ib le ,  and each t e s t  o f  t h e  s e l e c t e d  s e t  shou ld  be as d i f f e r e n t  as 

p o s s i b l e .  

d iscussed i n  Chapter 20, namely the  use o f  l i n e a r  d i s c r i m i n a n t  a n a l y s i s .  

They shou ld  be p resen t  i n  d i f f e r e n t  groups i n  t h e  numerical  

Never the less  , t h i s  agreement demonstrates t h a t  bo th  

Both app ly  i m p l i c i t l y  o r  

We s h a l l  see t h a t  t h i s  i s  a l s o  t h e  case f o r  t he  t h i r d  approach, 

18.5.2. C l a s s i f i c a t i o n  us ing  an i n f o r m a t i o n  t h e o r e t i c a l  c r i t e r i o n  

I n  t h e  preced ing  sec t i on ,  we concluded t h a t  t he  numerical  taxonomic and 

i n f o r m a t i o n  t h e o r e t i c a l  approaches a re  d i f f e r e n t  express ions  o f  t h e  a p p l i c a t i o n  

o f  t h e  same b a s i c  s e l e c t i o n  r u l e s .  I n  t h i s  s e c t i o n ,  we s h a l l  show t h a t  t he  two 

approaches can be combined i n t o  one, i n  the  sense t h a t  t h e  amount o f  i n f o r m a t i o n  

can be used a,$ a measure o f  resemblance i n  a numerical  taxonomic a p p l i c a t i o n .  

L e t  us r e t u r n ,  t h e r e f o r e ,  t o  the,  example w i t h  which we in t roduced  i n f o r m a t i o n  

theory ,  namely the  e v a l u a t i o n  o f  t h e  i n f o r m a t i o n  con ten t  o f  i n d i v i d u a l  TLC 
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chromatographic systems. 

chromatographic systems. 

o f  i n f o r m a t i o n  o f  chromatographic system k .  

As shown i n  Chapter 8, t h e  i n f o r m a t i o n  con ten t  o f  a chromatographic system k 

We now want t o  develop an op t ima l  combina t ion  o f  TLC 

F i r s t ,  we r e - w r i t e  Shannon's eqn. 8.3 f o r  t h e  amount 

can be ob ta ined  by d i v i d i n g  the  RF sca le  i n t o  m groups, so t h a t  i n  each group 

t h e r e  i s  a number ni(k)of t h e  t o t a l  numbernoo f  substances, t h e  separa t i on  o f  
m 

which i s  be ing  cons idered ( 0  s n i ( k ) <  no, C n i (k)  =no),and by u s i n g  eqn. 8 .3  
k = l  

(18.5) 

I f  t h e  i n f o r m a t i o n  i n  t d i f f e r e n t  systems were comple te ly  unco r re la ted  then t h e  

t o t a l  amount o f  i n f o r m a t i o n  o r  j o i n t  i n f o r m a t i o n  would be 

t 
I ( l , Z ,  ..., t )  = C I ( k )  

k= 1 
(18.6) 

I t  i s  w e l l  e s t a b l i s h e d  t h a t  chromatographic systems a re  o f t e n  very  s i m i l a r  : one 

can say t h a t  t hey  a r e  h i g h l y  c o r r e l a t e d ,  y i e l d  h i g h l y  c o r r e l a t e d  i n f o r m a t i o n  o r ,  

t o  use c l a s s i f i c a t i o n  o r  numerical  taxonomical  language, they  have a h i g h  

s i m i l a r i t y  c o e f f i c i e n t .  

more s i m i l a r  t h e  systems a re  and i t  i s  l o g i c a l  t o  use t h e  amount o f  redundant 

i n f o r m a t i o n  as a s i m i l a r i t y  c o e f f i c i e n t  i n  t h e  same way as we have used E u c l i d i a n  

d i s tances  o r  l i n e a r  c o r r e l a t i o n  c o e f f i c i e n t s  as s i m i l a r i t y  c o e f f i c i e n t s  

( s e c t i o n  18.3). I n  b i o l o g i c a l  numerical  taxonomy, t h i s  has been done, f o r  example, 

by O r l o c i  (1969) and i n  a n a l y t i c a l  chemis t ry  by R i t t e r  e t  a l .  (1976) i n  a 

p a t t e r n  r e c o g n i t i o n  a p p l i c a t i o n  (concern ing  I R  s p e c t r a ) .  

The h i g h e r  the  c o r r e l a t e d  o r  redundant i n f o r m a t i o n ,  t h e  

The e f f e c t  o f  c o r r e l a t i o n  i s  t h a t  l e s s  i n f o r m a t i o n  i s  ob ta ined  when combining 

t chromatographic systems than can be c a l c u l a t e d  f rom eqn. 18.6 f o r  t he  j o i n t  

i nforma t i  on 

t 

k= 1 
I ( l , Z ,  ..., t )  = C I ( k )  - I(1;Z;  ...; t )  (18.7) 
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where 1(1;2;  ... ; t )  i s  ca l led  "mutual information". The mutual information 

depends on  the t o t a l  amount of information i n  the sense t h a t  when the l a t t e r  i s  

higher, t h a t  the values f o r  the mutual information a l s o  have a tendency t o  be 

higher. Therefore, a r e l a t i v e  measure such as  Rajski I s  coherence coef f ic ien t  

can be of more value. 

i s  given by 

For two chromatographic systems i and j ,  t h i s  coef f ic ien t  

where 

(18.8) 

(18.9) 

Table 18.VII 

RF values i n  two TLC systems f o r  the  i d e n t i f i c a t i o n  of food dyes (from l lassar t  
and De Clercq, 1974 and Hoodless e t  a l . ,  1973) 

Dye System 1 System 2 

Amaranth 
Bordeaux B 
Carmoi s i  ne 
Eosi ne 
E ry t h ro s i n e 
Fast red E 
Ponceau 4R 
Ponceau 6R 
Ponceau MX 
Ponceau SX 
Red 2G 
Red 68 
Red 1 O B  
Red FB 
Rhodamine 6 
Scar le t  GN 
Aurami ne 
Acid Yellow 
Chrysoidine 
Chrisoine S 
Naphthol Yellow S 
Orange G 
Orange GGN 
Orange I 
Sunset Yellow 
Tartrazi  ne 

0.6 
0.2 
0.3 
0.2 
0.1 
0.4 
0.7 
0.8 
0.2 
0.4 
0.6 
0.4 
0.2 
0 .0  
0.5 
0.9 
0 .3  
0.7 
'0.1 
0.5 
0.6 
0.8 
0.6 
0 .4  
0.6 
0 .8  

0.3 
0.6 
0.7 
1.0 
1.0 
0 .7  
0 .5  
0 . 2  
0 .7  
0.7 
0.6 
0.3 
0.5 
0.3 
1.0 
0.7 
1.0 
0.6 
0.8 
0.8 
0 .7  
a.  7 
0.7 
0.8 
0 .7  
0 .4  
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To show how t h i s  i s  done i n  p r a c t i c e ,  Table 18.VI I  g i ves  t h e  RF values o f  two 

TLC systems. The i n f o r m a t i o n  content  o f  each o f  the systems i s  c a l c u l a t e d  by 

us ing eqn. 18.5. 

cont ingency t a b l e  (Table 1 8 . V I I I ) .  

To o b t a i n  the  j o i n t  i n fo rma t ion ,  one f i r s t  makes t h e  

Table 1 8 . V I I I  

Contingency t a b l e  r e l a t i n g  the  R, values o f  systems 1 and 2 i n  Table 18 .V I I  

Class values i n  system 1 

i + 1  2 3 4 5 6 7 8 9 10 1 1 S u m  

0 0 . 1  0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 Sum 
j 

N J .  
5 1 0 0 0  0 0 0 0 0 0 0 0 0 0  
- = : 2 0 . 1 0 0  0 0 0 0 0 0 0 0 0 0  
2 3 0 . 2 0  0 0 0 0 0 0 0 1 0  0 1 
= 4 0 . 3 1 0  0 0 1 0  1 0  0 0 0 3 
“ 5 0 . 4 0 0  0 0 0 0 0 0 1 0  0 1 
g 6 0 . 5 0  0 1 0  0 0 0 1 0  0 0 2 
2 7 0 . 6 0 0  1 0  0 0 1 1  0 0 0 3  
2 8 0 . 7 0 0  1 1  2 0 3 0 1 1 0 9  
, , , 9 0 . 8 0  1 0  0 1 1  0 0 0 0 0 3  
2 1 0 0 . 9 0  0 0 0 0 0 0 0 0 0 0 0 
G 1 1 1 . 0 0  1 1 1 0 1 0 0 0 0 0 4 

S u m 1  2 4 2 4 2 5 2 3 1 0 2 6  

One now considers as c lasses t h e  c e l l s  ob ta ined  i n  t h i s  t a b l e .  T h i s  represents  

2 i n  f a c t  t he  two-dimensional chromatogram w i t h  m c e l l s  t h a t  would have been 

ob ta ined  w i t h  systems k and 1 ( k  = 1, 1 = 2, i n  t h i s  p a r t i c u l a r  i ns tance ) .  I n  

each c e l l  o r  c lass  the re  a re  nij ( k , l )  substances and Shannon’s equat ion now 

becomes 

(18.10) 

From eqns. 18.6 and 18.7 we have 

I ( k ; l )  = I ( k )  + I ( 1 )  - I ( k , l )  (18.11) 

so t h a t  the mutual i n f o r m a t i o n  con ten t  I ( k ; l )  i s  known and can be entered i n  

eqns. 18.8 and 18.9, y i e l d i n g  R(k , l ) .  
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I n  t h e  p resen t  example 

I ( k )  = 2.67 b i t s  

I ( 1 )  = 3.15 b i t s  

I ( k , l )  = 4.44 b i t s  

I ( k , l )  = 1.38 b i t s  

d ( k , l )  = 0.69 

R(k , l )  = 0.72 

By do ing  t h i s  f o r  a l l  p a i r s  o f  systems and cons ide r ing  R ( i , j )  as a s i m i l a r i t y  

c o e f f i c i e n t ,  a s i m i l a r i t y  m a t r i x  i s  ob ta ined.  

way, f o r  example us ing  an average l i n k a g e  WPGMA method. 

Th is  can be reduced i n  t h e  usua l  

18.6. APPLICATIONS 

Several  a p p l i c a t i o n s  o f  numerical  taxonomy f o r  t h e  de te rm ina t ion  o f  op t ima l  

The f i r s t  (Massart  and s e t s  i n  t h i n - l a y e r  chromatography have been pub l ished.  

De C lercq ,  1974) desc r ibed  t h e  s e l e c t i o n  o f  op t ima l  combinat ions f o r  t h e  

i d e n t i f i c a t i o n  o f  26 y e l l o w ,  orange and r e d  s y n t h e t i c  f ood  dyes. 

TLC systems was chosen f rom 10 cand ida te  systems so t h a t  an unambiguous 

i d e n t i f i c a t i o n  c o u l d  be ob ta ined  o f  a l l  t h e  dyes ( w i t h  t h e  excep t ion  o f  two 

t h a t  cannot be separa ted  i n  any o f  t h e  10 systems). 

A s e t  o f  t h r e e  

Other a p p l i c a t i o n s  i n c l u d e  t h e  i d e n t i f i c a t i o n  o f  22 sulphonamides w i t h  5 1  

cand ida te  systems. 

i d e n t i f i c a t i o n  o f  a l l  o f  t h e  sulphonamides (De C le rcq  e t  a l . ,  1977). The bes t  

sequence o f  f o u r  f rom seven cand ida te  systems f o r  t h e  i d e n t i f i c a t i o n  o f  139 bas i c  

drugs was a l s o  ob ta ined.  T h i s  sequence a l l owed  t h e  unambiguous i d e n t i f i c a t i o n  

o f  87% o f  t h e  substances compared w i t h  72% f o r  t h e  pub l i shed  sequence (Massart  

and De Clercq, 1978). 

d iscussed by De C le rcq  and Hassar t  (1975).  

o u t  accord ing  t o  t h e  same general  scheme. A dendrogram o r  a minimal spanning 

t r e e  u s i n g  the  d i s tance  as the  s i m i l a r i t y  measure i s  ob ta ined,  t he  l owes t  

branches o f  t h e  dendrogram ( o r  t he  l onges t  edges o f  t h e  t r e e )  a re  broken so t h a t  

The b e s t  s e t  o f  t h r e e  systems a l l owed  the  unambiguous 

The i d e n t i f i c a t i o n  o f  a sma l le r  s e t  o f  b a s i c  drugs was 

A l l  these a p p l i c a t i o n s  a re  c a r r i e d  
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groups o f  systems a r e  i s o l a t e d  and i n  each o f  t h e  groups the  b e s t  system i s  

s e l e c t e d  u s i n g  t h e  i n f o r m a t i o n  con ten t  (Chapter 8). 

The GLC problem (11)  (see Chapter 16) was a l s o  so l ved  by numerical  taxonomy. 

The da ta  m a t r i x  here  cons is t s  o f  226 l i q u i d  phases ( t h e  OTUs) f o r  which the  

r e t e n t i o n  i n d i c e s  o f  10 substances ( t h e  c h a r a c t e r i s t i c s )  a re  g i ven .  

p u b l i c a t i o n  (Massart  e t  a l . ,  1974) the  c l a s s i f i c a t i o n  was based on d is tances  

and the  average l inkage-we igh ted  p a i r  c l u s t e r i n g  techn ique and i n  a second paper 

(De C le rcq  e t  a l . ,  1975) t h e  average l inkage-unweigh ted  p a i r  method was used. 

The l a t t e r  i s  p r e f e r r e d ,  b u t  t he re  i s  l i t t l e  d i f f e r e n c e  between them. 

I n  a f i r s t  

No "bes t  s e t "  i s  proposed, because i t  i s  argued t h a t  c r i t e r i a  such as s t a b i l i t y  

o f  t h e  phase, c o s t  and a v a i l a b i l i t y  shou ld  be taken i n t o  account and t h a t  t h i s  

s e l e c t i o n  shou ld  t h e r e f o r e  be l e f t  t o  s p e c i a l i s t s .  

t he  c l a s s i f i c a t i o n  i s  v a l i d ,  as a l l  o f  t h e  phases which a re  known t o  be spec ia l  

i n  t h e i r  i n t e r a c t i o n s  w i t h  s o l u t e s  a re  found i n  c lasses  o f  a s i n g l e  phase, and 

as i n  those ins tances  where i t  i s  p o s s i b l e  t o  make a c l a s s i f i c a t i o n  by p u r e l y  

chemical argumentat ion t h e  c l a s s i f i c a t i o n  ob ta ined  by numerical  taxonomy appears 

t o  be l o g i c a l .  

s a t u r a t e d  hydrocarbons a re  found i n  one sub-c lass .  The same i s  t r u e  f o r  t he  

Apiezons, two groups o f  s i l i c o n e s ,  one w i t h  the  m e t h y l s i l i c o n e s  and one w i t h  

t h e  methylphenyl  or e t h y l p h e n y l v i n y l  d e r i v a t i v e s ,  a group o f  t h r e e  e s t e r s  and 

a group o f  t h r e e  f l u o r i n a t e d  hydrocarbons, each o f  these fo rm ing  one sub-class 

o f  t h e  a p o l a r  phases. 

was a l s o  g i ven  (Massart  and De Clercq, 1978).  

However, i t  i s  shown t h a t  

Fo r  example, i n  t h e  c l a s s  o f  t h e  a p o l a r  phases a l l  o f  t h e  

A c l a s s i f i c a t i o n  o f  a s e t  o f  121 more r e c e n t  phases 

A l l  o f  these a p p l i c a t i o n s  and the  theo ry  a r e  descr ibed i n  more d e t a i l  i n  t h e  

rev iew by Massart  and De C le rcq  (1978).  

18.7. CORRELATION AND DISTANCE 

I n  o r d e r  t o  examine t h e  s t r u c t u r e  o f  a s e t  o f  v a r i a b l e s  o r  t h e  elements o f  

a popu la t i on ,  i t  i s  necessary t o  have means o f  measuring t h e  s i m i l a r i t y  

r e l a t i o n s h i p  between v a r i a b l e s  o r  elements. When s tudy ing  a s e t  o f  v a r i a b l e s ,  
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t h e  usual  way o f  d e s c r i b i n g  t h e  r e l a t i o n s h i p  between two v a r i a b l e s  i s  by means 

o f  a c o e f f i c i e n t  o f  a s s o c i a t i o n  o r  o f  c o r r e l a t i o n .  Such a c o e f f i c i e n t  measures 

the  s i m i l a r i t y  between t h e  va lues  taken by the  two v a r i a b l e s  f o r  a g i v e n  da ta  

s e t  o r  popul a t i  on. 

When comparing elements o f  a da ta  s e t  o r  popu la t i on ,  one has t o  combine scores 

o f  severa l  v a r i a b l e s  i n  o rde r  t o  o b t a i n  a s i m i l a r i t y  measure. Such a combina t ion  

i s  then used t o  measure a "d i s tance"  between two elements. I n  the  l i t e r a t u r e ,  

severa l  d e f i n i t i o n s  o f  c o r r e l a t i o n  and d i s tance  have been proposed, each hav ing  

s p e c i f i c  p r o p e r t i e s .  

d iscussed. 

I n  t h e  f o l l o w i n g  sec t i ons  some o f  these d e f i n i t i o n s  a r e  

18.7.1. Measures o f  d i s tance  between elements 

When examining t h e  r e l a t i o n  between two elements o f  a popu la t i on ,  i t  i s  common 

t o  d e f i n e  a d i s tance .  

and l 2  f o r  t h e  d i f f e r e n t  v a r i a b l e s  i ( i  = 1 y 2 y . . . y  m )  w i l l  be c a l l e d  xil and 

xi 2 '  

I n  the  f o l l o w i n g  sec t i on ,  t h e  scores o f  t h e  elements l1 

The Minkowski d i s tance  between two elements l1 and l2 i s  de f i ned  as 

(18.12) 

where p 2 1. 

obta ined.  

By choosing va r ious  va lues  o f  p, many d i f f e r e n t  d i s tances  a r e  

The Euc l idean d i s tance  i s  ob ta ined  f o r  p = 2 

The Manhattan d i s tance  i s  g i ven  by p = 1 

(18.13) 

m 
(18.14) 
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The Lance and Wi l l i ams  d i s tance  between two elements l1 and l2 i s  d e f i n e d  as 
m 

(18.15) 

The numerator i s  t h e  Manhattan d i s tance  D1 and the  denominator t h e  t o t a l  

magnitude o f  t h e  two elements. 

t h e  magnitude o f  xil and xi2. 

I n  t h i s  way the  d i s tance  does n o t  depend on 

The Calkoun d i s t a n c e  i s  based on t h e  o r d e r i n g  o f  elements f o r  each v a r i a b l e .  

I t  has the  p a r t i c u l a r  p r o p e r t y  t h a t  t he  d i s tance  between two elements a l s o  

depends on t h e  o t h e r  elements. 

the  number o f  elements t h a t  f a l l  between t h e  two p o i n t s  on a t  l e a s t  one v a r i a b l e  ; 

N2 i s  t h e  number o f  elements n o t  i n  N1 b u t  which t i e  i n  va lue  on a t  l e a s t  one 

v a r i a b l e  w i t h  one o f  t h e  two elements ; and N3 i s  t h e  number o f  e lements n o t  i n  

N1 o r  N2 b u t  t i e  i n  va lue  on a t  l e a s t  one v a r i a b l e  w i t h  bo th  elements. 

I t  r e q u i r e s  t h e  f o l l o w i n g  d e f i n i t i o n s  : N1 i s  

The Calkoun d i s tance  i s  then d e f i n e d  as 

D ( 1  c 1’ 1 ) = 6 N 1 t 3 N 2 t 2 N 3  2 

The normal ized  Calkoun d i s tance  i s  g i v e n  by 

6 N1 t 3 N2 t 2 N3 
DCN(l 1 y 1  2 )  = 

6 (N-2) 

where N i s  t h e  t o t a l  number o f  da ta  p o i n t s .  

18.7.2. C o r r e l a t i o n  and d i s tance  based on c o r r e l a t i o n  

(18.16) 

(18.17) 

A c o r r e l a t i o n  c o e f f i c i e n t  can be computed between two elements o f  a p o p u l a t i o n  
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(see a l s o  s e c t i o n  3 .2 .5 ) .  I t  i s  g i ven  by 

where 

. m  

I t  can be used as a measure o f  resemb 

By d e f i n i n g  

ance 

A .  J =vm (j = 1,2) 

eqn. 18.18 becomes 
- - 

1 
' i2-  '.2 m x .  - x . ~  11 

r(ll,12) = i = l  1 ( A1 ( A2  

and by i n t r o d u c i n g  reduced v a r i a b l e s  g i v e n  by 

see s e c t i o n  18.3) 

J 

t h e  equa t ion  becomes 

m 

r(ll,12) = 1 ,z =1 xlil . x '  i 2  

(18.18) 

(18.19) 

(13.20) 

(18.21) 

A method o f  measur ing the  d i s tance  between t h e  two elements i s  t o  use t h e  

Euc l idean d i s t a n c e  between t h e  t rans formed v a r i a b l e s  xlil and xli2. 

g i ven  by 

I t  i s  

(18.22) 

I t  can be shown t h a t  
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r - 
1.k 

'2.k 

X 

- + 
Xk = 

- 
'tn. k 

L - 

I n  a d d i t i o n  t o  the  measures o f  c o r r e l a t i o n  and d i s tance  desc r ibed  i n  t h e  

l a s t  sec t i on ,  many o the rs  have been proposed i n  t h e  l i t e r a t u r e .  

complete d i scuss ion  o f  these measures was g i ven  by Anderberg (1973) .  

A c l e a r  and 

18.7.3. D is tance between groups 

When t h e  s e t  o f  v a r i a b l e s  o r  elements o f  a p o p u l a t i o n  i s  d i v i d e d  i n t o  groups 

o r  subsets,  a genera l i zed  d i s tance  between groups can be de f ined.  

genera l i zed  d is tances  t h e  f o l l o w i n g  n o t a t i o n s  w i l l  be used : 

For  these 

x.  

i = 1,2, ..., m 
j = 1,2,..,, 
k = 1,2,...,;k 

K i s  t h e  number o f  groups ; 

nk i s  t h e  number o f  elements i n  group k ( k  = l , Z ,  ..., K) ; 
m i s  the  number o f  v a r i a b l e s  ; 

i s  t h e  measurement o f  v a r i a b l e  i f o r  element j o f  group k : 
1 j k  

K 
n = C 

k = l  
nk i s  t h e  t o t a l  number o f  elements ; 

- 
xiek = ik xijk i s  t h e  mean va lue  f o r  v a r i a b l e  i i n  group k ; 

'k j = 1  

i s  t h e  v e c t o r  o f  mean va lues  i n  group k. 

A f i r s t  measure o f  t h e  d i s tance  between two groups kl and k2  i s  g i v e n  by the  
+ + 

d is tance  between t h e  two vec to rs  xk and xk , equal t o  
1 2 

iranchembook.ir/edu

https://iranchembook.ir/edu


1- i =1 

The square o f  t h i s  d i s tance  can a l s o  be w r i t t e n  as 

(Zkl- jtk2)' . (jtkl- Z ) 
k2 

o r  as 

+ + +  ( Z  - x ) '  . Im. (Xk  - x ) 
k l  k2  1 k2 

383 

(18.24) 

(18.25) 

where I,,, i s  t h e  i d e n t i t y  m a t r i x  o f  dimensions m x m .  

With  t h e  d i scove ry  o f  d i s c r i m i n a n t  a n a l y s i s  (see Chapter 20 ) ,  i t  was proved 

t h a t  a more e f f i c i e n t  d i s tance  i s  found by i n t r o d u c i n g  a d i f f e r e n t  m a t r i x  i n s t e a d  

o f  I m  i n  eqn. 18.25. Th is  new m a t r i x  i n  f a c t  g i ves  a s e t  o f  we igh ts  f o r  each 

p roduc t  o f  two elements f rom v e c t o r  ( xk  - xk2) .  
+ +  

1 
I t  was shown t h a t  t h e  op t ima l  s e t  o f  we igh ts  i s  g i ven  by t h e  m a t r i x  T - l ,  t h e  

i n v e r s e  o f  t h e  t o t a l  covar iance m a t r i x  T o f  t h e  da ta  g i ven  by 

(18.26) 

The d i s t a n c e  d e f i n e d  i n  t h i s  way i s  c a l l e d  t h e  Mahalanobis d i s tance  and i s  

g i ven  by 
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Chapter 19 

FACTOR AIJD PRINCIPAL COI1POI.IENTS ANALYSIS 

Svante Wold, Research Group f o r  Chemometrics, Umei University, Sweden 

19.1. INTRODUCTIOiJ 

The chemist i s  of ten confronted with the problem of f inding order  and s t r u c t u r e  

i n  a seemingly hopelessly la rge  tab le  of data .  

sect ion 16.3 using a G L C  example. 

use p a r t  of the McReynolds (1970) data  matrix ( see  a l so  sect ion 1 6 . 2 ) .  

used the data f o r  20 of the 226 l iqu id  phases ( L P )  (see Table 19 .1) .  

This problem was introduced in  

To i l l u s t r a t e  the present treatment, we sha l l  

LJe have 

Several questions can be posed with respect t o  t h i s  data tab le .  One might 

wish t o  f ind out how many " fac tors"  influence the retent ion indices of chemical 

compounds - fac tors  such as "polar i ty" ,  "hydrophobicity" and  "charge separat ion".  

One might wish t o  f ind  s i m i l a r i t i e s  and d i s s i m i l a r i t i e s  between LPs t o  f a c i l i t a t e  

the choice of column f o r  a p a r t i c u l a r  separation problem. F ina l ly ,  one night  

be i n t e r e s t e d  t o  f ind s i m i l a r i t i e s  and d i s s i m i l a r i t i e s  among the behaviour of 

the 10 t e s t  so lu tes  on the LPs. 

When the data  can be arranged t o  form a matrix Y ( see  below f o r  no ta t ion) ,  

r e l a t i v e l y  simple, b u t  s t i l l  very powerful, tools  e x i s t  f o r  extract ing information 

from the data .  Factor analysis  ( F A )  and principal components analysis  ( P C A )  a re  

the best  k n o w n  and most widely used of these tools  and they a l so  a re  important 

as they form much of the basis  of mult ivar ia te  data  analysis  ( see  Kruskal, 1978). 

The nomenclature of these methods i s  thoroughly confusing. Tradi t iona l ly ,  

FA i s  used in  social  sciences t o  f ind  the cor re la t ion  pat terns  among a group of 

vectors ,  while P C A  i s  aimed a t  the descr ipt ion of the var ia t ion among the same 

group of vectors .  The two methods a r e ,  however, based on the same model (see 

below) and d i f f e r  only in  the  assumptions concerning the res idua ls .  I n  the way 

FA and P C A  a re  used i n  chemical appl ica t ions ,  the two methods a re  equivalent .  
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19.2. A SHORT PRESENTATION OF FPCA 

For a da ta  m a t r i x  Y w i t h  elements yik, ob ta ined  by measur ing t h e  values of  

v a r i a b l e s  w i t h  index  i ( r e t e n t i o n  index  o f  t e s t  compound i i n  Table 19.1) on 

" o b j e c t s "  w i t h  i ndex  k (LP k i n  Table 19 .1) ,  t h e  purpose o f  FPCA i s  e s s e n t i a l l y  

t o  subd iv ide  t h e  v a r i a t i o n  i n  the  da ta  m a t r i x  Y i n t o  one p a r t  which v a r i e s  o n l y  

w i t h  t h e  v a r i a b l e s  i ( t e s t  compounds), one p a r t  which v a r i e s  o n l y  w i t h  t h e  

o b j e c t s  k (LPs),  and a "random" p a r t ,  t h e  r e s i d u a l s ,  which desc r ibe  t h e  

non-sys temat ic  v a r i a t i o n .  

by b.  

denoted by u 

eik. 

p o i n t  o f  re fe rence  o f  t h e  v a r i a t i o n  i n  t h e  model. 

The parameters va ry ing  w i t h  the  v a r i a b l e s  a r e  denoted 

The parameters v a r y i n g  w i t h  t h e  o b j e c t s  a r e  and r e f e r r e d  t o  as load ings .  
'P 

and c a l l e d  f a c t o r s  o r  components. The r e s i d u a l s  a r e  denoted by 
Pk 

Often, t h e  mean va lue  of each v a r i a b l e ,  denoted by Ti, i s  taken as the  

G r a p h i c a l l y ,  we can i l l u s t r a t e  t h i s  decomposi t ion as t h e  f o l l o w i n g  b l o c k  

s t r u c t u r e  : 

k + 
x - u1 

(19.1) 

r f a c t o r  o r  -+ + +  
E - component 

Y Y b~ b2 vec to rs  

da ta  m a t r i x  mean r l oad ing  
( i  = l , Z ,  . . . ,  d ; v e c t o r  vec to rs  
k = 1,2,.,.,n) 

r e s i d u a l  
m a t r i x  

Express ing  the  model i n  terms o f  each i n d i v i d u a l  obse rva t i on  ( v a r i a b l e  i measured 

on o b j e c t  k ) ,  we have eqn. 19.2, which i n  m a t r i x  form i s  eqn. 19.3 

r 
(19.2) 

+ - 
Y = y t B U t E  (19.3) 
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I n  PCA and i n  t h e  f i r s t  phase o f  FA, t h e  consecut ive  p roduc t  terms i n  t h e  

model a re  determined t o  e x p l a i n  as much o f  t he  v a r i a t i o n  i n  Y as poss ib le .  

makes the  parameters B and U unique b u t  f o r  a m u l t i p l i c a t i v e  cons tan t .  To 

anchor t h e  parameter sca les ,  one t h e r e f o r e  needs a n o r m a l i z a t i o n  c o n d i t i o n  f o r  

e i t h e r  bip o r  upk. 

Th is  

I n  FA t h e  usual  p r a c t i c e  is t o  use 

d 
C b? = L  
i =1 ' P  P 

(19.4) 

where L i s  t h e  p t h  e igen-va lue  o f  t h e  c o r r e l a t i o n  m a t r i x  o f  Y .  I n  PCA, another  

n o r m a l i z a t i o n  c o n d i t i o n  i s  sometimes used 
P 

(19.5) 

The n o r m a l i z a t i o n  19.4 i s  due t o  the  f a c t  t h a t  t he  e igen-va lue  L i s  r e l a t e d  t o  

t h e  p r o p o r t i o n  o f  t h e  var iance i n  Y t h a t  i s  exp la ined  by the  p t h  p roduc t  te rm 

i n  t h e  f a c t o r  model (eqns. 19.1-19.3). 

i s  es t imated  as t h e  p t h  e igen -vec to r  o f  t h e  c o r r e l a t i o n  m a t r i x  o f  Y .  

P 

A lso ,  t r a d i t i o n a l l y  t h e  parameter v e c t o r  d 

idhen FA and PCA a re  a p p l i e d  t o  t h e  same data m a t r i x  w i t h  r e g u l a r i z e d  

(normal ized)  v a r i a b l e s  (see s e c t i o n  19.3.1), t hey  g i v e  n u m e r i c a l l y  e q u i v a l e n t  

r e s u l t s ,  b u t  w i t h  the  no rma l i za t i ons  shown above, we see t h a t  t he  b-values o f  

FA w i l l  be t imes t h e  b-values o f  PCA. Analogously,  t he  U-values o f  FA w i l l  

be t imes sma l le r  than the  U-values o f  PCA, b u t  t he  p roduc t  b .  u w i l l  be 

t h e  same f o r  bo th  methods. I n  bo th  FA and PCA, t h e  U-values w i l l  decrease i n  

s i z e  w i t h  t h e i r  decreas ing  exp lana to ry  power o f  t he  var iance i n  Y .  

P 

P I P  Pk 

19.3. B A S I S  OF FPCA 

19.3.1. R e l a t i o n  t o  m u l t i p l e  reg ress ion  ( M R )  

I n  FIR, one assumes t h a t  a measured v a r i a b l e  y i s  exp la ined  by a l i n e a r  

combina t ion  o f  r independent v a r i a b l e s  x 
P 
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r 
(19.6)  

The values of x a re  assumed t o  - 3  "accura 

i n  yk' e k .  
P k  

? ly"  known compared with the "er ror"  

FPCA can be seen as another version of the  same model (eqn. 19.6),  b u t  where 

the  values of the var iables  x a re  not d i r e c t l y  observed. Instead,  one assumes 
P 

t h a t  these var iables  occur " i n t r i n s i c a l l y "  i n  each of a s e t  of measured var iables  

y . ,  so t h a t  each vector T. i s  a rea l iza t ion  of the l i n e a r  combinations of these 

var iables  x 
1 1 

P 

(19.7) 

The data analysis  now involves a simultaneous estimation of b o t h  the "regression 

coef f ic ien ts"  a i p  ( b i p  i n  the  FPC model) and the  i n t r i n s i c  var iables  xpk ( u p k  i n  

the FPC model). 

multitude of var iables  yi ( i  = 1, 2 ,  ..., d ) .  

factors/components u 

data s e t .  

This estimation i s  possible  because of the exis tence of the 

I t  follows t h a t  the 

can be in te rpre ted  as the "fundamental" var iables  of the 
P k  

Being only ind i rec t ly  observed, they a r e  often ca l led  l a t e n t  var iab les .  

19.3.2.  FPCA as a general model f o r  a group of s imi la r  objects  

A deeper and more general in te rpre ta t ion  of FPCA than the re la t ion  t o  MR i s  

obtained i f  we assume t h a t  the data y i k  a re  observed on a number of ob jec ts  of 

l imited d i v e r s i t y ,  i . e . ,  the  objects  a re  in  some way "s imi la r" .  Assuming f u r t h e r  

t h a t  the data y can be seen as generated by a smooth, several t ines  d i f f e r e n t i a b l e  

function f ,  a Taylor expansion of t h i s  function leads t o  the FPCA model (Wold, 

1976). As in ordinary Taylor expansions, the more terms t h a t  are needed the larger  i s  

the var ia t ion in  the  generating function f ,  i . e . ,  the  l a r g e r  i s  the d ivers i ty  

among t h e  objec ts .  

The assumption t h a t  measured data can be seen as generated by such a function f 
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i s  natural i n  chemistry and other  branches of natural science.  Thus, i n  the 

current  fundamental theory o f  chemistry, i . e .  

mechanics, any observable quant i ty  i s  an eigen-value t o  an operator  equation 

(Eyring e t  a1 . )  1944). 

The assumption of l imited d ivers i ty  i s  needed t o  make the number of terms in  

the Taylor expansion of t h i s  function small. 

q u a n t u m  theory and s t a t i s t i c a l  

This gives observed q u a n t i t i e s  a funct ion-l ike behaviour. 

Although t h i s  in te rpre ta t ion  i s  not i n  d i r e c t  contradict ion t o  the one 

discussed i n  the previous sec t ion ,  i t  emphasizes the need f o r  caution i n  the 

i n t e r p r e t a t i o n  of the loadings and factors/components 2 and c. 
phenomenologically, i t  i s  d i f f i c u l t  t o  dis t inguish between the case when these 

ac tua l ly  can he seen as  l i n e a r  " l a t e n t  var iables"  and the case when they express 

a l inear iza t ion  of a complex non-linear function observed over a limited domain. 

Thus, 

19.3.3. Geome t r i  cal i n t e  r p  re t a t i  on 

A simple means of obtaining a geometrical in te rpre ta t ion  of FPCA i s  to  construct  

a d-dimensional space with orthogonal coordinate axes, one f o r  each var iable  i 

( d  var iables  a l toge ther ) .  

object  i s  represented as a point ,  

I n  such a space, the data vector measured on one 

FPCA can be seen as a method where an r-dimensional hyperplane i s  least-squares  

f i t t e d  t o  the points of the objec ts .  r-dimensional hyperplanes are  d i f f i c u l t  

t o  imagine, b u t  we can e a s i l y  think about these when r = 1 or r = 2 .  The 

coef f ic ien ts  b. 

point 7 defined by the var iable  mean values. 

on t h i s  plane the projection of point k i s  s i tua ted .  

o f  the residual vector  gk (eqn. 19.3) ,  f i n a l l y ,  measures the  orthogonal dis tance 

between the plane and point  k ( see  eqn. 19.14 f o r  a def in i t ion  of t h i s  SD, 

determine the direct ion of t h i s  plane which passes t h r o u g h  the 

describe where 

The standard deviation (SD) 

+ 1 P  

The coef f ic ien ts  u 
P k  

) '  
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,point k 

Variabl 

Fig. 19.1. Data points  in  a d-space with d = 3, with a f a c t o r  model (eqns. 
19.1-19.3) with r = 2 ( t h e  plane of c l o s e s t  f i t  t o  the data p o i n t s ) .  

19.3.4. Limitations of  the method 

Like a l l  methods of data  ana lys i s ,  FPCA i s  s e n s i t i v e  t o  inhomogeneities i n  the 

FPCA i s  based on  the  assumption t h a t  a l l  objects  included i n  the study data  s e t .  

a re  f a i r l y  s imi la r .  

the IR spectra  of a number of carbonyl compounds, some of  which a re  conjugated 

and some not, one might f i r s t  g r o u p  the spectra  i n t o  the sub-sets "conjugated" 

and "non-conjugated". 

sub-group with fewer product terms than obtained i f  a l l  data a re  analysed i n  

the same model. 

For example, i f  one wishes t o  analyse the  v a r i a b i l i t y  of 

This wil l  a l so  lead t o  a much simpler FPC model f o r  each 

Therefore, when the data a r e  obviously grouped, the data  s e t  

should be divided i n t o  sub-sets and each sub-set o f  more simi 

separately.  

I n  order t o  obtain s t a b l e  estimates of the parameters, the 

must n o t  approach the number of ava i lab le  data points .  This 

ar objects  analysed 

number of parameters 

ondition i s  o f  

grea t  'importance i n  a l l  data analyt ical  methods and was discussed i n  connection 

with multiple regression.  

on  the number of product terms, r ,  of about a quar te r  o r  a t h i r d  o f  the smaller 

I n  FPCA, t h i s  condition corresponds t o  an upper l i m i t  
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dimension of the data  matrix. 

F ina l ly ,  a l l  least-squares  based methods work best when the residuals  a r e  

f a i r l y  cent ra l ly  d is t r ibu ted  and have f a i r l y  equal variance both row-wise and 

col umn-wi se .  

data transformations, chemists of ten taking the logarithm of observations before 

they e n t e r  the data in to  the ana lys i s .  

Apparent deviations from these condi t i  ons a r e  usual l y  removed by 

19.4. ESTIMATION OF THE PARAMETERS IN THE FPCA MODEL 

For a given data matrix Y with the var iables  appropriately scaled ( see  below), 

the following parameters a r e  t o  be estimated t o  give the model the "c loses t  f i t "  

t o  the data .  

(1) The values Ti ,  i . e . ,  the means of each var iable  

(19.8) 

( 2 )  The number of s i g n i f i c a n t  fac tors  or  components, r .  

( 3 )  The values of the loadings b .  ( p  = 1, 2 ,  ..., r )  and the fac tors  or 
'P 

components u D k  ( p  = 1, 2 ,  . ., , r ) .  

19.4.1.  Scaling of data  

FA analyses the cor re la t ions  of the data matrix Y, which i s  equivalent t o  

an analysis  of regular ised da ta ,  i . e . ,  the average of each var iab le  7. (eqn. 19.8) 

i s  f i r s t  subtracted and then each element of the  data i s  divided by the data 

standard deviation ~ ( y ) ~ .  Denoting the normalized data by y i i  

1 

(19.9)  

with 

(19.13) 
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The r e s u l t s  of PCA a re  dependent on the data sca l ing .  

var iables  a r e  measured i n  the same uni ts  as  in  the G C - L P  example, the recommended 

prac t ice  i s  t o  make P C A  equivalent t o  FA by using regular ized data i n  the P C A .  

I n  the  G C - L P  example, one might wish t o  minimize the residuals  when these 

I f  n o t  a l l  of the 

a re  expressed i n  the  same uni t s  as the or iginal  raw data .  

PCA i s  performed on unscaled data .  Below, the analysis  i s  made in  both ways as 

i t  i s  of i n t e r e s t  t o  compare the r e s u l t s .  

I n  such a case,  the 

19 .4 .2 .  The number of f a c t o r s ,  r 

I n  FPCA, the  f i r s t  important parameter t o  be estimated i s  the number of 

s i g n i f i c a n t  product terms ( f a c t o r s )  i n  the  model. This estimation corresponds 

t o  finding o u t  how much of the var ia t ion in  Y i s  systematic a n d  how much 

"random noise". 

( p  = 1, 2 ,  .. ., r )  and the l a t t e r  by the  residuals  e i k .  

"stopping ru le"  t o  determine when the number of product terms a r e  s u f f i c i e n t  

f o r  the purpose of the  data analysis  o r ,  a l t e r n a t i v e l y ,  when the next term makes 

an i n s i g n i f i c a n t  contr ibut ion t o  the explanation of the var ia t ion i n  Y .  

i s  

The former i s  described by the parameters 7. b a n d  u 
P P 

Hence, one must use a 

Most of the  var ia t ion i n  Y i s  usually described by the  f i r s t  few product 

terms, and the following terms each describe very l i t t l e  of t h i s  var ia t ion .  I n  

the  G C - L P  example, f a c t o r  5 a n d  beyond together explain l e s s  t h a n  7 .5% of the 

SD of Y ( see  Fig. 1 9 . 2 ) .  I t  i s  c l e a r  t h a t  beyond a cer ta in  r .  the fac tors  have 

ne i ther  s t a t i s t i c a l  nor chemical s ign i f icance .  

One must be c l e a r  about the difference between s t a t i s t i c a l  and chemical 

s ignif icance.  A parameter i s  s t a t i s t i c a l l y  s i g n i f i c a n t  when the  probabi l i ty  t h a t  

the parameter has a value d i f f e r e n t  from zero i s  f a i r l y  large.  

can s t i l l  be chemically u t t e r l y  i n s i g n i f i c a n t ,  however. The important thing i s  

t h a t  a parameter must be s t a t i s t i c a l l y  s i g n i f i c a n t  in  order t o  be chemically 

s i g n i f i c a n t .  Thus, s t a t i s t i c a l  s ignif icance i s  a necessary b u t  not s u f f i c i e n t  

condition f o r  chemical significance,, 

That parameter 

The number of s t a t i s t i c a l l y  s i g n i f i c a n t  fac tors  in FPCA increases  when the 
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r 

Fig. 19.2.  Percent of  the var ia t ion  i n  Y ,  measured as SD, remaining a f t e r  r 
product terms in  the GC-LP example (unscaled d a t a ) .  

L 

0’ 

07 

0 5  
03 

0 4  

- 0.2 0 0.2 
Fig. 19.3. 
showing the s i m i l a r i t y  between the var iables  1-10. 

Plot  o f  biz against  b i l  (values from lower par t  o f  Table 19.111) 
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dimensions of the matrix increase.  Hence, a s t a t i s t i c a l  "stopping ru le"  wil l  

provide the maximal number of s i g n i f i c a n t  product terms. 

chemist decides whether the  number of chemically s i g n i f i c a n t  terms i s  smaller .  

The common sense of the 

Four main rules  a re  used i n  chemical appl icat ions of FPCA. 

(1) Use as many fac tors  as necessary such t h a t  a la rge  par t  of y,  usually 95% 

of the variance, i s  described by the model, 

( 2 )  Use as  many fac tors  as  necessary such t h a t  the residuals  ( e i k )  have a 

variance corresponding t o  the "known" precision of the data .  

P 
( 3 )  Use only fac tors  with eigen-values ( L  ) of the cor re la t ion  matrix which 

a r e  l a r g e r  than uni ty .  This ensures t h a t  fac tors  included i n  the  model contain 

contr ibut ions from a t  l e a s t  two var iables  in  Y .  

( 4 )  Use only fac tors  t h a t  increase the predict ive power of the f a c t o r  model. 

To assess  t h i s  pred ic t ive  power, p a r t  of the data matrix i s  deleted and the 

parameters B a n d  U a r e  estimated from the remaining reduced d a t a  matrix. 

each value o f  r one ca lcu la tes  predicted values f o r  the deleted points by means 

of the model and parameter values. These predicted values a re  compared with the 

actual values of the deleted points .  The value of r i s  chosen which gives the 

smallest  average difference between predicted a n d  actual values. 

For 

Considering these four  r u l e s ,  i t  can be sa id  t h a t  the f i r s t  two have l e s s  

s t a t i s t i c a l  s ignif icance.  

e r r o r  of measurement a t  f i r s t  might seem a t t r a c t i v e ,  i t  i s  based on  the impl ic i t  

assumption t h a t  the FPCA model i s  "exact" apar t  from er rors  of measurement in  

the da ta ,  This i s ,  a t  bes t ,  a very doubtful assumption - empirical models 

such as the FPCA model a re  approximations t o  the data and therefore  nearly always 

contain model e r r o r s  of unknown magnitude. 

standard programmes, f o r  instance SPSS (Nie e t  a l . ,  1975) a n d  usually works 

reasonably wel l .  

values of r. In t h i s  way, i t  seems t o  correspond b e t t e r  to  chemical common sense. 

I n  the GC-LP example, rules  3 and 4 ind ica te  the presence of four s t a t i s t i c a l l y  

Although the idea of reproducing the data within the 

Rule 3 i s  incorporated i n  most FPCA 

Rule 4 i s  of ten more conservative than ru le  3 ,  giving smaller 

s i g n i f i c a n t  fac tors  (Table 19.11) .  From F i g .  19 .2 ,  one observes t h a t  the  f i r s t  

iranchembook.ir/edu

https://iranchembook.ir/edu


396 

two are  responsible f o r  about 70% of the  var ia t ion  i n  Y .  

would probably be used t o  f ind  the chemical ( d i s ) s i m i l a r i t i e s  of so lu tes  or LPs. 

I f  we wish t o  pred ic t  an external property by the FPC model, we would use four  

fac tors  t o  obtain as small predict ion e r r o r s  as  possible. 

These two major fac tors  

19.4.3.  Estimation o f  loadings and fac tors  (components) 

Once the number of s i g n i f i c a n t  terms, r ,  has been determined i n  re la t ion  t o  the 

actual appl ica t ion ,  the remaining estimation problem i s  merely a technical one, 

which i s  e a s i l y  handled by ava i lab le  s t a t i s t i c a l  programme packages, such as 

SPSS (Nie e t  a l . ,  1975).  

than the previous one. 

Hence, t h i s  sect ion i s  o f  l e s s  fundamental i n t e r e s t  

Table 19.11 

Performance o f  "stopping ru les"  1-4 on the 10 x 20 FlcReynolds data matrix. 
t h a t  as  FA operates on the cor re la t ion  matrix, the eigen-value, 
re fe rs  t o  data scaled by regular izat ion.  The PRESS/SS(e) re fersLPio  the r a t i o  
between the sum of squared predict ion e r r o r s  and the sum of the squared residuals  
with r being one uni t  lower. When t h i s  r a t i o  i s  l a rger  t h a n  uni ty ,  the l a t e s t  
included term i s  s t a t i s t i c a l l y  ins igni f icant  according t o  rule  4 .  Values 
corresponding t o  the "best" value o f  r f o r  each rule  a r e  underlined. 
of measurement i n  the d a t a  i s  approximately 3 uni t s  and s ( y )  o f  the raw data 
i s  29.4 

Note 
in  column 4 

The e r r o r  

Regul a r i  zed data Unscaled raw data 

PRESS/SS(e) s ( e ) 2 / s ( y ) 2  s ( e )  PRESS/SS(e) 
P 

P s ( e ) 2 / s ( y ) 2  s ( e )  L 

rule  1 ru le  2 rule  3 rule  4 ru le  1 ru le  2 rule  4 

1 .35 19 10.9 0.45 .15 12.4 0 .20  
.13 
- .05 
.02 
. O l  
.003 
.001 
. O O O l  
.00003 

12 
9 
5 . 7  
4 .9  
L 3  
2 . 1  
0 .9  
0 . 6  

6 . 5 6  
3.74 
2.61 -- -- 
I. ia  
1.14 

0.40 
0.69 

0.13 

0.73 
1.07 
- .05 

* 02 
.01 
.305 
.a01 
.0003 
. O O O l  
.00002 

- 8 . 1  
6.0 
4 .5  
- 3.5 
2 . 2  
1 . 3  
0 . 8  
0 .6  

0.48 
0.86 
0.64 

28.0 

- 10 0 0 0.07 0 0 

For a complete data matrix (without missing observat ions) ,  the standard way 

of proceeding i s  f i r s t  t o  form the covariance matrix C 
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i + 
c = ( Y  - y)'(Y - y) (19.11) 

and, i n  FA, then normal ize  t h i s  t o  g i v e  the  c o r r e l a t i o n  m a t r i x  R (si, s 

a re  elements o f  C) 

and c .  
j 1 j  

(19.12) 

I n  PCA, t h e  l oad ings  b a re  es t imated  as the  p t h  e igen -vec to r  o f  t h e  covar iance 

m a t r i x  C, and i n  FA, t h e  l oad ings  a re  es t ima ted  as the  p t h  e igen -vec to r  o f  t h e  

c o r r e l a t i o n  m a t r i x  R. As the  covar iance and c o r r e l a t i o n  ma t r i ces  a re  i d e n t i c a l  

f o r  r e g u l a r i z e d  data,  FA and PCA a re  e q u i v a l e n t  i n  such a case. 

i P  

-t 

From t h e  e igen -vec to r  p r o p e r t i e s  o f  t h e  l oad ings  B i t  f o l l o w s  t h a t  these 
P '  

vec to rs  a re  o r thogona l  t o  each o t h e r ,  f o r  p # q 

+ +  
Bp Bq = 0 (19.13) 

+ 
The same o r t h o g o n a l i t y  p r o p e r t y  ho lds  f o r  t h e  vec tors  U 

i n  a v a r i e t y  o f  ways by u s i n g  t h e  f a c t  t h a t  niodel 19.3 i s  l i n e a r  once t h e  values 

o f  Ti and b.  

These can be es t ima ted  
P '  

a r e  known. 
'P 

0 t h e r  methods can a l s o  be used t o  es t ima te  the  values o f  t he  parameters b 
i P  

and u bu t ,  rega rd less  o f  t he  method used, t h e  values a l l  become t h e  same. 

Hence, t h e  chemist  need n o t  concern h i m s e l f  w i t h  the  numerical  problems ; t h e  

i m p o r t a n t  p o i n t  i s  t h a t  t he  parameter e s t i m a t i o n  corresponds t o  f i n d i n g  t h e  p lane 

o f  c l o s e s t  f i t  t o  t h e  p o i n t s  i n  d-space ( s e c t i o n  19.3.3).  

Pk 

I n  Table 19.111, t h e  parameters r e s u l t i n g  f o r  t he  GC-LP data  are  g i v e n  bo th  

f o r  t h e  sca led  and unscaled data.  The n o r m a l i z a t i o n  o f  t he  B - vec to rs  i s  t h a t  

cor respond ing  t o  PCA (see s e c t i o n  19.3.1).  

o f  t he  da ta  on the  B1 vec to rs  i s  revea l i ng .  

t h e  l a r g e s t  v a r i a t i o n  and v a r i a b l e  10 t h e  sma l les t  (row 1 i n  Table 19.111).  

PC model t r i e s  t o  e x p l a i n  as much as p o s s i b l e  o f  t h e  v a r i a t i o n  o f  y i n  each produc t  

i 

P 
The i n f l u e n c e  of t h e  r e g u l a r i z a t i o n  

-P 

I n  the  unscaled data,  v a r i a b l e  2 has 

The 

term. Hence, t h e  c o e f f i c i e n t  b i s  l a r g e  and b smal l  f o r  t he  unscaled da ta  
2 3 1  10, l  
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I n  t h e  r e g u l a r i z e d  data,  where a l l  v a r i a b l e s  have the  same var iance,  bil i s  

i s  o f  i n s t e a d  a pure  measure o f  t h e  c o r r e l a t i o n  s t r u c t u r e  i n  t h e  da ta  and b 

the  same s i z e  as b 

m a j o r i t y  o f  t h e  v a r i a b l e s  i n  t h e  da ta  m a t r i x .  Th i s  shows t h a t  FPCA o f  r e g u l a r i z e d  

da ta  u s u a l l y  g i ves  r e s u l t s  t h a t  a re  s imp le r  t o  i n t e r p r e t .  PCA o f  r e g u l a r i z e d  

data,  on t h e  o t h e r  hand, exp la ins  as much as p o s s i b l e  o f  t he  v a r i a t i o n  i n  t h e  

observed data.  

measurements o f  f u t u r e  ob jec ts ,  t he  PCA o f  t he  unscaled da ta  shou ld  be used. T h i s  

i s  an example o f  the  genera l  r u l e  o f  g r e a t  importance t h a t  one must know what 

the  r e s u l t s  w i l l  be used f o r , i n  o r d e r  t o  choose the  a p p r o p r i a t e  way o f  ana lys ing  

a g i ven  da ta  s e t .  

2Y1 
These two v a r i a b l e s  a r e  e q u a l l y  c o r r e l a t e d  t o  t h e  10 , l .  

Thus, i f  one wishes t o  use t h e  a n a l y s i s  t o  p r e d i c t  t he  values o f  

19.5. IIJFORMATION FROM THE DATA ANALYSIS 

Four types o f  i n f o r m a t i o n  a r e  e x t r a c t e d  f rom t h e  da ta  s e t  by an FPCA. 

(1) The number o f  s i g n i f i c a n t  p roduc t  terms i n  t h e  model. Th i s  i s  o f t e n  

c e n t r a l  i n  i t s e l f ,  as i n  t h e  GC-LP example where i t  i s  indeed i n f o r m a t i v e  t h a t  

two major  " f a c t o r s "  e x p l a i n  more than 95% o f  t h e  var iance i n  t h e  data and t h a t  

no more than two a d d i t i o n a l ,  m inor  b u t  s t a t i s t i c a l l y  s i g n i f i c a n t ,  " f a c t o r s "  a r e  

found i n  t h e  da ta ,  

I n  t h e  a n a l y s i s  o f  spec t roscop ic  da ta  where spec t ra  have been recorded f o r  a 

number o f  s o l u t i o n s  w i t h  the  same s o l u t e s  added i n  d i f f e r e n t  p ropor t i ons ,  t h i s  

number bears on t h e  number o f  chemica l l y  s i g n i f i c a n t  species t h a t  need t o  be 

p o s t u l a t e d  t o  e x i s t  i n  t h e  s o l u t i o n s  (Hugus and El-Awady, 1971).  

( 2 )  Values o f  t h e  v a r i a b l e  averages yi and t h e  l oad ings  bip. Of ten  t h e  

averages a re  i m p o r t a n t  f o r  t he  i n t e r p r e t a t i o n  - i n  t h e  GC-LP example they  g i ve ,  

f o r  ins tance,  t h e  i n f o r m a t i o n  t h a t  t h e  r e t e n t i o n  i ndex  o f  benzene ( i  = 1 )  i s  c l o s e  

t o  t h a t  o f  1- iodobutane ( i  = 7 ) ,  on average. 

The load ings  b .  descr ibe  the  c o r r e l a t i o n  s t r u c t u r e  i n  the  da ta  se t .  Thus, 
1P 

from b .  

c o r r e l a t e d  ( t h e i r  bil values a re  o f  t he  same s i g n )  whereas v a r i a b l e s  1 and 3 

o f  t h e  sca led  GC-LP data,  we see t h a t  t h e  v a r i a b l e s  1 and 2 a r e  p o s i t i v e l y  
11 
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a re  n e g a t i v e l y  c o r r e l a t e d  (bil have d i f f e r e n t  s i g n s ) .  

v a r i a b l e  9 does n o t  p a r t i c i p a t e  i n  t h i s  c o r r e l a t i o n  s t r u c t u r e ,  i n  as much as 

Fu r the r ,  we see t h a t  

bg,l i s  sma l l .  
-f 

F i g .  19.3 shows a p l o t  o f  t he  f i r s t  two B vec to rs  o f  t h e  sca led  data.  One can 

see a group ing  o f  t h e  so lu tes ,  some be ing  c l o s e  t o  each o t h e r .  

a s i m i l a r i t y  between, on the  one hand, v a r i a b l e s  2, 6 and 8 (perhaps r e l a t e d  t o  

hydrogen bonding a b i l i t y ) ,  and, on  t he  o t h e r  hand, v a r i a b l e s  3 and 4.  

1, 5, 7 and 10 seem t o  fo rm a r a t h e r  l oose  group, w h i l e  v a r i a b l e  9 (d ioxane)  

seems t o  behave d i f f e r e n t l y  f rom a l l  o f  t h e  o the rs  i n  t h i s  da ta  s e t .  T h i s  

g roup ing  has e a r l i e r  been s t u d i e d  by o t h e r  means (see Chapter 18 ) .  

Th is  i n d i c a t e s  

Var iab les  

( 3 )  Values o f  the  f a c t o r s  (components) u These parameters r e l a t e  t o  the  
Pk' 

i n d i v i d u a l  o b j e c t s  - LPs i n  t he  G C - L P  example - and t h e i r  " p o s i t i o n s "  i n  the  

da ta  s e t .  I n  the  geomet r ica l  i n t e r p r e t a t i o n  ( F i g .  19 .1) ,  t he  u desc r ibe  where on 

t h e  p lane o f  c l o s e s t  f i t  t h e  k t h  o b j e c t  i s  s i t u a t e d .  

( F i g .  19.4) revea ls  a g roup ing  o f  t h e  LPs i n t o  one major  group and one minor  

group c o n t a i n i n g  the LPs 10, 13 and 18. 

l a t t e r  t h ree  LPs hav ing  d i f f e r e n t  separa t i on  p r o p e r t i e s .  

u s e f u l  i n  the  c l a s s i f i c a t i o n  and combina t ion  o f  LPs. 

Pk 

A p l o t  o f  ulk aga ins t  u~~ 

Th is  can be i n t e r p r e t e d  i n  terms o f  t he  

Thus FPCA can be 

(4 )  The r e s i d u a l s  eik. These numbers desc r ibe  t h e  non-sys temat ic  p a r t  o f  t he  

data - t h e  p a r t  unexp la ined by t h e  model. The r e s i d u a l  s tandard  d e v i a t i o n  (RSD) 

f o r  each o b j e c t ,  s(e),, g i ves  i n f o r m a t i o n  o f  how much "non-systemat ic"  v a r i a t i o n  

t h e  da ta  v e c t o r  o f  t h e  o b j e c t  con ta ins  

2 d 2  
s ( e I k  = C eik / ( d - r )  

i =1 
(19.14) 

These values o f  s(e), can be used t o  f i n d  " o u t l i e r s "  among the  o b j e c t s ,  i . e . ,  

o b j e c t s  t h a t  do n o t  f i t  the  same data  s t r u c t u r e  as the  m a j o r i t y  o f  t h e  o b j e c t s .  

Th is  i s  done by an approximate F - t e s t  w i t h  ( d - r )  and ( d - r ) ( n - r - 1 )  degrees o f  

freedom, where s ( e )  i s  compared w i t h  the  t o t a l  RSD, s ( e )  k 
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(19.15) 

d n  2 s ( e ) 2  = C C e i k  / ( d - r )  (n-r-1) 
i = l  k = l  

(19.16) 

I n  the G C - L P  data ,  none of the 20 LPs were o u t l i e r s  according t o  t h i s  F- tes t  

with a = 0.05. 

Analogously, the RSD s ( e ) i  r e l a t e s  t o  the amount of non-systematic var ia t ion  

i n  the i t h  var iable .  

bottom of Table 19.111. 

These values f o r  the regularized data a r e  shown a t  the 

s (e ) :  = I: n 2  e i k  / (n-r-1) 

k = l  
(19.17) 

I n  the  G C - L P  appl ica t ion ,  a l l  var iables  have s ( e ) i  values smaller than 0 .3 ,  

showing t h a t  the FPC model describes most of t h e i r  var ia t ion .  I n  the context of 

pat tern recogni t ion,  s ( e ) i  provides an important c r i t e r i o n  f o r  se lec t ion  of 

re levant  var iables  ( see  Chapter 20) .  

19.6. ROTATIONS A N D  TRANSFORMATIONS OF THE PARAMETER VECTORS 

For r > 1, the  parameters in  the  FPC model, eqn. 19.3,  a r e  non-unique f o r  

transformations. 

f i r s t  obtained, y i ,  b i l ,  b i 2 ,  u l k  and u ~ ~ ,  a r e  calculated so as  t o  maximize the 

variance explained by the model in  each s tep .  

t h e  solut ion 

Consider, f o r  s impl ic i ty ,  a case with r = 2 .  The parameters 
- 

I f  t h i s  condition i s  re laxed,  

b i l l  = b. t b i 2  

b i 2 '  = b i l  - bi 2 

11 
(19.18) 

and other  combinations ( r o t a t i o n s )  a re  equally f e a s i b l e .  

of d i f f e r e n t  such transformations a r e  used f o r  various purposes. 

problems, there  i s  mainly a need f o r  two types o f  transformations, the f i r s t  of 

I n  FA, a la rge  number 

I n  chemical 
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which, i n  our view, i s  best approached graphical ly  

19.6.1. Transformations t o  s implify the parameter vectors 

Consider the in te rpre ta t ion  o f  the var iables  ulk and  uZk in  the G C - L P  example 

(Fig.  19 .4) .  

f igure  ( w l  and w 2 )  wi l l  make the  l a t t e r  small f o r  most of the  LPs and, in  

addi t ion ,  make w1 correspond c loser  t o  the "polar i ty"  of the LPs. 

The introduct ion of two new coordinate axes indicated in  the 

We see t h a t  t h i s  corresponds t o  a var iable  transformation t o  a coordinate 

system with non-orthogonal axes and a sh i f ted  o r i g i n .  I n  FA, the so-called 

ro ta t ions  a re  usually made without a s h i f t  o f  o r i g i n ,  mainly f o r  computational 

convenience. 

i s  a ser ious r e s t r i c t i o n ,  i s  no longer necessary. 

Today, with computers ava i lab le ,  this f ix ing  of the o r i g i n ,  which 

Variable transformations of t h i s  kind a r e ,  of necessi ty ,  subject ive.  A simpler 

in te rpre ta t ion  t o  one user might be a more complicated in te rpre ta t ion  t o  another. 

19.6.2. Transformations t o  f ind  cor re la t ions  with external var iables  

In b o t h  the  i4R and the "s imi la r i ty"  in te rpre ta t ions  of FPCA, the var iables  yi 

I f  we are  explained as l i n e a r  combinations of i n t r i n s i c ,  l a t e n t ,  var iables  u P k .  

now bring i n  a new variable  j with the measurements y .  we might wish t o  

inves t iga te  whether t h i s  new variable  i s  a l so  re la ted  to  the same s e t  of l a t e n t  

var iab les .  As the  l a t t e r  a re  already estimated i n  the i n i t i a l  FPCA, t h i s  involves 

a simple l i n e a r  regression 

J k '  

r 
(19.19) 

I f  the resu l t ing  residuals  e a r e  small ,  preferably having an RSD of the same 

magnitude as  the s i s  of t h e  i n i t i a l l y  included var iab les ,  we conclude t h a t  

indeed y .  

The whole ba t te ry  of multiple regression methodology can be used t o  t e s t  f o r  the 

j k  

i s  explained by the same model and the same s e t  of l a t e n t  var iab les .  
Jk 
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signif icance of t h i s  regression,  t o  es t imate  confidence in te rva ls  of the 

"regression coef f ic ien ts"  a and  so on. Predictions of y f o r  cases where t h i s  

has not been measured, b u t  values of u have been estimated, can a l so  be made 

(see  sect ion 1 9 . 7 ) .  

P '  j k  

P k  

An analogous analysis  t o  see whether a new object  with the  data vector yi* 

f i t s  the FPCA model i s  evident .  This involves the  regression 

* * (yi - T i )  = C v b. + ei 
p = l  p ' P  

(19.20) 

When a new variable  j o r  a new object  i s  introduced, ore does not need t o  have a l l  values 

in  t h e i r  corresponding data vectors defined by observed values t o  estimate i t s  

loadings or fac tors  (components). Thus, i n  the  regressions 19.19 and  19.20, the 

vectors y .  and yi* need only have s u f f i c i e n t  defined elements t o  give a "s tab le"  

estimation o f  the regression coef f ic ien ts  a o r  v Two types of information a r e  

obtained i n  such a regression.  F i r s t l y ,  the s i z e  of the residual standard 

deviation (RSD)  indicates  i f  i t  i s  l i k e l y  t h a t  the f i t t e d  data  a re  described by 

the same model as  t h a t  describing the "old" data .  Secondly, i f  t h i s  i s  the 

case, one obtains predicted values f o r  the missing elements by means of eqn. 19.19 

o r  19.20 with the res idua ls  e o r  e * s e t  t o  zero. 

mu1  t i p l e  regression can be used t o  g e t  approximate confidence in te rva ls  f o r  these 

predicted values. This technique was ca l led  " f loa t ing  ro ta t ion"  by Weiner (1977). 

Jk 

P P '  

The standard formulae of j k  i 

19.7.  ADDITIONAL DATA ANALYTICAL APPLICATIONS OF FPCA 

A p a r t  from the appl icat ions of FPCA discussed above, the methodology i s  of ten 

used t o  reduce the dimensionality of the  matrix of independent var iables  i n  mult iple  

regression ( I I R ) .  The reason i s  t h a t  M R  i s  sens i t ive  t o  ( i )  s t rong cor re la t ions  

among the independent var iables  x and ( i i )  a number o f  independent var iables  

approaching the number of observations n .  A solut ion t o  both of these problems 

i s  t o  reduce the matrix X t o  a smaller matrix U containing the most s i g n i f i c a n t  

fac tors  (components) of X i n  a FPCA. Thus, the use o f  u s as independent 
P k  
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v a r i a b l e s  i s  advantageous because one inc ludes  o n l y  as many as t h e  number o f  

obse rva t i ons  n war ran ts  and, secondly,  t he  u-vec tors  a re  non-co r re la ted .  We see 

t h a t  t h i s  i s  i n  f a c t  c l o s e l y  analogous t o  the  a p p l i c a t i o n  d iscussed i n  s e c t i o n  

19.6.2. 

A second use fu l  a p p l i c a t i o n  o f  FPCA i s  i n  d i s p l a y  methods, i . e . ,  t o  f i n d  t h e  

"e igen -vec to r "  p r o j e c t i o n  o f  a da ta  s e t  Y f o r  g raph ica l  p l o t s  ( s e c t i o n  16 .3) .  

Th i s  corresponds t o  f i n d i n g  t h e  f i r s t  two o r  t h r e e  u 

then  us ing  these as coo rd ina te  axes i n  a p l o t  i n  the  same way as i n  F i g .  19.4. 

I t  f o l l o w s  f rom the  leas t -squares  p r o p e r t i e s  o f  FPCA t h a t  t h i s  p r o j e c t i o n  o f  t he  

da ta  s e t  p reserves  as much o f  t he  o r i g i n a l  var iance as p o s s i b l e  (Kowalski  and 

Bender, 1973 - see a l s o  Chapter 20) .  

vec tors  o f  t he  da ta  s e t  and 
P 

19.8. OTHER ANALYTICAL CHEllICAL APPLICATIONS OF FPCA 

The most common m u l t i v a r i a t e  da ta  s e t s  a r e  those i n  which t h e  v a r i a b l e s  r e l a t e  

t o  concen t ra t i ons  o f  c o n s t i t u e n t s  i n  t h e  sample - i n  t r a c e  element a n a l y s i s  t h e  

chemical elements and i n  chromatographic methods v o l a t i l e  o r  o t h e r  components. 

Data se ts  r e s u l t i n g  when these methods a re  used t o  analyse a c o l l e c t i o n  o f  

samples a r e  o f t e n  c o l l e c t e d  i n  o r d e r  t o  o b t a i n  i n f o r m a t i o n  about t h e  s i m i l a r i t i e s  

( d i s s i m i l a r i t i e s )  between samples and t o  o b t a i n  i n f o r m a t i o n  about the  type  o r  

source o f  samples. Typ ica l  examples a re  t h e  chemical c h a r a c t e r i z a t i o n  o f  

i n o r g a n i c  m a t e r i a l s  such as s t e e l s  by t h e i r  t r a c e  element c o n s t i t u t i o n  and then 

t r y i n g  t o  f i n d  whether a g i ven  s t e e l  i s  o f  type  one, say c o r r o s i v e ,  o r  two, 

say, non-cor ros ive ,  on t h e  bas i s  o f  t h i s  c h a r a c t e r i z a t i o n .  I f  one has a 

q u a n t i t a t i v e  measure o f  t h e  cor ros iveness ,  one m igh t  i n s t e a d  w ish  t o  r e l a t e  t h e  

t r a c e  element concen t ra t i ons  t o  t h i s  measure, i . e . ,  an FPCA w i t h  r e l a t i o n  t o  

an e x t e r n a l  v a r i a b l e  d iscussed i n  s e c t i o n  19.6.2 (Wold e t  a l . ,  1978). 

same way, o rgan ic  m a t e r i a l s  a re  o f t e n  c h a r a c t e r i z e d  by means o f  gas chromatography 

w i t h  t h e  hope o f  f i n d i n g  " p a t t e r n s "  i n  t h e  peak he igh ts  o r  peak areas t h a t  

r e l a t e  t o  des i red  type  o f  i n f o r m a t i o n  ( E l l i o t  e t  a l . ,  1971). 

I n  t h e  

FPCA o f  da ta  ob ta ined  f rom samples o f  a known t ype  o r  source t o g e t h e r  w i t h  
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- 2 - 1  0 1 2  3 4 5 
Fig. 19.4. 

the s i m i l a r i t i e s  between LP's (k = 1 t o  20 ) .  

Plot  of u Z k  aga ins t  u l k  f o r  the regular ised G C - L P  data ,  indicat ing 

data from samples of an unknown type along the l i n e s  indicated above can of ten 

provide t h i s  desired information t o  the ana ly t ica l  chemist, i f  he uses h is  

chemical knowledge t o  f ind good and relevant  var iables  t o  e n t e r  in to  the data 

analysis  (Wold and S j o s t r h ,  1977). 

Spectroscopic data ( I R ,  UV, MS, N H R ,  E S C A ,  e t c . )  measured on a number of 

compounds o r  mixtures can be subjected t o  FPCA i n  order  t o  f ind r e g u l a r i t i e s  i n  

the data. 

a t  regular  frequency o r  wavelength in te rva ls  (Rozett and Petersen, 1975). 

Usually the FPCA works b e t t e r ,  however, with the  much fewer var iables  t h a t  

chemists a re  accustomed t o  derive from these spectra  such as the posi t ions and 

absorbances of c h a r a c t e r i s t i c  peaks (Wold a n d  Sjostrom, 1978). 

The var iables  then can be those obtained by d i g i t i z i n g  the spectra  

The ana lys i s  of d ig i t ized  waveforms of electrochemical methods - polarography, 

voltametry, e t c .  - can be made by FPCA b o t h  t o  character ize  the type of waveform 

f o r  samples and t o  a s s a s  concentrations of species  in  the  analysed so lu t ions .  

Also, co l lec t ions  of k ine t ic  curves of various kinds lend themselves t o  FPCA. 

The resu l t ing  information - the  number of " fac tor"  curves t h a t  a re  needed t o  

describe the co l lec t ion ,  and the shapes of these " fac tor"  curves - i s  of ten more 

useful and e a s i e r  t o  i n t e r p r e t  than the k ine t ic  parameters obtained by 

t rad i t iona l  curve- f i t t ing  (Howery, 1972). 
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Nothing prevents the data matrix analysed by FPCA from containing var iables  

of d i f f e r e n t  kinds. One might, f o r  instance,  wish t o  character ize  a number of 

o i l s  both by 20 t r a c e  element concentrations and the areas of 100 peaks i n  gas 

chromatograms. FPCA of such a "mixed" matrix presents no special  problems. 

I n  some instances,  however, one might wish t o  keep the s e t s  of var iables  a p a r t  

and t r e a t  them d i s t i n c t l y .  Extensions of FPCA f o r  such an analysis  have 

recent ly  been developed (Wold, 1977) and have also s t a r t e d  t o  be applied in  

various branches of chemistry (Mold e t  a l . ,  1978). 

An i n t e r e s t i n g  and perennial problem i s  t h a t  of comparing analyt ical  chemical 

methods or labora tor ies  on the basis  of t h e i r  performance on a number of real 

samples, sometimes ca l led  "round-robin" data. 

developed.to t r e a t  exact ly  t h i s  problem, n o t  i n  chemistry, b u t  i n  psychology and 

education, where samples correspond to  s tudents  and the analyt ical  methods t o  

a b i l i t y  t e s t s .  When applied t o  a comparison of s i x  d i f f e r e n t  methods f o r  the 

determination of glucose i n  blood, FPCA gave information about the precision of 

each method and a l so  detected systematic e r rors  in  two of the methods (Carey 

e t  a l . ,  1975 - see a so sect ion 3.1.1). 

ble note t h a t  FPCA was o r i g i n a l l y  

19.9. CONCLUSIONS 

Data s e t s  consis t ing of multiple measurements made o n  several samples or objects  

a r e  becoming increasingly common in analyt ical  chemistry. 

t h a t  chemists normally p u t  t o  such d a t a  s e t s  a re  answered i n  a s t ra ightforward 

way by FPCA of the data s e t .  Like a l l  methods of data ana lys i s ,  FPCA i s  based 

o n  a number of assumptions. 

l imi ta t ions  introduced by them, the chemist can use FPCA to  grea t  advantage as 

a f l e x i b l e  tool f o r  ex t rac t ing  useful information from chemical data .  Two 

important conditions f o r  success a re  ( i )  t h a t  the  chemist knows w h a t  kind of 

information he o r  she wants from the  data and ( i i )  t h a t  the data have been 

co l lec ted  in  re levant  and well performed experiments. FPCA works l i k e  an 

amplif ier .  

Many of the questions 

Recognizing these assumptions and rea l iz ing  the  

When the data a re  good and the method i s  used sens ib ly ,  one obtains  
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more from the data than without the method. However, i f  the  data a r e  bad 

and/or the method i s  used without common sense, one obtains  worse r e s u l t s  with 

FPCA than without. 
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Chapter 20 

SUPERVISED LEARNING METHODS * 

20.1. INTRODUCTIOPI 

L e t  us cons ider  t h e  m i l k  ( o r  t h e  t h y r o i d )  example f rom Chapter 16. I n  i t s  

s imp les t  form, t h i s  can be represented  by F i g .  20.1. One can imagine t h a t  samples 

f rom c l a s s  K ( f o r  example, goa ts '  m i l k )  shou ld  be d i s c r i m i n a t e d  from samples f rom 

c l a s s  L ( f o r  example, cows' m i l k )  accord ing  t o  two v a r i a b l e s ,  x1 ( f o r  example, 

b u t y r i c  a c i d  concen t ra t i on )  and x2 ( f o r  example, s t e a r i c  a c i d  c o n c e n t r a t i o n ) .  

These v a r i a b l e s  can be measurements o r ,  f o r  i ns tance ,  concen t ra t i ons .  

20.1, t h i s  d i s c r i m i n a t i o n  can be achieved by drawing l i n e s  such as a and b. I t  

shou ld  be observed t h a t  t h e  s o l u t i o n s  a re  n o t  n e c e s s a r i l y  unique. 

I n  F i g .  

Butyric acid XI 
F i g .  20.1. Separa t ion  o f  two c lasses ,  K and L, i n  two-dimensional  space. 

Th is  can be genera l i zed  t o  s i t u a t i o n s  w i t h  more v a r i a b l e s .  P, d-dimensional  

space i s  then ob ta ined  i n  which t h e  samples a re  represented  by p o i n t s .  

e a s i e s t  means o f  doing t h i s  i s  t o  c h a r a c t e r i z e  them w i t h  a vec to r ,  c a l l e d  t h e  

p a t t e r n  vec to r .  I n  t h e  two-dimensional  case i n  F i g .  20.1, t h e  samples f o r  which 

t h e  v e c t o r  i s  shown can now be denoted by ;; = (a, 6). 

w i l l  be represented  i n  hyperspace by 

The 

I n  general ,  a sample 

= (xl, x2,  . . . ,  x d ) .  

Th is  chapter  has been w r i t t e n  i n  c o l l a b o r a t i o n  w i t h  S. Wold, U n i v e r s i t y  o f  Ume8, 
Sweden. 

i c  
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I n  t h i s  chapter ,  which considers supervized learning systems, there  a r e  two 

kinds of samples, namely those which cons t i tu te  the t ra in ing  or learning s e t  

and those which have t o  be c l a s s i f i e d  ( t h e  t e s t  s e t ) .  

of samples f o r  which both the  pat tern vector  and the ident i ty  a r e  known. 

the t ra in ing  or  learning s tep ,  one develops a decision function such as  l i n e  a 

o r  b in  Fig. 20.1, o r  a mathematical descr ipt ion of the data s t r u c t u r e ,  such 

as i n  SIMCA. 

The t ra in ing  s e t  cons is t s  

I n  

Of the samples t h a t  must be c l a s s i f i e d  ( t h e  t e s t  s e t ) ,  one knows only the 

The mathematical descr ipt ion from the learning s tep  i s  used pat tern vector. 

to  c l a s s i f y  these samples i n t o  one of the known c lasses .  

between two c lasses  (a  binary decis ion)  and i n  many methods t h i s  function i s  

adjusted i n  the t ra in ing  s tep  in  such a way t h a t  f o r  members of c l a s s  K the  

function will be la rger  than zero and f o r  members of c lass  L smaller than or 

equal t o  zero. 

Often one dis t inguishes  

One makes a d i s t inc t ion  between parametric a n d  non-parametric techniques. 

I n  the  parametric techniques, s t a t i s t i c a l  parameters of the d is t r ibu t ion  of the 

samples a r e  used i n  the der ivat ion of the decision function (of ten ,  b u t  not 

necessar i ly ,  a mult ivar ia te  normal d is t r ibu t ion  i s  assumed). The non-parametric 

methods a r e  not e x p l i c i t e l y  based o n  d i s t r i b u t i o n  s t a t i s t i c s .  

and non-parametric methods have been used i n  analyt ical  chenis t ry .  Each has 

i s  own advantages and therefore  b o t h  approaches wil l  be discussed. 

Both parametric 

The most important advantage of applying non-parametric methods i n  analyt ical  

chemistry, i s  t h a t  i t  i s  of ten impossible t o  derive a representat ive d is t r ibu t ion  

because the t ra in ing  s e t s  a r e  too small. 

of ten not Gaussian. 

par t icu lar ly  the Gaussian methods i s  t h a t  s t a t i s t i c a l  t e s t s  can be car r ied  out  

t o  decide whether cer ta in  features  should be included o r  not. Another advantage, 

of l e s s  importance in  the  present context ,  i s  t h a t  i t  i s  possible  t o  quantify 

the c l a s s i f i c a t i o n  r i s k ,  i . e . ,  t o  s t a t e  a probabi l i ty  of correct  c l a s s i f i c a t i o n .  

tiowever, some non-parametric methods contain p o s s i b i l i t i e s  b o t h  f o r  fea ture  

When a d is t r ibu t ion  i s  obtained i t  i s  

The most important advantage f o r  the parametric and 
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s e l e c t i o n  and e s t i m a t i o n  o f  t h e  c l a s s i f i c a t i o n  r i s k  (see SIMCA, below).  

t h e  d i s t i n c t i o n  between pa ramet r i c  and non-parametr ic methods i s  n o t  c l e a r .  

tlence, 

As t h e r e  a r e  many v a r i a n t s  o f  p a t t e r n  r e c o g n i t i o n ,  we have decided t o  d iscuss  

o n l y  those methods which have become more o r  l e s s  e s t a b l i s h e d  techniques i n  

a n a l y t i c a l  chemis t ry .  

and H a r t  (1973), Young and C a l v e r t  (1974), Andrews (1972) (genera l ) ,  Ju rs  and 

Isenhour  (1975),  I senhour  e t  a l .  (1974) and Kowalski (1975) (non-parametr ic 

techn iques)  and Kendal l  (1975) ( p a r a n e t r i c  techn iques) .  

More d e t a i l s  can be found i n  books o r  rev iews by Duda 

We must cons ide r  here  t h e  te rm ino logy  i nvo l ved .  Books on m u l t i v a r i a t e  s t a t i s t i c s  

c a l l  t he  pa ramet r i c  techn ique discussed i n  t h e  n e x t  s e c t i o n  1 i n e a r  d i s c r i m i n a n t  

a n a l y s i s .  Th i s  te rm i s  used a l s o  i n  a more general  sense i n  the  whole f i e l d  o f  

p a t t e r n  r e c o g n i t i o n .  To make t h e  d i s t i n c t i o n ,  we c a l l  t h e  pa ramet r i c  techn ique 

i n  ques t i on  " s t a t i s t i c a l  1 i n e a r  d i s c r i m i n a n t  a n a l y s i s " .  

An impor tan t  aspect o f  p a t t e r n  r e c o g n i t i o n  i s  t h e  v a l i d a t i o n  o f  t h e  

c l a s s i f i c a t i o n  r u l e s  ob ta ined.  

p r e d i c t i o n  a b i l i t y .  The r e c o g n i t i o n  ( o r  c l a s s i f i c a t i o n )  a b i l i t y  i s  c h a r a c t e r i z e d  

by the  percentage o f  t h e  members o f  t h e  t r a i n i n g  s e t  t h a t  a r e  c o r r e c t l y  c l a s s i f i e d .  

The p r e d i c t i o n  a b i l i t y  i s  determined by t h e  percentage o f  t h e  members o f  t h e  

t e s t  se t ,  c o r r e c t l y  c l a s s i f i e d  by us ing  t h e  d e c i s i o n  f u n c t i o n s  o r  c l a s s i f i c a t i o n  

r u l e s  developed du r ing  the  t r a i n i n g  s tep .  

r e c o g n i t i o n  a b i l i t y ,  t he re  i s  a r i s k  t h a t  one w i l l  deceive o n e s e l f  i n t o  t a k i n g  

an o v e r - o p t i m i s t i c  view o f  t h e  c l a s s i f i c a t i o n  success o f  t h e  problem a t  hand. 

I n  p a r t i c u l a r ,  c l a s s i f i c a t i o n  methods such as l i n e a r  d i s c r i m i n a n t  a n a l y s i s  and 

the  l e a r n i n g  machine, which t r y  t o  maximize t h e  d i f f e r e n c e s  between c lasses ,  and 

methods o f  f e a t u r e  s e l e c t i o n  cond i t i oned  on c l a s s  separa t ion ,  tend t o  g i v e  an 

o p t i m i s t i c  c l a s s i f i c a t i o n  r a t e  i f  t h i s  i s  c a l c u l a t e d  f r o v  the  c l a s s i f i c a t i o n  

success o f  t he  t r a i n i n g  ( l e a r n i n g )  s e t  o n l y .  

t h a t  t h e  p r e d i c t i o n  a b i l i t y  i s  v e r i f i e d  a l so .  

One d i s t i n g u i s h e s  between r e c o g n i t i o n  and 

When one determines o n l y  the  

I t  i s  t h e r e f o r e  recommended 
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x1 

23.2. STATISTICAL LINEAR DISCRIMINANT ANALYSIS 

0 

0 0  0 X 

O 0 . O X  
I x  X 

X a )  0 ; o  x *x x x 

I I t x  I 

I I 
I I c 

20.2.1.  C l a s s i f i c a t i o n  

L e t  u s  c o n s i d e r  a g a i n  t h e  case  o f  t h e  s e p a r a t i o n  o f  two  c l a s s e s .  T h i s  was 

d e p i c t e d  i n  F i g .  20.1, b u t  f o r  conven ience  i t  i s  shown a g a i n  i n  F i g .  20.2a. 

The s u p p o s e d l y  normal  d i s t r i b u t i o n  o f  t h e  two c l a s s e s  t o  be  separa ted ,  K and L ,  

i s  shown i n  F i g .  20.2b f o r  one o f  t h e  v a r i a b l e s ,  x2 .  The m a t h e m a t i c a l  p r o b l e m  

i s  t h e n  t o  f i n d  an o p t i m a l  d e c i s i o n  r u l e  f o r  t h e  c l a s s i f i c a t i o n  o f  t h e s e  two  

g r o u p s .  

L e t  us c o n s i d e r  f i r s t  t h e  s i m p l e s t  p o s s i b l e  case .  Two c l a s s e s ,  K and  L, have 

t o  be d i s t i n g u i s h e d  u s i n g  a s i n g l e  v a r i a b l e ,  x2 .  

w i l l  be b e t t e r  when t h e  d i s t a n c e  between x2K and x2L ( i . e . ,  t h e  mean v a l u e s  o f  

x 2  f o r  c l a s s e s  K and  L )  i s  l a r g e  and  t h e  w i d t h  o f  t h e  d i s t r i b u t i o n s  i s  s m a l l .  

I n  o t h e r  words,  one mus t  max im ize  t h e  r a t i o  o f  t h e  d i f f e r e n c e  between means t o  

t h e  v a r i a n c e  o f  t h e  d i s t r i b u t i o n .  

I t  i s  c l e a r  t h a t  t h e  d i s c r i m i n a t i o n  

bl 
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'Jhen one cons iders  the  s i t u a t i o n  w i t h  t h e  two va r iab les ,  x1 and x 2 , i t  i s  

aga in  e v i d e n t  t h a t  t he  d i s c r i m i n a t i n g  power o f  t h e  combined v a r i a b l e s  w i l l  be 

goodwhenthe c e n t r o i d s  o f  bo th  s e t s  o f  samples a r e  s u f f i c i e n t l y  d i s t a n t  f rom 

each o t h e r  and when t h e  c l u s t e r s  a r e  t i g h t  o r  dense. I n  mathematical terms t h i s  

means t h a t  t h e  d i s tance  between the  c e n t r o i d s  i s  l a r g e  coripared w i t h  the  

w i t h i n - c l a s s  var iance.  On t h e  o t h e r  hand, i t  i s  a l s o  c l e a r  t h a t  i f  t h e  r e s u l t s  

ob ta ined  w i t h  the  two riethods, i .e., t h e  two var iab les ,  a re  h i g h l y  c o r r e l a t e d  

then t h e  b e n e f i t  o f  adding t h e  second v a r i a b l e  t o  the  f i r s t  w i l l  be sma l l .  

t h e  two v a r i a b l e s  a r e  a b s o l u t e l y  c o r r e l a t e d  ( r  = l), t h e  second i s  o f  no he lp  

and can be e l im ina ted .  One t h e r e f o r e  f i n d s  t h a t  t h e  th ree  mathematical  parameters 

t h a t  determine t h e  d i s c r i m i n a t i n g  e f f e c t  o f  two chemical v a r i a b l e s  a r e  : t h e  

d i s tance  between c e n t r o i d s  ( i f  t h e r e  a r e  more groups, then t h e  between-class 

va r iance ) ,  t h e  w i t h i n - c l a s s  var iance and t h e  c o r r e l a t i o n  between the  chemical 

v a r i a b l e s .  

\/hen 

I n  t h e  method o f  l i n e a r  d i s c r i m i n a n t  ana lys i s ,  one seeks a l i n e a r  f u n c t i o n  D 

o f  t he  v a r i a b l e s  xi : 

d 

i =I 
D = C W .  x .  

1 1  
(20.1) 

which maximizes t h e  r a t i o  between bo th  var iances ,  t a k i n g  c o r r e l a t i o n  i n t o  account ; 

w .  a re  we igh ts  g i v e n  t o  t h e  v a r i a b l e s  and d i s  t he  number o f  v a r i a b l e s .  

case o f  two c lasses  K and L, t h i s  means t h a t  one must maximize 

Fo r  t h e  
1 

- 2  
d 

{ c wi (X. 
i=l i~ - ' i L ) }  

d d  

- 2  
d 

{ c wi (X. 
i = l  i~ - ' i L ) }  

(29.2) 

where x. 
poo led  o r  average var iance-covar iance m a t r i x .  

var iance-covar iance m a t r i x  i m p l i e s  . t h a t  t h e  var iance-covar iance ma t r i ces  f o r  bo th  

popu la t i ons  a r e  equal .  Th is  i s  o f ten  n o t  t h e  case, f o r  example when 

i s  t h e  mean o f  v a r i a b l e  xi f o r  c l a s s  K and C . .  i s  an element o f  t he  
i K  J J  

The use o f  a poo led  
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the populations t o  be separated a r e  a normal a n d  a c l i n i c a l l y  abnormal one, as 

occurs i n  many appl icat ions i n  c l in ica l  ana ly t ica l  chemistry. l?s was remarked 

by CJinkel and Juhl (1971), the variance of a parameter f o r  an abnormal population 

i s  usually l a r g e r  than f o r  normal pa t ien ts .  

Di f fe ren t ia t ion  with respect  t o  wi (Kendall, 1975) leads t o  

d d - 
c wi (XiK - X i L )  c c i j  w j  

- - i = l  j = l  
d d  XiK - XiL = 

2 c c w. w. c i = l  j=1 1 J i j  

so t h a t  w. can be obtained from 
J 

- -1 . 
1J  

c c . .  (XiK - X i L )  
i =1 

(20.3) 

(20.4) 

Once the w values have been obtained, one ca lcu la tes  the values of the discriminant 

function D ( a l s o  cal led discriminant scores)  f o r  the centroids  of c lasses  I: 

and L as  

- d 

1=1 OK = ,z 'i 'iK (20.5)  

(20.6) 

For a n  individual object  u with var iable  values x i u ,  the same function 

d 

i= l  
D = C w i  xiU (20.7) 

U 

i s  obtained and u i s  c l a s s i f i e d  with K i f  Du i s  s i tua ted  nearest  t o  O K  compared 

with OL. 

discriminant functions can be obtained. I t  i s  however ra re ly  of i n t e r e s t  t o  

obtain more than two. 

Generalization i s  possible : when there  a re  d var iab les ,  u p  t o  d - 1 
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The " d i s c r i m i n a t i o n  power" o f  each v a r i a b l e  (as a percentage) w i t h i n  t h i s  

framework i s  g i ven  by 

(20 .8)  

Such an equa t ion  a l l ows  one t o  assess t h e  importance o f  each v a r i a b l e  i n  t h e  

a n a l y t i c a l  program. 

by some s t a t i s t i c i a n s .  

s e c t i o n  20.4. 

I t  shou ld  be added t h a t  such a procedure i s  n o t  recommended 

Other  ways o f  s e l e c t i n g  v a r i a b l e s  a re  d iscussed i n  

20.2.2. Appl i c a t i o n s  

A t y p i c a l  a p p l i c a t i o n  f rom t h e  l a b o r a t o r y  o f  one o f  t h e  au thors  (Smeyers-Verbeke 

e t  a l . ,  1977) i n v o l v e s  t h e  c l a s s i f i c a t i o n  o f  m i l k  samples accord ing  t o  t h e i r  

o r i g i n  : cows' ,  sheeps' o r  goa ts '  m i l k  (see a l s o  t h e  m i l k  problem, Chapter 1 6 ) .  

The l e a r n i n g  groups cons is ted  o f  20 samples o f  m i l k  f a t  o f  each o f  t h e  t h r e e  

ca tegor ies  and t h e  p a t t e r n  vec to rs  conta ined t h e  percentage d i s t r i b u t i o n  da ta  

o f  15 f a t t y  ac ids .  I t  was found t h a t  i n  t h i s  i ns tance  t h e  asumptions o f  t h e  

1 i n e a r  d i s c r i m i n a n t  techn ique (normal d i s t r i b u t i o n s ,  equal var iance-covar iance 

m a t r i c e s )  a r e  reasonably c o r r e c t .  An exac t  c l a s s i f i c a t i o n  ( i . e . ,  a complete 

separa t i on )  o f  t he  t h r e e  groups was ob ta ined.  

l e a r n i n g  groups cons is ted  o f  groups such as pure  cows' m i l k ,  pure  goa ts '  m i l k  

and a m i x t u r e  o f  10% cows' m i l k  and 90% goa ts '  m i l k .  

be separa ted  f rom samples c o n t a i n i n g  10% o f  t h e  m i l k  o f  another species w i t h  

85 - 100% success. 

Th is  was s t i l l  t h e  case when t h e  

A l l  pure  m i l k  samples cou ld  

When one o r  two d i s c r i m i n a n t  f u n c t i o n s  a r e  used. t he  r e s u l t s  can be shown 

g r a p h i c a l l y .  

as a f e a t u r e  e x t r a c t i o n  method (see Chapter 16 ) .  

i s  g i v e n  i n  F i g .  20.3. 

I n  t h i s  ins tance,  one can cons ider  t h e  l i n e a r  d i s c r i n i n a n t  ana lys i s  

An example f o r  t h e  m i l k  problem 
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Fig. 20.3. Graphical representat ion of the c l a s s i f i c a t i o n  of milk samples 
The coordinates a r e  the values of the discriminant scores of the samoles. 

The percentage contribution of each of the 15 var iables  can be calculated 

f o r  each of the c l a s s i f i c a t i o n  problems by using eqn. 20.8. For  a typical problem, 

the separat ion of pure cows milk to  which 10% of sheeps'milk was added, the 

contr ibut ion of the most important parameter ( C  10:0, capric  ac id)  i s  28.4% a n d  

the f i v e  most important parameters together contr ibute  88.4%. 

var iables  allow a 97.5% correc t  c l a s s i f i c a t i o n  ( t h e  recognition a b i l i t y  i s  9 7 . 5 % ) ) .  

These f i v e  

I n  t h i s  way, the or iginal  s e t  o f  15 parameters t o  be measured can be reduced 

t o  5 ,  and the G L C  analysis  f o r  t h i s  problem can be shortened, as i t  i s  found 

t h a t  only medium- and long-chain f a t t y  acids  a r e  of importance. 

I t  should be added, however, t h a t  in  t h i s  work only the c l a s s i f i c a t i o n  a b i l i t y  

was invest igated a n d  t h a t  t h i s  may give 

a b i l i t y  ( see  a l so  sect ion 20.1). 

(Coomans e t  a l . ,  1978), f i v e  d i f f e r e n t  biochemical t e s t s  a r e  used, namely RT3U 

( t r i iodothyronine resin uptake), T4 ( t o t a l  serum thyroxine) ,  T3RiA ( t o t a l  serum 

tr i iodothyronine by radioimmunoassay), TSH ( t o t a l  serum thyroid-stimulating 

hormone) a n d  ATSH ( increase of TSH a f t e r  in jec t ion  of thyrotrof ine-releasing 

hormone). The r e s u l t s  a r e  used t o  separate  samples belonging t o  hypothyroid 

subjects  from normal samples or  t o  dis t inguish between hyperthyroid a n d  normal 

a n  op t imis t ic  view of the predict ion 

In the thyroid example introduced in  Chapter 16 

iranchembook.ir/edu

https://iranchembook.ir/edu


417 

samples. 

used. 

F o r  t h e  hypo-/normal c l a s s i f i c a t i o n ,  t h e  advantageous r e s u l t  was ob ta ined  t h a t  

t h e  two f i r s t  s e l e c t e d  parameters a lone  p e r m i t  a 99.8% c l a s s i f i c a t i o n .  

words, us ing  o n l y  two t e s t s ,  one does n o t  o b t a i n  a poorer  r e s u l t  than w i t h  f i v e  

t e s t s  ; t h e  o t h e r  t h r e e  t e s t s  appear mere ly  t o  add no ise  (see a l s o  s e c t i o n  

20.3.3) . 

I n  t h i s  ins tance,  t h e  s tepwise  procedure us ing  Rao's V c r i t e r i o n  was 

The r e s u l t s  were computed us ing  the  SPSS program (!.lie e t  a l . ,  1975).  

I n  o t h e r  

I n  a n a l y t i c a l  chemis t ry ,  l i n e a r  d i s c r i m i n a n t  a n a l y s i s  has been used most 

f r e q u e n t l y  f o r  medical  a p p l i c a t i o n s .  Reviews o f  these a p p l i c a t i o n s  were g i v e n  

by nadhakr ishna (1964) and Romeder (1973). 1Je cannot d iscuss  here  a l l  o f  these 

a p p l i c a t i o n s  and we s h a l l  t h e r e f o r e  c o n f i n e  t h e  d i scuss ion  t o  some more recen t  

t y p i c a l  examples. Werner e t  a l .  (1972) compared a mu1 t i -component method 

( e l e c t r o p h o r e s i s  o f  p r o t e i n  f r a c t i o n s )  w i t h  a b a t t e r y  o f  t e s t s  ( s p e c i f i c  assays 

f o r  i n d i v i d u a l  p r o t e i n s ) .  They concluded t h a t  t he  e l e c t r o p h o r e t i c  method 

prov ides  t h e  same c l a s s i f i c a t i o n  e f f e c t i v e n e s s  as t h e  t e s t  b a t t e r y .  The f i n a n c i a l  

c o s t  p e r  r e s u l t  i s ,  however, markedly lower  f o r  t h e  e l e c t r o p h o r e t i c  procedure,  

so t h a t  an o p t i m i z a t i o n  o f  t h e  c o s t  parameter i s  p o s s i b l e  w i t h o u t  l o s s  o f  

i nforma ti o n . 

Another example can befound i n  the  work o f  l l i n k e l  e t  a l .  (1975).  They 

cons idered a number o f  c l i n i c a l - c h e m i c a l  t e s t s  such as albumin, 

prothrombin-proconvertin, b i l i r u b i n ,  a l k a l i n e  phosphatases, a l a n i n e  aminot rans ferase 

and p - g l o b u l i n e  f o r  p a t i e n t s  known t o  be s u f f e r i n g  f rom a h e p a t o b i l i a r y  disease 

and cons ide red  wh ich  t e s t  o r  t e s t s  shou ld  be used t o  make a d i s t i n c t i o n  between 

d i a g n o s t i c  ca tegor ies  such as c i r r h o s i s  and hepa t i c  tumour. 

t he  r e s u l t s  ob ta ined,  :hey found t h a t  a l a n i n e  aminot rans ferase c o n t r i b u t e s  most 

t o  the  a l l o c a t i o n  when o n l y  t h r e e  main d i a g n o s t i c  ca tegor ies  a re  cons idered and 

t h a t  i n  t h i s  i ns tance  no s i g n i f i c a n t l y  b e t t e r  r e s u l t s  were ob ta ined  when a 

second t e s t  was added. Idhen e leven ca tegor ies  were considered, i t  was found 

t h a t  f o u r  t e s t s  c o n t r i b u t e d  s i g n i f i c a n t l y  t o  the  d i s c r i m i n a t i o n .  

t e s t s  can be cons idered t o  be redundant i n  t h i s  con tex t .  

A s  an example o f  

The two o t h e r  

9 t h e r  i n t e r e s t i n g  
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examples concern the evaluation of phosphate clearance t e s t s  in  the diagnosis of 

hyperparathyroidism (Amenta and Harkins, 1971) and thyroid function t e s t s  

(Barnet t  e t  a l . ,  1973). 

Stepwise l i n e a r  discriminant analysis  ( see  sect ion 20.4.1) was applied by 

Powers and  Keith (1968) in  food analysis .  They c l a s s i f i e d  coffee i n t o  four flavour 

categories  by u s i n g  r a t i o s  o f  the peak heights i n  GLC chromatograms as  the  

parameters and used the s t a t i s t i c a l  technique f o r  the se lec t ion  o f  the  most 

meaningful o f  these r a t i o s .  

vol a t i l  es .  

The same was done f o r  potato chips using headspace 

Kawahara and Young (1976) and  Hattson e t  a l .  (1977) employed analogous procedures 

f o r  the c l a s s i f i c a t i o n  of  petroleum pol lutants  using infrared spectral  pa t te rns .  

The emphasis in  both papers, however, was on the c l a s s i f i c a t i o n  and not on the 

fea ture  se lec t ion  problem. 

20.3. NON-PARAMETRIC METHODS 

20.3.1. The learning machine and  re la ted  methods 

Consider again Fig. 20.1. One wishes t o  f ind a decision l i n e  t h a t  separates  

the two c lasses  K and L .  I n  the  d-dimensional case a decision surface must be 

found with a lower dimensionality t h a n  the  pat tern space. 

computational convenience t h a t  wil l  become c l e a r  l a t e r ,  i t  i s  preferable  t h a t  

the  decision surface should be l i n e a r  a n d  pass through the or ig in  of the pat tern 

space. This i s  not possible in  Fig. 20.1. I t  becomes possible ,  however, i f  the 

two-dimensional space i s  augmented by the  addition of a t h i r d  dimension, z .  This 

ex t ra  dimension i s  usually given a value of  unity and i t  i s  added t o  a l l  pat tern 

vectors .  

I t  i s  now possible t o  l e t  a l i n e a r  decision surface (here  a plane) separate  tlie 

two c lasses  ( see  Fig. 20.4). Class K f a l l s  above the plane a n d  c lass  L below. 

For reasons of 

+ -f 
The vector x = (xl, x 2 )  ( see  sect ion 20.1) now becomes x = ( x l ,  x 2 ,  z ) .  
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Fig. 20.4. Separation of two classes  by a plane through the o r i g i n .  

This plane can now conveniently and unambiguously be described by an 

orthogonal or normal vector ,  ca l led  the  weight vector and represented by G. 
This can be generalized t o  the d-dimensional case. To a l l  pat tern vectors 

a ( d  + 1 ) t h  component i s  added so t h a t  they a re  now given by 

and  a l i n e a r  decision surface (also ca l led  a l i n e a r  discriminant funct ion)  can 

be sought t h a t  wil l  be represented by i t s  nornal vector. 

= (xl, x2,  . . ., xd, z )  

The normal vector n o t  only permits a spec i f ica t ion  of the  surface b u t  a l so  

The s c a l a r  product of  the normal vector and the allows easy c l a s s i f i c a t i o n .  

pa t te rn  vector i s  given by 

(20 .9)  
t - t  
w . x = I w [  1x1 cos R 

where 1wI and 1x1 a r e  the  magnitudes of vectors 

the two. Nhen and the  pa t te rn  vector l i e  o n  the same s ide  of the  plane, 

273" c 0 i 90". 

w . x nust  be pos i t ive .  Llhen the  pat tern vector o f  a sample of c l a s s  L i s  

considered, and do n o t  l i e  on the same s ide  of the plane and therefore  

90" i R i 270° ,  so  t h a t  cos R < 0. 

and and 8 i s  the angle between 

Therefore, cos 8 > 0 and, as I w /  and 1x1 are  pos i t ive  q u a n t i t i e s ,  
-f -f 

The s c a l a r  product o f  w' and 2 i s  now negative. 
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I n  o ther  words, one determines the sign of the  s c a l a r  product t o  decide whether 

the  sample i s  par t  o f  K ; when i t  i s  negative i t  should be c l a s s i f i e d  in  L .  

I n  p rac t ice ,  the  calculat ions a r e  n o t  ca r r ied  out  by using eqn. 20.9. I n  

the  same way as z i s  represented by i t s  component along the axes,  $ can a l s o  be 

decomposed i n  i t s  components w l ,  w 2 ,  ..., w d ,  w ~ + ~  along the  same axes. 

s c a l a r  product . i s  then equal t o  the sum of the products of the components 

The 

The coef f ic ien ts  w l ,  ... 
which i s  why w' i s  cal led the  weight vector. 

can be considered as  weights of the var iables  x l ,  ..., 

The determination of leads t o  a simple c l a s s i f i c a t i o n  r u l e .  Before a 

c l a s s i f i c a t i o n  i s  possible i t  i s  necessary, however, t o  f ind a decision surface 

(or i t s  associated weight vector)  t h a t  permits the separation of c lasses  I: a n d  

L .  This i s  accomplished during the t ra in ing  o r  learning s tep ,  using an i t e r a t i v e  

procedure. I t  i s  i n i t i a t e d  by se lec t ing ,  sometimes a r b i t r a r i l y ,  a n  i n i t i a l  

weighting vector and invest igat ing i f  the pat tern vectors f a l l  on the  cor rec t  

s ide  o f  the  associated surface.  

because the product 

When a pat tern 2 i s  found t o  be misc lass i f ied  
j 

+ +  
w . x . = s  

J 
(20.11) 

produces the wrong s ign,  a new decision surface i s  obtained by re f lec t ing  i t  

a b o u t  t h e  misclassif ied point .  This means t h a t  one determines $ I ,  so t h a t  

This process i s  repeated whenever a misclassif ied sample i s  found unt i l  a 

completely succesful value of i s  obtained. I n  t h i s  case the process i s  sa id  

t o  converge. For mathematical d e t a i l s ,  one should consult the l i t e r a t u r e  ( f o r  

example, Nilsson, 1965).  
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The procedure g r a d u a l l y  " l ea rns "  t h e  c o r r e c t  answer t o  t h e  task  o f  f i n d i n g  

The a c o r r e c t  d e c i s i o n  su r face  and i s  t h e r e f o r e  c a l l e d  t h e  l e a r n i n g  machine. 

c l a s s i f i c a t i o n  and p r e d i c t i o n  performance i s  o f  l e s s e r  importance i n  t h i s  book, 

where t h e  emphasis i s  on f e a t u r e  s e l e c t i o n  (see Chapter 1 6 ) .  

on the  l e a r n i n g  machine has been w r i t t e n  by M l s s o n  (1965).  

such as ARTHUR (Kowalski ,  1975) i n c l u d e  t h i s  and many o t h e r  p a t t e r n  r e c o g n i t i o n  

methods. 

chemis t ry  a r e  t o  be found i n  the  book by Ju rs  and Isenhour (1975).  

examples come f rom the  f i e 1  ds o f  mass and i n f r a r e d  spec t romet ry .  

examples a re  a l s o  c i t e d .  

t r a c e  element concen t ra t i ons  (Kowalski  e t  a1 . , 1972) have been used. 

A general  book 

Computer packages 

Many examples o f  t h e  a p p l i c a t i o n  o f  t h e  l e a r n i n g  machine i n  a n a l y t i c a l  

Most 

E lec t rochemica l  

Gas chromatographic data (C la rk  and Jurs ,  1975) and 

Vandeginste (1977) proposed a p a t t e r n  r e c o g n i t i o n  procedure t o  s e l e c t  an 

a n a l y t i c a l  method from var ious  a l t e r n a t i v e s .  

by Ka ise r  (1970).  According t o  Ka iser ,  a more sys temat ic  approach t o  problem 

s o l v i n g  i n  a n a l y t i c a l  chemis t ry  cou ld  be achieved by d e s c r i b i n g  an a n a l y t i c a l  

problem w i t h  t h e  he lp  o f  a s e t  o f  parameters such as t h e  element t o  be analysed, 

t he  amount o f  sample a v a i l a b l e  and d e s i r e d  values o f  performance c h a r a c t e r i s t i c s  

such as p r e c i s i o n  and c o s t .  

represented  by a p a t t e r n  v e c t o r  ( o r  a p o i n t  i n  mu l t i - d imens iona l  space).  

so l ved  by t h e  same a n a l y t i c a l  method shou ld  l i e  c l o s e l y  toge the r  i n  t h e  

hyperspace and t h e r e f o r e  t h e  method s e l e c t i o n  problem shou ld  be t rans formed i n t o  

a p a t t e r n  r e c o g n i t i o n  problem. 

between a tomic -abso rp t i on  spectroscopy and spectrophotometry f o r  a number o f  

a n a l y t i c a l  problems and ob ta ined  p r e d i c t i o n  a b i l i t i e s  f rom 75 t o  92%, depending 

on the  s e t  o f  problems i n v e s t i g a t e d .  

Th is  s tudy  i s  based on a p roposa l  

I n  t h i s  way, t he  a n a l y t i c a l  problem can be 

Problems 

Vandeginste (1977) a p p l i e d  t h i s  t o  the  cho ice  

The l e a r n i n g  machine as exp la ined  here i s  t he  s imp les t  o f  a l a r g e  c l a s s  o f  

methods c a l l e d  t h r e s h o l d  l o g i c  u n i t  (TLU) methods. 

s i s  compared t o  zero  ( t h e  th resho ld )  t o  make a b i n a r y  d e c i s i o n  (K o r  L). 

Non-zero TLU methods a l s o  e x i s t  and t h e  l e a r n i n g  machine can be adapted f o r  

m u l t i - c a t e g o r y  dec i s ions  by s p l i t t i n g  them i n t o  sequences o f  b i n a r y  dec i s ions .  

An i n t r o d u c t i o n  t o  these methods can be found i n  t h e  book by Ju rs  and Isenhour 

I n  t h e  method d iscussed here, 
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(1975), which was wri t ten par t icu lar ly  f o r  chenis t s ,  most of the  appl icat ions 

being taken from analyt ical  chemistry. 

20.3.2.  T h e  nearest  neighbour method 

A mathematically very simple c l a s s i f i c a t i o n  procedure i s  the nearest  neighbour 

method. I n  t h i s  riulti-category method, one computes the dis tance between a n  

unknown, represented by i t s  pat tern vector, a n d  each of the  pat tern vectors of 

the t ra in ing  s e t .  Usually one employs the eucl idian dis tance (eqn. 18.2).  I f  

the t ra in ing  s e t s  cons is t  of a t o t a l  of n samples, then n d is tances  a re  calculated 

and one s e l e c t s  the lowest of these. 

unknown and 1 a sample from learning group L ,  then one c l a s s i f i e s  u i n  g r o u p  L .  

I n  a more sophis t icated version of t h i s  technique, ca l led  the  k-nearest neighbour 

method (of ten abbreviated t o  t h e  IUIN method), one s e l e c t s  the k nearest  samples 

t o  u and c l a s s i f i e s  u in  the g r o u p  t o  which the majority of the k samples belong. 

I f  t h i s  i s  A u l  ,where u represents the 

The mathematical s impl ic i ty  o f  t h i s  method does not prevent i t  from yielding 

r e s u l t s  as good as  a n d  of ten b e t t e r  t h a n  the  much more complex TLU methods 

discussed in  the preceding sec t ion ,  provided t h a t  the  t ra in ing  s e t  i s  s u f f i c i e n t l y  

la rge .  

T L U  methods a r e  fundamentally binary decision methods. 

disadvantage i s  t h a t  i t  requires  t h e  computation of n d is tances  f o r  each 

c l a s s i f i c a t i o n  decision. I t  i s  possible ,  however, t o  represent  each c lass  

i n  the t ra in ing  s e t  in  a f i r s t  s tage of the  calculat ion by a few representat ive 

pat terns  (Gates, 1972) and, according t o  the  present authors ,  these representat ive 

pa t te rns  could be chosen in  a n  optimal way using the branch and bound algorithm 

of sect ion 2 2 . 2 .  

I t  a l so  has the advantage of being a multi-category method whereas nost  

i t s  most important 

A n  appl icat ion of the nearest  neighbour method of i n t e r e s t  i n  the  context of 

t h i s  book was proposed by Leary e t  a l .  (1973) .  

problem, which was cal led GLC example I1 in  Chapter 16 a n d  was solved by using 

numerical taxonomy in Chapter 18. Let us reca l l  b r i e f l y  t h a t  one wants t o  

c l a s s i f y  226 GLC phases according t o  the retent ion indices  of 10 probes obtained 

I t  concerns the G L C  c l a s s i f i c a t i o n  
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f o r  each of these phases. 

I n  a f i r s t  s t e p ,  Leary e t  a l .  s e l e c t  more o r  l e s s  subject ively 12  "preferred" 

phases from the  226. These 12 a r e  well t es ted  phases and  a r e  known t o  have 

d i f f e r e n t  behaviour towards the 10 probes. 

learning g r o u p .  

recommended i n  most c l a s s i f i c a t i o n  problems, b u t  in  t h i s  par t icu lar  instance i t  

i s  unavoidable, The dis tance between the 214 other  phases and each of the 1 2  

learning g r o u p  phases i s  then calculated.  Eqn.  18.2 becomes 

Each of these phases cons t i tu tes  a 

Learning groups of one sample a r e  n o t ,  of course, t o  be 

(20.13) 

where A R I i u  i s  the retent ion index r e l a t i v e  t o  squalane f o r  probe i on unclassif ied 

phase u and A R I i l  i s  the same c h a r a c t e r i s t i c  f o r  preferred phase 1 ,  while Aul  

i s  the dis tance between u and 1 .  

Owing t o  the a pr ior i  choice of 12 preferred phases, t h i s  c l a s s i f i c a t i o n  

method does n o t  allow one, f o r  example, t o  s e l e c t  "abnornal" phases as i s  possible  

with some of the o ther  metods used t o  solve the  same c l a s s i f i c a t i o n  problem and 

discussed i n  Part I11 of t h i s  book. 

phases would have been possible by using a method such as t h a t  described in  

sect ions 2 2 . 2 . 1  and 22.2.3. On the o ther  hand, i t  was the  f i r s t  appl icat ion of 

a mathematical c l a s s i f i c a t i o n  procedure proposed in  t h i s  domain and i t  does allow 

one t o  e s t a b l i s h  those phases with very s imi la r  c h a r a c t e r i s t i c s .  This method 

has a l so  been applied by Lowry e t  a l ,  (1974) and I-laken e t  a l .  (1976), both groups 

a l so  considering G L C  se lec t ion  problems. 

A more object ive choice of the preferred 

20.3.3. SIMCA 

Discriminant analysis  and  the learning machine a r e  aimed a t  the  quant i f ica t ion  

of differences between c lasses .  The SIMCA (simple model 1 i ng of c lass  analogy) 

method instead aims a t  f inding the s i m i l a r i t i e s  within each c lass  in  terms of 

the mult ivar ia te  data given f o r  the objects  in  the c lasses .  Thus, i n  SIFICA 
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a separate  mathematical descr ipt ion i s  obtained f o r  each c l a s s ,  completely 

d i s j o i n t l y  a n d  independently from the o ther  c lasses .  

then desired,  t h i s  i s  obtained by comparing each object  t o  be c l a s s i f i e d  with 

each of the  c lass  models (mathematical descr ip t ions)  t o  f ind  the  model t o  which 

t h e  objec t  i s  most s imi la r .  

I f  a c l a s s i f i c a t i o n  i s  

"Outl iers"  a r e  a l so  ident i f ied  readi ly  i n  t h i s  way. 

The basis  of SIMCA i s  the  a b i l i t y  of  a P C  model ( see  Chapter 19) t o  c losely 

approximate data  observed on a group o f  s imi la r  objects .  By def in i t ion ,  the 

objects  in  the  t ra in ing  s e t  i n  pat tern recognition a re  organized in  c lasses  so 

t h a t  each c lass  contains only s imi la r  objects  t o  the best  of the data a n a l y s t ' s  

knowledge. 

c lass  K ,  denoted by x i k ( K ) ,  k = 1, 2 ,  .. ., n . i = 1, 2 ,  ... , d ) ,  can be I: ' 

closely approximated by the PC model (19.2) with a small number of product 

terms, r 

I t  follows t h a t  the  data vectors observed on objects  k within one 

K 

(20.14) 

I n  t h i s  book, we have always t r i e d  t o  present measurement r e s u l t s  as y and 

concentrations as x .  

in  eqn. 20.14, yielding equations resembling those in Chapter 19. 

Both can be used here, so t h a t  x can be replaced with y 

Remembering t h a t  a P C  model i s  geometrically represented a s  a n  rK-dinensional 

plane i n  the d-dimensional measurement space, we have the geometrical 

i n t e r p r e t a t i o n  of the  SIMCA method shown in Fig. 20.5. 

The SIMCA method works as follows. In phase I ,  the t ra in ing  phase, data 

observed on objects  " k n o w n "  t o  belong t o  the classes  - the  t ra in ing  s e t  - are  

used t o  es t imate  parameters i n  the separate  PC models, one f o r  each c l a s s .  

"modelling power" of the  var iables  i s  calculated a n d  var iables  with much noise 

( see  below) and a l so  " o u t l i e r s "  i n  the  t ra in ing  s e t  a re  deleted.  

of the c lasses  a r e  then recalculated from the reduced data s e t .  

I n  phase 2 ,  the  c l a s s i f i c a t i o n  of the objects  i n  the t e s t  s e t  i s  e f fec ted  

The 

The PC models 

by f i t t i n g  each of the corresponding data vectors t o  each of the PC-class models 

by means of multiple regression as  described i n  Chapter 19 (eqn. 19.25) .  
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0 > 

Plane of class1 

Plane of class 2 

Fig. 20.5. The SIMCA method describes the  s t ruc ture  of each c lass  (two above) 
by means of separate  PC models (planes above) and "confidence boxes" ba$ed on 
the residual standard deviations of the c lass  and the component values u of  
the c l a s s .  

Depending on the  ambition level of the  data ana lys i s ,  objects  in  the t e s t  s e t  

a re  c l a s s i f i e d  e i t h e r  ( i )  i n  the c lass  t o  which model hyperplane they a re  

c loses t  ( smal les t  residual standard deviat ion)  or ( i i )  i n  the c lass  t o  which 

model hyperplane they a re  s u f f i c i e n t l y  c lose ,  i . e . ,  within the confidence region 

of the P C  model ( see  fourth paragraph in  sect ion 19 .4 ) .  

ins ide  the  confidence region of any c l a s s ,  i t  i s  an " o u t l i e r " ,  an object  of a 

new type. 

I f  an object  i s  n o t  

The following information i s  obtained by a SIllCA analysis  : 

(1) A descr ipt ion of the " r e g u l a r i t i e s "  in  each c lass  K by means of a separate  

- ( K )  (K). The values of the  P C  model with the parameters rK, xi  , bip(K)  and  u 

( K )  can &e used t o  construct  a confidence region within which parameters u 

the u values of a new objec t  shal l  f a l l  in  order f o r  the objec t  t o  be considered 

a member of the  c lass .  

P k  

P k  

( 2 )  The "noise" of each var iable  i n  each c l a s s ,  s i ( K ) ,  and over a l l  c lasses  s i  

(20.15) 

k = l  
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(29.16) 

where n K  i s  the number of objects  i n  c lass  K, r 

c lass  I: and Q the number of c lasses .  

power" o f  each var iab le ,  i . e . ,  t o  the extent  t o  which they p a r t i c i p a t e  i n  the 

descr ipt ion of the classes  ( see  Chapter 19) .  

the number of  product terms f o r  K 

These variances r e l a t e  t o  the  "modelling 

( 3 )  The "noise" f o r  each c l a s s ,  as  based on the t ra in ing  s e t  

(20 .17)  

This c l a s s  standard deviat ion,  s o ( K ) ,  can be used t o  construct  a confidence 

region around the hyperplane of the c l a s s  nodel within which an object  should 

f a l l  t o  belong t o  the c l a s s  w i t h  a given probabi l i ty ,  i . e . ,  i t s  residual standard 

deviation (eqn. 19.14) should be smaller t h a n  ( see  eqn. 19.15) 

where F c r i t  i s  chosen from a n  F-dis t r ibut ion with the appropriate probabi l i ty  

a n d  degrees o f  freedom. 

( 4 )  By f i t t i n g  a l l  objects  in  the  t ra in ing  s e t  t o  a l l  PC models except the 

one t o  which the object  "belongs", one obtains  information about the separation 

between the c l a s s e s ,  b o t h  t o t a l l y  and per var iable .  Thus, by comparing f o r  each 

var iable  i ,  the  residual standard deviation (RSD) when a l l  objects  i n  the t ra ining 

s e t  a r e  f i t t e d  t o  a l l  "other c lasses"  to  the RSD when the same objects  a r e  

f i t t e d  t o  t h e i r  "own c lasses" ,  one obtains information on  the d iscr in ina t ing  

power o f  the  var iable .  

say K a n d  L, i s  obtained when objects  in c lass  I: a r e  f i t t e d  t o  the c lass  nodel 

Similar ly ,  a neasure of  the distance between two c l a s s e s ,  

of c lass  L and v i c e  i~cltl.5~1 a n d  the resu l t ing  

RSDs o f  the  two c lasses .  Let s ( K y L )  denote 

in  c lass  K a r e  f i t t e d  t o  the c l a s s  model of 

D~~ 

RSDs are  compared with the "own" 

the  RSD obtained when a l l  objects  

c l a s s  L, then we have the dis tance 
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(20.19) 

I t  can be seen t h a t  t h e  scope of SIMCA goes beyond t h a t  of mere c l a s s i f i c a t i o n  

t o  give a l so  a model of each c l a s s  i n  terms of a PCF model. I n  the  context of 

t h i s  book, the most important advantage of SIMCA i s  the r e l a t i v e  ease with which 

i t  provides measures of the relevance of each var iable ,  measures describing 

both how important a var iab le  i s  f o r  describing the within c lass  s i m i l a r i t y  a n d  

how important a var iable  i s  t o  dis t inguish between c lasses .  

F ina l ly ,  a s  SIHCA i s  not conditioned t o  maximize the separation between the 

c lasses ,  the  method gives a f a i r l y  unbiased measure of  the real "dis tance" 

between c lasses  - i f  one f inds a d e f i n i t e  difference between two c lasses  i t  

probably i s  r e a l .  

data involved show no difference between the c lasses .  

t o  a var ie ty  of problems i n  analyt ical  chemistry. Duewer e t  a l .  (1975) used 

SIYCA and  o ther  methods t o  c l a s s i f y  simulated o i l  s p i l l s  according t o  t h e i r  source 

on the basis  of t race  elements measured on each "o i l  s p i l l " .  They found SIMCA 

t o  compare favourably with the o ther  methods. 

the  use o f  SIMCA i n  the  s t r u c t u r e  determination of unsaturated ketones based on 

t h e i r  IR and U V  spectra .  Sjostrijm a n d  Edlund (1977) applied SIMCA i n  the 

ana lys i s  of C-13 NMR data of QXU- and &do-norbornanes. 

(1978) make a comparison of SIYCA with o ther  standard methods on a number of 

s e t s  of real data .  

t race  element concentrations in  blood between welders and  controls .  Chr i s t ie  

a n d  Alfsen (1978) used SIPICA t o  c l a s s i f y  archeological a r t e f a c t s  on the basis  

of  t r a c e  element conceMrations. 

Strouf and Wold (1977) and Dunn a n d  llol d (1978). 

I f  one f inds no difference,  one can be confident t h a t  the  

SIMCA has been applied 

Wold and Sjostrom (1977) described 

Sjostrom a n d  Kowalski 

Ulfvarsson and Nold (1977) analysed possible differences in  

Other appl icat ions can be found i n  papers by 
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23.4. FEATURE SELECTION 

20.4.1. General aspects 

One general  way of  s e l e c t i n g  fea tu res  i s  t o  compare t h e  means and t h e  va r iance  

o f  t h e  d i f f e r e n t  v a r i a b l e s  be fo re  p a t t e r n  r e c o g n i t i o n  i s  app l i ed .  I n t u i t i v e l y ,  

a v a r i a b l e  f o r  which t h e  mean i s  t h e  same f o r  each c l a s s  i s  o f  l i t t l e  use f o r  

d i s c r i m i n a t i n g  t h e  c lasses  i n  ques t i on .  

d i f f e r e n t  means f o r  t h e  c lasses  and smal l  i n t r a c l a s s  va r iance  shou ld  be o f  va lue .  

Th is  can be evaluated, f o r  example, by var iance-we igh t ing  (Kowalski  and Bender, 

1972). 

bas i s  o f  t h e i r  power t o  d i s c r i m i n a t e  between the  t r a i n i n g  se ts .  

a re  measures o f  t h e  r a t i o  o f  between-class var iance t o  w i t h i n - c l a s s  va r iance  

f o r  t h e  l e a r n i n g  groups. I t  shou ld  be no ted  t h a t ,  as t h e  c o r r e l a t i o n  between 

v a r i a b l e s  i s  n o t  taken i n t o  account, one s e l e c t s  i n  t h i s  way t h e  bes t  i n d i v i d u a l  

v a r i a b l e s ,  b u t  n o t  n e c e s s a r i l y  t h e  bes t  combina t ion  o f  v a r i a b l e s .  

17.5 i t  was no ted  t h a t ,  owing t o  c o r r e l a t i o n ,  t h e  b e s t  s e t  o f  two o r  t h r e e  GLC 

phases does n o t  n e c e s s a r i l y  c o n t a i n  t h e  i n d i v i d u a l l y  bes t  phase, and i n  Chapter 

18 methods were proposed t o  a r r i v e  a t  t h e  s e l e c t i o n  o f  bes t  se ts  when c o r r e l a t i o n  

i s  an impor tan t  f a c t o r .  The same problem i s  discussed f u r t h e r  i n  t h i s  s e c t i o n .  

I n  t h e  same way, v a r i a b l e s  w i t h  w i d e l y  

Var iance-we igh t ing  pe rm i t s  we igh ts  t o  be g i ven  t o  t h e  v a r i a b l e s  on the  

These we igh ts  

I n  s e c t i o n  

Fo r  two classes, K and L, t h e  we igh ts  a r e  ob ta ined  by us ing  t h e  equa t ion  

w; = (20.20) 

n, 'L 'L 

where n and n a re  t h e  number o f  i n d i v i d u a l s  t h a t  a r e  members o f  c lasses  K and 

L (nK + nL = n ) ,  xik i s  t h e  concen t ra t i on  o f  t he  i t h  v a r i a b l e  o r  t h e  measurement 

va lue  o f  t h i s  v a r i a b l e  ( k  and k '  a r e  p a r t  o f  I K ,  1 and 1 '  o f  L )  and wi i s  t he  

we igh t  o f  t h e  i t h  v a r i a b l e .  

K L 

The genera l  equa t ion  f o r  more than two c lasses  was 

iranchembook.ir/edu

https://iranchembook.ir/edu


429 

g iven  by Kowalski  and Bender (1972). 

Another general  procedure i s  t h e  s tepwise  procedure,  which i s  a p p l i e d  mos t l y  

i n  s t a t i s t i c a l  l i n e a r  d i s c r i m i n a n t  ana lys i s ,  

g i v i n g  the  bes t  d i s c r i m i n a t i o n ,  then one adds a t  each s tep  t h e  parameter t h a t  

y i e l d s  t h e  h i g h e s t  i nc rease  i n  d i s c r i m i n a t i o n .  

parameters accord ing  t o  u t i l i t y  and i s  a b l e  t o  develop t h e  bes t  s e t  o f  measurements. 

Th is  was app l i ed ,  f o r  ins tance,  by Winkel e t  a l .  (1975) i n  s tud ies  on t h e  

d i a g n o s t i c  u t i l i t y  o f  l i v e r  t e s t s .  

One s t a r t s  by s e l e c t i n g  t h e  t e s t  

I n  t h i s  way, one ranks t h e  

Gray (1976) showed t h a t  i f  t h e  number o f  dimensions, d, i s  r e l a t i v e l y  l a r g e  

compared w i t h  t h e  sample s i z e  o f  t h e  t r a i n i n g  se t ,  n, u n s i g n i f i c a n t  c l a s s i f i c a t i o n s  

a re  ob ta ined.  He was a b l e  t o  separa te  w i t h  100% success two s e t s  o f  numbers 

ob ta ined  f rom a random number genera tor  and f o r  which t h e r e  was t h e r e f o r e  no 

genuine reason f o r  s e p a r a b i l i t y .  

s i z e  50. I n  genera l ,  n/d shou ld  be > 3 (Bender e t  a l . ,  1973).  These cons ide ra t i ons  

l e a d  us t o  d iscuss  some fundamental problems i n  connect ion  w i t h  f e a t u r e  s e l e c t i o n .  

One can d i s t i n g u i s h  two s i t u a t i o n s .  

t r a i n i n g  se t ,  n, i s  f a i r l y  l a r g e  compared w i t h  t h e  number o f  v a r i a b l e s ,  d.  I t  

i s  then p o s s i b l e  t o  s e l e c t  v a r i a b l e s  t h a t  c o n t r i b u t e  most t o  the  separa t i on  o f  

t h e  c lasses .  Such methods were discussed above and a r e  f u r t h e r  d iscussed below. 

They can be c a l l e d  methods cond i t i oned  on separa t i on .  

when t h e  number o f  v a r i a b l e s  approaches t h e  number o f  o b j e c t s  i n  t h e  t r a i n i n g  

s e t ,  methods o f  f e a t u r e  s e l e c t i o n  t h a t  a r e  cond i t i oned  t o  f i n d  v a r i a b l e s  t h a t  

d i s c r i m i n a t e  between c lasses  w i l l  n o t  work. 

when t h e  i n i t i a l  number o f  v a r i a b l e s ,  d, exceeds a t h i r d  o f  t h e  number o f  

o b j e c t s  i n  t h e  t r a i n i n g  se t ,  n/3, t h i s  chance o f  " p a t h o l o g i c a l "  s e l e c t i o n  becomes 

u n s a t i s f a c t o r i l y  l a r g e .  

n o t  cond i t i oned  on separa t i on  o f  c lasses ,  

i s  n o t  much l a r g e r  than n, say d < Zn, one can s e l e c t  v a r i a b l e s  accord ing  t o  

t h e i r  mode l l i ng  power i n  SIFICA. 

d i f f e r e n t  methods must be used. 

The number o f  d inens ions  was 3c) and t h e  sample 

I n  the  f i r s t , t h e  number o f  o b j e c t s  i n  t h e  

I n  t h e  second s i t u a t i o n ,  

By exper ience, one has found t h a t  

One must then use a f e a t u r e  s e l e c t i o n  method t h a t  i s  

For  i n te rmed ia te  s i t u a t i o n s ,  when d 

Uhen d i s  even l a r g e r ,  however, r a d i c a l l y  
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The only s t ra tegy  t h a t  seems feas ib le  a t  present i n  t h i s  s i t u a t i o n  when 

d > 2 n  i s  t o  make a c l u s t e r  ana lys i s  of the var iables  over a l l  objects  including 

those i n  the t e s t  s e t .  

versa, and one looks f o r  a grouping of the former t h a t  indicates  some kind of 

s i m i l a r i t y  in  t h e i r  behaviour over the  data s e t .  

the var iables  c l u s t e r  in to  a "small" number of groups. One can then take one 

var iable  from each group and  proceed with the se lec t ion  among t h i s  reduced s e t ,  

using the separation conditioned methods described below. This i s ,  i n  f a c t ,  the  

same philosophy as was applied to  the se lec t ion  of optimal combinations of 

t e s t s  ( th in- layer  chromatographic s y s t e m  o r  GLC columns) i n  sec t ion  17.4.5 and 

Chapter 18. 

Thus, the var iables  a re  t rea ted  as objects  and vice 

Thus, one hopefully f inds t h a t  

A n  important aspect  of fea ture  se lec t ion  i s  t h a t  i t  i s  often found t h a t  a 

few i r r e l e v a n t  var iables  introduce so much noise t h a t  a good c l a s s i f i c a t i o n  

cannot be obtained. When these i r r e l e v a n t  var iables  a r e  deleted,  however, a 

c l e a r  and well separated c lass  s t ruc ture  i s  of ten found. The delet ion of 

i r r e l e v a n t  var iables  i s  therefore  an important aim of fea ture  se lec t ion .  

20.4.2. Methods conditioned o n  separat ion 

The methods used with l i n e a r  discriminant analysis  a r e  generally stepwise 

methods, as described above (however, see a l so  sect ion 20.2.1). 

the case a l so  with SIMCA, where fea ture  se lec t ion  can be made d i r e c t l y  on the 

basis  of the calculated relevance of each var iab le .  One can then de le te  variables 

t h a t  have both low modelling and discriminating power and re-make the SIiICA 

analysis  with the  reduced data s e t .  Therefore, we sha l l  discuss in  t h i s  sect ion 

mainly methods t h a t  a r e  applied in  procedures of the learning machine type. 

The simplest procedure cons is t s  i n  the elimination of those fea tures  with the 

smallest  weights (Kowalski e t  a l . ,  1969 ; Jurs  e t  a l . ,  1969a, b ; Sybrandt a n d  

Perone, 1972). In  the  same way as  described f o r  s t a t i s t i c a l  l i n e a r  discriminant 

ana lys i s ,  i t  i s  reasoned t h a t  features  with small weights must be considered as  

l e s s  important f o r  c l a s s i f i c a t i o n  and should therefore  be the f i r s t  t o  be 

This i s  often 
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e l i m i n a t e d ,  i f  f e a t u r e  s e l e c t i o n  i s  wanted. 

f ea tu res ,  one u s u a l l y  c a r r i e s  o u t  again the  t r a i n i n g  procedure and/or t h e  p r e d i c t i o n  

w i t h  t h e  reduced s e t  o f  v a r i a b l e s  t o  observe whether t h e r e  i s  s t i l l  l i n e a r  

s e p a r a b i l i t y  and/or t h e  c o r r e c t  p r e d i c t i o n  r a t e  does n o t  decrease too  much. 

Th is  method i s  c a l l e d  weight-magnitude f e a t u r e  s e l e c t i o n .  

as t h e  we igh t - s ign  f e a t u r e  s e l e c t i o n ,  t h e  d i s tance  m e t r i c  f e a t u r e  s e l e c t i o n  

(Preuss and Jurs ,  1974) and we igh t -var iance f e a t u r e  s e l e c t i o n  (Zander e t  a ] . ,  

1975) have a1 so been descr ibed.  

A f t e r  d i sca rd ing  some o f  t h e  

Other methods such 

20.4.3. Some a m l i c a t i o n s  

Al though f e a t u r e  s e l e c t i o n  i s  cons idered by most workers i n  t h i s  f i e l d  t o  be 

a very  impor tan t  p a r t  o f  p a t t e r n  recogn i t i on ,  i t  i s  u s u a l l y  n o t  c a r r i e d  o u t  w i t h  

t h e  spec ia l  purpose o f  c o n s t i t u t i n g  op t ima l  se ts  o f  t e s t s ,  b u t  r a t h e r  t o  s i m p l i f y  

t h e  c l a s s i f i c a t i o n  s tep  o r  even t o  make i t  more s i g n i f i c a n t ,  as d iscussed i n  

s e c t i o n  20.4.1. I n  t h i s  sec t i on ,  we s h a l l  l i m i t  t h e  d i scuss ion  t o  a few 

a n a l y t i c a l  a p p l i c a t i o n s  where f e a t u r e  s e l e c t i o n  i s  an impor tan t  aspec t .  Th i s  

i s  t h e  case, f o r  example, i n  the  paper by Duewer e t  a l .  (1975), who i n v e s t i g a t e d  

t h e  source i d e n t i f i c a t i o n  o f  o i l  s p i l l s  by p a t t e r n  r e c o g n i t i o n  a n a l y s i s  us ing  

elei i iental  compos i t ion  data.  Table 20.1 g i ves  t h e  var iance we igh ts  f o r  t h e  22 

elements used t o  separa te  40 ca tegor ies  o f  10 samples. 3ne observes t h a t  t h e  

h i g h e s t  we igh t  i s  found f o r  V and t h e  second h i g h e s t  f o r  lii o r  S .  These shou ld  

then be t h e  t h r e e  most s i g n i f i c a n t  elements. Th is  r e s u l t  i s  n o t  unexpected, a? 

t h e  o i l  i n d u s t r y  uses N i / V  r a t i o s  and S concen t ra t i ons  t o  c h a r a c t e r i z e  o i l  

samples. 

ob ta ined  by Duewer e t  a l .  

d i s c r i m i n a t i n g  i n f o r n a t i o n  i s  ob ta ined,  i t  i s  c l e a r  t h a t  e lenen ts  w i t h  v e r y  low 

weights,  such as S r ,  Yo, Sb, Sm and Au, a r e  of ve ry  doub t fu l  u t i l i t y .  The 

au tho rs  e l i m i n a t e d  these and a few o t h e r  elements such as C1 because they  a r e  

h i g h l y  c o r r e l a t e d  w i t h  o t h e r  elements. 

I t  does, however, p rove  the  v a l i d i t y  o f  t h e  f e a t u r e  s e l e c t i o n  conc lus ions  

Remembering t h a t  a we igh t  o f  1.00 means t h a t  no 
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Table 20. I 

Variance weights f o r  22 elements (from Duewer e t  a l . ,  1975) 

AUTO a )  LNAUTO b ,  

Na 2.97 4.15 
A1 1 .77  1.98 
S 8 . 6 1  10.51 
c1 2.23 2.71 
V 51.37 156.34 
Mn 7.46 7.85 
Co 2 .18  2.70 
Ni 7 .81  23.47 
Z n  2.42 3.44 
Ga 3.72 4.05 
As 4.32 4 .64  
Br 2.14 2.33 
Sr 1.02 1 .04  
Mo 1.26 1 .39  
I n  1.81 1.81 
Sn 1 .93  2.27 
Sb 1.07 1 .07  
I 3.47 4.08 
Ba 4.65 5.60 
La 1.50 1.54 
Sm 1.33  1 .33  
Au 1.05 1.05 

a )  data transformed by scal ing t o  obtain mean of zero and variance of unity 
b )  data transformed by computing ln( l .O t x )  a n d  scal ing as  in  a .  
Reprinted with permission. Copyright by the American Chemical Association. 

I n  f a c t ,  t h i s  comes very close t o  the  c l a s s i f i c a t i o n  approach discussed i n  

Chapter 18, where groups of t e s t s  ( i n  Chapter 18, T L C  systems) a re  c l a s s i f i e d  

(and the  cor re la t ion  coef f ic ien t  i s  one possible s i m i l a r i t y  c r i t e r i o n )  and where 

in  each resu l t ing  c l a s s  the best t e s t  i s  chosen. 

used by Clark a n d  Jurs  (1975) i n  a problem s imi la r  t o  the milk problem (see  

sect ion 20.2.2) ,as  i t  concerns the c l a s s i f i c a t i o n  o f  petroleum sample types 

according t o  t h e i r  G L C  spectra .  

information was present  i n  a sna l l  f rac t ion  o f  the or iginal  19 c h a r a c t e r i s t i c s  

t o  carry o u t  the  c l a s s i f i c a t i o n .  Both the weight-magnitude and the weight-sign 

procedures were applied t o  mass spectrometric problems (Kowalski e t  a l . ,  19G9 ; 

J u r s ,  1970) .  A combination of b o t h  was used by Sybrandt and Perone (1972) i n  

the  c l a s s i f i c a t i o n  of overlapping peaks in polarography. I n  t h i s  instance,  the 

or ig ina l  s e t  o f  132 parameters was reduced t o  22 .  

A weight-sign procedure was 

The fea ture  se lec t ion  showed t h a t  s u f f i c i e n t  

The weight-variance procedure 
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was employed by Zander e t  a l .  (1975) t o  s e l e c t  fea tures  from mass spectrometric 

spec t ra .  

Applications of fea ture  se lec t ion  in  s t a t i s t i c a l  l i n e a r  discriminant ana lys i s  

a r e  discussed i n  sect ion 20.2.2. 
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Chapter 21 

O P E R A 1  IONAL R E S E A R C H  : L I N E A R  PROGRA?IYIi.IG, Q U E U E I N G  T H E O R Y  A N D  SOME R E L A T E D  

METHODS * 

21.1. L I N E A R  PROGRAbIMING 

Linear programming i s  used when one t r i e s  t o  maximize (or minimize) a l i n e a r  

funct ion o f  several var iables  and when these var iables  a r e  subject  t o  cons t ra in ts .  

Perhaps the bes t  known example i s  the d i e t  problem. 

ingredients  being known, one seeks the composition of the cheapest d i e t ,  so t h a t  

cer ta in  requirements (maximal o r  minimal u t i l i z a t i o n  r a t e  of the ingredients ,  

number of ca lor ies  required,  e t c . )  a r e  f u l f i l l e d .  

the  methods used t o  solve such a l loca t ion  problems, i . e . ,  problems i n  which 

resources ( t h e  ingredients  i n  the d i e t  problem) have t o  be d is t r ibu ted  in  the 

most e f f i c i e n t  manner possible .  As f a r  as i s  known t o  the authors ,  l i n e a r  

programming has not been used in  analyt ical  chemistry. However, as i t  i s  one o f  

the o ldes t  methods of O . R . ,  a shor t  account of the method i s  given here ,  using 

a s  an example a simple s i t u a t i o n  w h i c h  might occur i n  an ana ly t ica l  chemical 

laboratory.  A laboratory must carry o u t  rout ine determinations of a substance P 

and uses two methods, A and B ,  t o  do t h i s .  With A ,  one technician can carry out  

ten determinations per day, with method B twenty determinations per day. There 

are  only three apparatuses avai lable  f o r  method B a n d  there  a r e  f i v e  technicians 

i n  the laboratory.  

The pr ice  of a number of 

Linear programming i s  one of  

The f i r s t  method, although i t  needs more man-hours, i s  cheaper and costs  100 

uni ts  per determination, method B costs  300 uni t s  per determination a n d  the 

avai lable  dai ly  budget i s  14,500 u n i t s .  How should the technicians be divided 

over the two ava i lab le  methods, so t h a t  as  many determinations as  possible  a re  

* Sections 21.3 and 21.4 were wri t ten by B.G.11 .  Vandeginste, Department of 
Analytical Chemistry, Catholic University of Nijmegen, The Netherlands. 
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c a r r i e d  o u t  ? L e t  t h e  number o f  t echn ic ians  work ing  wi th method A be a and w i t h  

method B b, and the  t o t a l  number o f  de te rm ina t ions  z ; then, t h e  economic f u n c t i o n  

( o r  o b j e c t i v e  f u n c t i o n )  i s  g i v e n  by 

z = 10 a + 20 b (21 .1)  

The f o l l o w i n g  r e s t r i c t i o n s  ( c o n s t r a i n t s )  must be taken i n t o  account 

b < 3 (apparatus r e s t r i c t i o n )  (21.2 

a t b 6 5 (personnel  r e s t r i c t i o n )  (21.3 

(10 x 100) a t (20  x 300) b 6 14,000 (budget  r e s t r i c t i o n )  (21.4 

The problem i s  t o  f i n d  values o f  a and b t h a t  maximize z. 

I n  F ig .  21.1, t he  r e s t r i c t i o n s  a re  shown g r a p h i c a l l y .  A l l  o f  t h e  s o l u t i o n s  

(combina t ions  o f  an a and a b va lue )  o u t s i d e  these l i m i t s  v i o l a t e  one o f  t h e  

r e s t r i c t i o n s  and a re  t h e r e f o r e  imposs ib le  (shaded area) .  

a rea  de f i nes  the  s o - c a l l e d  f e a s i b l e  reg ion .  

The remain ing  unshaded 

F ig .  21.1. An example o f  l i n e a r  programming. 

The s o l u t i o n s  must s a t i s f y  eqn. 21.1. A l l  s o l u t i o n s  p o s s i b l e  f o r  one 

p a r t i c u l a r  va lue  o f  z f a l l  on a s t r a i g h t  l i n e .  The l i n e s  f o r  z = 30 and z = 60 
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are  shown i n  t h e  f i g u r e .  

t he  l i n e  upwards, b e t t e r  s o l u t i o n s  a re  ob ta ined.  

o p t i m i z a t i o n  problem as f o l l o w s  : f i n d  a p o i n t  i n  the  f e a s i b l e  reg ion ,  s i t u a t e d  

on a l i n e  g i ven  by eqn. 21.1 and s i t u a t e d  as f a r  f rom t h e  o r i g i n  as 

poss ib le .  I n  the  example s t u d i e d  here, t h i s  i s  g i ven  by p o i n t  0 ( b  = 1.8, 

a = 3.2, z = 68 ) .  

co rne r  p o i n t s  o f  t h e  f e a s i b l e  reg ion .  

i n  a n a l y t i c a l  chemis t ry ,  we s h a l l  n o t  go i n t o  the  d e t a i l s  o f  t h e  s o l u t i o n  methods 

f o r  more complex problems. The s o l u t i o n  method i s  c a l l e d  t h e  Simplex method and 

i t  c o n s i s t s  i n  moving over  the  po lyhedron formed by t h e  c o n s t r a i n t s ,  f rom co rne r  

p o i n t  t o  co rne r  p o i n t ,  i n  such a way t h a t  t he  va lue  o f  t h e  economic f u n c t i o n  

inc reases  u n t i l  t h e  optimum i s  reached. 

One observes t h a t  these l i n e s  are  p a r a l l e l .  By moving 

One can now r e s t a t e  t h e  

One can show t h a t  i n  t h i s  way, one always s e l e c t s  one o f  t h e  

A s  l i n e a r  programming has n o t  been used 

One shou ld  observe t h a t  t h e  r e s u l t s  ob ta ined  i n  t h i s  example imp ly  t h a t  1.8 

techn ic ians  shou ld  work w i t h  t h e  au tomat ic  apparatus.  

hav ing  one t e c h n i c i a n  work ing  f u l l  t ime  and another  f o u r  days o u t  o f  f i v e  w i t h  

t h i s  apparatus.  

Th is  i s  n o t  a r a r e  occurrence and one shou ld  then use a method c a l l e d  i n t e g e r  

programming i n  which o n l y  s o l u t i o n s  w i t h  i n t e g e r  numbers a re  p e r m i t t e d  (see 

Chapter 22 ) .  

o r  c o n s t r a i n t s  a r e  considered. 

a p p l i c a t i o n  i n  a n a l y t i c a l  chemis t ry .  A g e n e r a l i z a t i o n  t o  n o n - l i n e a r  programming 

i s  p o s s i b l e ,  b u t  ma themat i ca l l y  much more s o p h i s t i c a t e d  and compl ica ted .  

Th is  can be so l ved  by 

When t h i s  i s  no t  pe rm iss ib le ,  t h e  s o l u t i o n  i s  n o t  f e a s i b l e .  

I n  a d d i t i o n ,  one shou ld  observe t h a t  o n l y  l i n e a r  economic f u n c t i o n s  

T h i s  seve re l y  l i m i t s  t h e  p o s s i b i l i t i e s  f o r  

?4any books on l i n e a r  programming have been w r i t t e n ,  and t h a t  by Hadley (1962) 

can be recommended. One shou ld  a l s o  c o n s u l t  general  books on opera t i ona l  research  

such as those by Ackof-and Sas ien i  (1968),  H i l l i e r  and Lieberman (1974)  and 

Wagner (1972) .  Th i s  i s  t r u e  f o r  each o f  t h e  sec t i ons  i n  Chapters 21, 22 and 23. 
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21.2. GAME THEORY 

21.2.1. Some examples 

Consider the  f o l l o w i n g  s i t u a t i o n .  An a n a l y s t  has t o  decide which o f  f i v e  

p o s s i b l e  species i s  p resen t  i n  a s o l u t i o n .  

He knows f o r  example t h a t  substance 5 w i l l  be de tec ted  unambiguously and w i t h  

c e r t a i n t y  by t e s t  2,  w h i l e  t e s t  1 w i l l  f a i l .  

d e t e c t  substance 1 w i t h  a p r o b a b i l i t y  o f  0.3 

s u f f i c i e n t l y  l a r g e  amounts a l l o w  i d e n t i f i c a t i o n  o r  because t h e  t e s t  works o n l y  

i n  t h e  absence o f  c e r t a i n  a n i o n i c  substances).  

t h a t  t he  CL p,~Liu / t i  p r o b a b i l i t y  o f  occurrence o f  t h e  f i v e  substances i s  t he  same. 

From these k inds  o f  cons ide ra t i ons ,  he i s  ab le  t o  c o n s t r u c t  t h e  f o l l o w i n g  

p r o b a b i l i t y  m a t r i x  

To do t h i s ,  he uses t h r e e  spo t  t e s t s  

He es t imates  a l s o  t h a t  t e s t  1 w i l l  

(because, f o r  example, o n l y  

He knows f rom p a s t  exper ience 

C a t i o n i c  spec ies  

(1 )  ( 2 )  ( 3 )  ( 4 )  ( 5 )  
( 1 )  0 .3  0 . 4  0 . 5  1 0 

(3)  0 . 1  0 . 5  0 . 3  0 .1  0 
Tests ( 2 )  0.2 0 .3  0 . 6  0 1 

Th is  s i t u a t i o n  can be descr ibed as a game a g a i n s t  na tu re  *. Th is  te rm ino logy  

i s  exp la ined  i n  t h e  mathematical  sec t i on ,  which discusses game theo ry  i n  a more 

sys temat ic  way than i s  p o s s i b l e  i n  t h i s  i n t r o d u c t i o n .  We s h a l l ,  however, so l ve  

t h i s  problem here  t o  demonstrate t h e  ph i losophy o f  game theo ry .  

c a r e f u l l y  t he  m a t r i x ,  one observes t h a t  species (1) i s  always more d i f f i c u l t  

t o  d e t e c t  than species (2 )  and ( 3 ) .  

t h e r e f o r e  concen t ra te  on (1 )  and one may e l i m i n a t e  columns (2 )  and ( 3 ) .  

( 1 )  i s  s a i d  t o  dominate spec ies  (2 )  and ( 3 ) .  

I f  one cons iders  

I n  e l a b o r a t i n g  a s t r a t e g y  one shou ld  

Species 

* The game descr ibed i n  t h i s  s e c t i o n  i s  e s s e n t i a l l y  t he  same problem as t h a t  
t r e a t e d  by Kaufmann (1968) concern ing  the  cho ice  f rom t h r e e  a n t i b i o t i c s  t o  
f i g h t  f i v e  p o s s i b l e  microorganisms. 
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The matrix now reduces t o  

Cationic species  

(1) (4) ( 5 )  

(1) 0 . 3  1 0 

( 3 )  0.1 0 .1  0 
Tests ( 2 )  0 . 2  0 1 

I n  the same way, t e s t  (1) i s  always b e t t e r  than t e s t  (3)  as  the probabi l i ty  f o r  

succesful appl icat ion i s  higher with species  (1) and ( 4 )  a n d  the same f o r  

species ( 5 ) .  Clear ly ,  i t  would not be i n t e l l i g e n t  to  s e l e c t  t e s t  ( 3 ) .  

i s  said t o  dominate t e s t  ( 3 ) .  

matrix i s  now obtained 

Test  (1) 

The l a t t e r  may be eliminated so t h a t  the following 

Cationic species 

(1) (4) ( 5 )  
( 1 )  0 . 3  1 0 
( 2 )  0.2 0 1 Tests 

What s t ra tegy  should now be chosen ? T h i s  i s ,  of course, a question of c r i t e r i a .  

I n  games against  nature t h i s  i s  a par t icu lar ly  d i f f i c u l t  question and several 

c r i t e r i a  (minimax, Laplace, ldald, Hurwicz, e t c . )  have been proposed. 

c lass ica l  c r i t e r i o n  i s  the minimax c r i t e r i o n .  The optimal s t ra tegy  i s  sa id  t o  be 

the one t h a t  maximizes the smallest  probabi l i ty  whatever the s t a t e  of nature. 

b o t h  pure ( see  sect ion 2 1 . 2 . 2 )  s t r a t e g i e s  t h i s  i s  zero. For example, i f  nature 

i s  i n  s t a t e  ( 5 ) ,  the  detect ion probabi l i ty  with t e s t  (1) i s  0 .  

i s  employed, so t h a t  t e s t  (1) i s  used with a probabi l i ty  of 8/11 and t e s t  ( 2 )  with 

a p robabi l i ty  3/11, then the probabi l i ty  of detect ing species (1)  i s  

The m o s t  

For 

I f  a mixed s t ra tegy  

8 3 0 .3  x - + 0.2 x - - 0.273 11 11 - 

For the four  o ther  species i t  i s  0.373, 0.527, 0.727 and 0.273, respect ively.  

This means t h a t  i f  the analyst  c a r r i e s  o u t  h is  se lec t ion  by put t ing e ight  cards 

with the t e x t  : " tp t  (1) must be chosen", and three cards d i rec t ing  him t o  choose 
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t e s t  (2 )  i n  a box and by obeying t h e  c a r d  he chooses a t  random f rom the  box, 

t h a t  h i s  p r o b a b i l i t y  o f  i d e n t i f y i n g  the  spec ies  conta ined i n  t h e  s o l u t i o n  i s  a t  

l e a s t  0.273. Th is  i s ,  o f  course, a r a t h e r  s u r p r i s i n g  way o f  making a dec i s ion  

and i t  i s  p robab le  t h a t  t he  reader  o f  t h i s  book w i l l  v iew t h i s  r e s u l t  w i t h  some 

scep t i c i sm.  

problem i t  poses i s  a very  common one. 

Another a l s o  very  s imp le  example i s  t h e  f o l l o w i n g .  

The example i s  c l e a r l y  a very  s imp le  one b u t  t he  s t r u c t u r e  o f  t h e  

An element A shou ld  be 

determined w i t h  a c e r t a i n  p r e c i s i o n .  I f  i t  i s  p resen t  i n  a concen t ra t i on  > 1 ppm, 

one w i l l  be a b l e  t o  do t h i s  by f lame AAS, i f  i t s  concen t ra t i on  i s  h i g h e r  than  

0.1 ppm by a tomic  abso rp t i on  a f t e r  e x t r a c t i o n  and i f  i t  i s  h i g h e r  than 0 . 0 1  ppm 

by n e u t r o n - a c t i v a t i o n  a n a l y s i s .  

8, 10 and 12 u n i t s ,  r e s p e c t i v e l y .  I f  one c a r r i e s  o u t  t h e  f lame AAS method and 

the  concen t ra t i on  i s  found t o  be too  low, one can e x t r a c t  t h e  s o l u t i o n ,  use t h e  

a l ready  prepared standards and measure again.  

2.2 u n i t s .  I n  the  same way, one i s  ab le  t o  c a l c u l a t e  t h e  t ime  necessary w i t h  

each method and f o r  each hypothes is  which y i e l d s  the  f o l l o w i n g  m a t r i x  

The t imes f o r  c a r r y i n g  o u t  these techniques a r e  

Th is  w i l l  take  an a d d i t i o n a l  

F i r s t  method t r i e d  

AAS Extract ion-AAS Neutron a c t i v a t i o n  

’ 1 PPm 8 10 12 
< 1 ppm, > 0.1 ppm 10.2 10 12 

< 0 . 1  ppm, > 0.01 ppm 12.3 12.4 12 

What i s  a p rudent  and i n t e l l i g e n t  s t r a t e g y  ? I n  t h i s  i ns tance  (wh ich  i s  aga in  a 

reword ing  o f  a problem g i ven  by Kaufmann) the  m a t r i x  con ta ins  a saddle p o i n t  

(see s e c t i o n  21.2.2) a t  t h e  i n t e r s e c t i o n  o f  t he  t h i r d  row and t h i r d  column, 

which y i e l d s  t h e  op t ima l  s t r a t e g y .  Neutron a c t i v a t i o n  shou ld  be chosen. I t  is  

e v i d e n t  t h a t  many a n a l y t i c a l  o p t i m i z a t i o n  problems can be fo rmu la ted  as games 

a g a i n s t  na tu re .  

a m a t t e r  f o r  specu la t i on .  

Whether game theory  w i l l  be ab le  t o  g i v e  meaningful  answers i s  

A l though much more complex games than those descr ibed here have been so lved,  

p r a c t i c a l  gaine problems a r e  s t i l l  more complex. It i s  a l s o  p o s s i b l e  t h a t  t he  

d i f f i c u l t y  o f  s e l e c t i n g  a r e l e v a n t  c r i t e r i o n  which e x i s t s  i n  a l l  a p p l i c a t i o n s  
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of game theo ry ,  p rec ludes  a meaningful  use i n  a n a l y t i c a l  chemis t ry .  Never the less ,  

we t h i n k  t h a t  research  i n  t h i s  d i r e c t i o n  shou ld  be c a r r i e d  o u t  even i f  no 

immediate rewards a re  t o  be expected. 

21 .2 .2 .  Mathematical  

A game can be d e f i n e d  as a sequence o f  moves, each o f  which i s  made by one 

o f  t h e  p l a y e r s  o f  t h e  game. 

amongst severa l  p o s s i b i l i t i e s .  The outcome o f  a move i s  t o  change t h e  p o s i t i o n  

o f  t he  game. The knowledge o f  t h e  p o s i t i o n  i s  an impor tan t  f a c t o r  o f  t he  game. 

I n  many games such as chess t h e  p o s i t i o n  i s  comple te ly  known by each p l a y e r  a t  

t h e  t i m e  o f  h i s  move, whereas i n  o t h e r  games such as b r i d g e  t h i s  knowledge i s  

incomple te .  Here t h e  

d i f f e r e n c e  can be made between zero-sum games, i n  which t h e  t o t a l  o f  t h e  sums won 

and l o s t  amounts t o  zero and games i n  which t h i s  i s  n o t  t he  case. 

A t  each move t h e  p l a y e r  making the  move chooses 

A t  t h e  end o f  a game t h e r e  i s  u s u a l l y  some s o r t  o f  p a y o f f .  

A s t r a t e g y  f o r  a p l a y e r  o f  a game i s  d e f i n e d  as a f u n c t i o n  which ass igns  a 

move t o  each p o s s i b l e  s i t u a t i o n  w i t h  which the  p l a y e r  can be con f ron ted  w h i l e  

p l  ay i  ng the  game. 

I n  p r a c t i c e  t h e  d e c i s i o n  t o  make a g i ven  move i s  made du r ing  the  game b u t  when 

s tudy ing  a game i t  can be assumed t h a t  a l l  s t r a t e g i e s  a r e  enumerated beforehand. 

L e t  us now l i m i t  ourse lves  t o  games w i t h  two p laye rs ,  A and B, w i t h  zero-sum. 

By t h i s  we mean t h a t  any sum won by one o f  t he  p l a y e r s  must be l o s t  by the  o t h e r .  

L e t  us denote by the  s e t  I = 11, 2, . . . , n)  the  s e t  o f  a l l  s t r a t e g i e s  o f  p l a y e r  

A and by t h e  s e t  J = 11, 2 ,  . . .  , m) t h e  s e t  o f  a l l  s t r a t e g i e s  of p l a y e r  B. 

If p l a y e r  A chooses s t r a t e g y  i ( i € I )  and p l a y e r  B chooses s t r a t e g y  j (jEJ), t h i s  

w i l l  l e a d  t o  a s p e c i f i c  outcome o f  t h e  game and t o  a p a y o f f .  We s h a l l  c a l l  a . .  

t h e  sum p l a y e r  A wins and p l a y e r  B l oses  i n  t h i s  s i t u a t i o n .  

can be represented  by a m a t r i x .  

o f  p l a y e r  A and t h e  columns the  s t r a t e g i e s  o f  p l a y e r  B.  

1 J  

The values aij 

The rows o f  t h e  m a t r i x  rep resen t  the  s t r a t e g i e s  
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B 

1 2 . . .  
1 all a12 . . . 
2 aZ1 a22 . . . 

A *  

m 

a 1m 

a 2m 

a nm 

When examining t h i s  m a t r i x  f rom the  p o i n t  o f  v iew 0 .  p l a y e r  i t  can be seen 

t h a t  i f  he chooses s t r a t e g y  i he w i l l  a t  l e a s t  o b t a i n  14in a . .  f rom t h e  game. 

By examining h i s  va r ious  s t r a t e g i e s  w i t h  t h e  c r i t e r i o n  o f  h i s  minimal ga in ,  he 

w i l l  choose t h e  s t r a t e g y  i f o r  which he maximizes t h i s  va lue  

j 1 J  

Max (Min a . . )  
1J i j  

L ikewise  p l a y e r  B, i f  he s e l e c t s  s t r a t e g y  j ,  w i l l  i n  t h e  wors t  case l o s e  

Max a .  . .  There fore ,  he w i l l  t r y  t o  min imize  t h i s  va lue  and choose s t r a t e g y  j ,  
i 1J  

which minimizes t h i s  wors t  l o s s  

Min  (Max a. . )  
j i 1 J  

I t  can be proved mathematica l y  t h a t  

Min (Flax aij) ab lax  (Min a. 
j i  i j  

I f  t h e  m a t r i x  o f  a zero-sum two-person game i s  such t h a t  

Min (Max a .  . )  = Max (Min a.  . )  = v 
j i 1 J  i j 1J 

t h e  game i s  s a i d  t o  have a p o i n t  o f  e q u i l i b r i u m  o r  a saddle p o i n t .  

v i s  then  c a l l e d  the  va lue  o f  t h e  game. 

The q u a n t i t y  

From t h e  d e f i n i t i o n ,  i t  f o l l o w s  t h a t  i f  a saddle p o i n t  i s  chosen by bo th  
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p l a y e r s  i t  must be t h e  sma l les t  e lement i n  i t s  row and t h e  l a r g e s t  i n  i t s  

column. 

B i s  u s u a l l y  r e f e r e d  t o  as a pure  s t r a t e g y .  

by a p l a y e r  i s  made once and f o r  a l l .  

corresponding t o  a saddle p o i n t  o f  t he  game, t h e  f o l l o w i n g  i n t e r e s t i n g  f a c t  can 

be observed : i f  t h e  opponent ma in ta ins  h i s  s t r a t e g y ,  changing one ’s  own s t r a t e g y  

can o n l y  l e a d  t o  l o s s .  

Th is  cho ice  o f  a row o f  t h e  m a t r i x  by p l a y e r  A o r  o f  a column by p l a y e r  

By t h i s  i t  i s  meant t h a t  t h e  cho ice  

I f  bo th  p l a y e r s  choose a pure  s t r a t e g y  

I f  no saddle p o i n t s  e x i s t s  i n  a game, i t  i s  p o s s i b l e  t o  i n t r o d u c e  a concept 

of e q u i l i b r i u m  i n  ano the r  way. Fo r  t h i s  we need t h e  f o l l o w i n g  d e f i n i t i o n  : a 

mixed s t r a t e g y  i s  a p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h e  s e t  o f  pure  s t r a t e g i e s .  

A mixed s t r a t e g y  f o r  p l a y e r  A can be ob ta ined  by ass ign ing  p r o b a b i l i t i e s  

pl, p2, ..., pi, ..., p t o  each o f  h i s  pure  s t r a t e g i e s ,  such t h a t  n 

n 

i = l  
i = 1, ..., n and C p .  = I P i  2.0 1 

L i kew ise ,  a mixed s t r a t e g y  f o r  p l a y e r  B i s  found by ass ign ing  p r o b a b i l i t i e s  

ql, q2, . .., q j ,  ..., qm t o  each pure  s t r a t e g y  o f  B ,  such t h a t  

m 
q j  5 0  j = 1, 2, ..., m and 1 q j  = 1 

j=1 

O f  course, i f  a game i s  p layed  o n l y  once, one o f  t h e  pure  s t r a t e g i e s  must be 

chosen by each p l a y e r .  

s t r a t e g y  a t  random us ing  the  p r o b a b i l i t i e s  pi o r  q I f  the  game i s  p layed  N 

t imes t h e  mixed s t r a t e g y  i s  found by p l a y i n g  pure  s t r a t e g y  1 N.pl t imes,  pure  

s t r a t e g y  2 N.p2 t imes, e t c .  

must be e i t h e r  random o r  kep t  s e c r e t  f rom the  opponent who cou ld  make use o f  

t h i s  i n f o r m a t i o n .  

A mixed s t r a t e g y  can be chosen i f  the  p l a y e r  draws a pure  

j *  

O f  course, t he  o r d e r  o f  p l a y i n g  these pure  s t r a t e g i e s  

To s i m p l i f y  a game one can o f t e n  use the  p r o p e r t y  o f  dominat ion.  To i l l u s t r a t e  

t h i s  process, cons ider  a game w i t h  t h e  f o l l o w i n g  payof f  m a t r i x  
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B 
I 1  2 

5 4  
A : I  2 6  

3 2 3  

Consider the pure s t r a t e g i e s  of player  A ; i t  can be observed t h a t  whatever the 

s t ra tegy  of player  B i t  i s  always b e t t e r  f o r  player  A t o  choose s t ra tegy  1 than 

s t ra tegy  3. This action wil l  lead t o  a payoff a t  l e a s t  as good. Therefore, 

s t ra tegy  1 i s  sa id  t o  dominate s t ra tegy  3. As A wil l  never s e l e c t  s t ra tegy  3, 

t h i s  game i s  i n  f a c t  equivalent t o  a game in  which s t ra tegy  3 has been removed 

B 

A ++ 5 4  
2 6 

Let us consider now a game in  which 

payoff obtained by the  other  player  i s  

of the payoff matrix 

player  i f  he s e l e c t s  s t ra tegy  i and i f  

confronted with an investment problem. 

A n  element a .  
1j 

one of the players i s  nature and the 

influenced by the s t a t e  in  which nature i s .  

i s  defined as the payoff obtained by the 

nature i s  in  s t a t e  j .  Consider a farmer 

I f  he decides t o  inves t ,  h is  re turns  a re  

s t rongly influenced by the weather. 

o r  bad weather i s  considered, the payoff matrix i s  given by 

I n  the  s implif ied case i n  which only good 

Nature 

Good weather (1) Bad weather ( 2 )  

Investment (1) 100.000 - 20 
No investment ( 2 )  - 10 - 10 Farmer 

Let us apply the minimax s t ra tegy  to  t h i s  game. 

wil l  in  the worst case loose 20 and i f  he does n o t  invest  he wil l  loose 10 

If  he chooses t o  inves t  he 

Max t4in = - 10 
i j  
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He w i l l  t h e r e f o r e  choose n o t  t o  i n v e s t .  I t  i s  obvious t h a t  i t  would be w i s e r  

f o r  t h e  fa rmer  t o  take  t h e  r i s k  o f  l o o s i n g  20 i n s t e a d  o f  10 i n  t h e  hope o f  

w inn ing  100,000. 

have been suggested f o r  s o l v i n g  games a g a i n s t  na ture .  

examined i n  t h i s  sec t i on .  

To express t h i s  t ype  of  reason ing  severa l  a l t e r n a t i v e  c r i t e r i a  

Two o f  these w i l l  be 

Hurwicz suggested d e f i n i n g  t h e  opt imism of t h e  p l a y e r  by a number k ,  w i t h  

Then, f o r  each s t r a t e g y  i the  wors t  and bes t  p o s s i b l e  outcomes a r e  c a l c u l a t e d  

I f  k i s  t h e  opt i f i i ism o f  t h e  p l a y e r  he expects t o  ga in  

P .  = k Ai + (1 -k )  a .  
1 1 

f rom the  game, when choosing s t r a t e g y  i. 

He then chooses t h e  s t r a t e g y  i which maximizes h i s  expected r e t u r n  

Max Pi 
i 

A r b i t r a r i l y  f i x i n g  t h e  opt imism o f  t h e  p l a y e r  a t  k = 0 , l  

f o l l o w i n g  values f o r  t he  game descr ibed above 

t h i s  g i ves  the  

al = - 20 A1 = 100,000 P1 = 0 .1  x 100,000 t 0.9  x ( -  20) = 9982 

a2 = - 10 A 2  = - 10 P2  = 0 . 1  x ( -  10) + 0.9 x ( -  10) = - 10 

as P1 > P2, t h e  p l a y e r  chooses t o  i n v e s t .  

An a l t e r n a t i v e  i s  Lap lace ' s  c r i t e r i o n .  I f  t h e  r e a c t i o n  o f  na tu re  i s  unknown 

I n  i t  can be assumed t h a t  t he  s t a t e s  o f  n a t u r e  occur w i t h  equal p r o b a b i l i t i e s .  
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t h i s  i n s t a n c e  t h e  expected r e t u r n  f o r  s t r a t e g y  i i s  g i v e n  by 

1 p.  = - (ail t ai2 + ... t a .  ) i n  i n  

and t h e  s t r a t e g y  i s  chosen f o r  which t h e  expected r e t u r n  i s  maximized 

Max Pi 
1 

I n  the  example, t h e  Pi have t h e  f o l l o w i n g  values 

Again, s t r a t e g y  1 i s  chosen. 

I f  p r o b a b i l i t i e s  a re  known f o r  t he  d i f f e r e n t  s t a t e s  o f  na tu re ,  t h i s  c r i t e r i o n  

can be genera l i zed  by g i v i n g  we igh ts  t o  t h e  payo f f s ,  equal  

p r o b a b i l i t i e s .  

t o  t h e  known 

The b a s i c  re fe rence  f o r  t h i s  s e c t i o n  i s  t h e  book by Von Neumann and Morgenstern 

(1953).  

21.3. QUEUEING 

21.3.1. Models and assumptions 

I n  Chapter 9 the  t ime  taken f o r  an a n a l y s i s  was ment ioned as one o f  t h e  

performance c h a r a c t e r i s t i c s  o f  an a n a l y t i c a l  procedure.  

t ime  between t h e  a r r i v a l  o f  a sample and the  communication o f  a r e s u l t  i s  a 

performance c h a r a c t e r i s t i c  f o r  an a n a l y t i c a l  l a b o r a t o r y .  I f  one cons iders  how 

t h i s  t ime  i s  composed i n  p r a c t i c e  one o f t e n  f i n d s  t h a t  a l a r g e  p a r t  of i t  i s  

spent w a i t i n g .  

a l a b o r a t o r y  : (a )  t h e  t ime a sample w a i t s  be fo re  be ing  processed because t h e  

I n  t he  same way, t he  

I n  f a c t ,  t h e r e  a r e  two w a i t i n g  t imes t h a t  a r e  o f  importance t o  
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apparatus o r  personnel  a re  occupied w i t h  p rev ious  samples and ( b )  t he  t ime t h a t  

apparatus o r  personnel  w a i t  because no samples a r e  a v a i l a b l e .  I f  these w a i t i n g  

t imes a r e  too  long, t h e r e  i s  c l e a r l y  i n s u f f i c i e n t  agreement between t h e  proposed 

n t e r e s t  

s done 

work l o a d  and the  a n a l y s i s  c a p a c i t y  and i t  i s  t h e r e f o r e  obv ious l y  o f  

t o  i n v e s t i g a t e  the  r e l a t i o n s h i p s  between these two q u a n t i t i e s .  Th i s  

w i t h  the  use o f  queueing theory .  

The w a i t i n g  t ime  f o r  a de te rm ina t ion  depends on : 

- t h e  mean r a t e  o f  a r r i v a l  o f  samples, X 

- t h e  mean r a t e  o f  a n a l y s i s  o r ,  t o  use queueing theo ry  language, t h e  mean 

s e r v i c e  r a t e  p e r  channel ,  p. p = l/Ta, where f i s  the  average s e r v i c e  t ime 

- the  number, m, o f  apparatus ( o r  t e c h n i c i a n s )  t h a t  a r e  a v a i l a b l e  t o  c a r r y  

o u t  t he  ana lys i s  ; i n  queueing theo ry  language, t h e  number o f  channels.  

The o b j e c t i v e  o f  t h e  queueing a n a l y s i s  i s  t o  determine parameters such as w, 
t h e  mean w a i t i n g  t ime b e f o r e  commencement o f  t h e  a c t u a l  de te rm ina t ion  (queueing 

theory  language : mean w a i t i n g  t ime i n  t h e  queue), o r  n 
The ana lys i s  i s  p r i m a r i l y  o f  i n t e r e s t  when A/m < p, i . e . ,  when t h e  mean number 

o f  samples submi t ted  f o r  ana lys i s  i s  sma l le r  than t h e  ana lys i s  capac i t y .  

t h i s  i s  n o t  t he  case the  queue w i l l  grow i n d e f i  i t e l y .  

t h e  mean queue l e n g t h .  
q ’  

I f  

The q u a n t i t y  X/mu = P i s  c a l l e d  t h e  t r a f f i c  n t e n s i t y  o r  u t i l i z a t i o n  f a c t o r  

and p lays  an impor tan t  r o l e  i n  computat ions,  as i s  shown l a t e r .  

queueing a n a l y s i s  can be c a r r i e d  o u t  and i t  has been shown t h a t  i n  t h i s  i ns tance  

a steady s t a t e  i s  reached. Th is  means t h a t  a f t e r  a c e r t a i n  i n i t i a l  t ime,  needed 

t o  e s t a b l i s h  t h e  steady s t a t e ,  a s i t u a t i o n  i s  reached i n  which one i s  a b l e  t o  

p r e d i c t  t h e  values o f  t h e  parameters Ta and n 
n 

When p < 1, 

For  the  c a l c u l a t i o n  o f  Ta and 
9 ‘  

- 
c e r t a i n  assumptions about the  d i s t r i b u t i o n s  a r e  necessary, however. 

9 ’  
The f o l l o w i n g  d i s t r i b u t i o n s  o f  i n t e r a r r i v a l  t ime  and s e r v i c e  t ime can be 

d i s t i n g u i s h e d  : exponen t ia l ,  (?I) ; r -s tage  Er lang ian ,  (E,) ; R-stage 

hyperexponent ia l ,  (HR) ; d e t e r m i n i s t i c ,  ( 0 )  ; genera l ,  ( G ) .  

d i s t r i b u t i o n  o f  t he  s e r v i c e  t ime, f o r  i ns tance ,  i s  g i ven  by 

The exponent ia l  
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Queues a re  described with a shorthand notation such as  A/B/m, where A ,  B and 

m represent  the d is t r ibu t ions  f o r  i n t e r a r r i v a l  time and serv ice  time and the 

number of channels. For example, i n  the M/M/1 system b o t h  the  i n t e r a r r i v a l  time 

and the serv ice  time a r e  exponentially d is t r ibu ted  and there  i s  only one serv ice  

channel. This system i s  the  s implest  one and  i s  the one t h a t  i s  usually discussed 

in  introductory t e x t s  on queueing theory. 

d i s t r i b u t i o n  of the waiting time and the influence of p r i o r i t y  rules  a re  eas i ly  

calculated.  

The average waiting time a n d  

The mean waiting times f o r  G / M / l ,  M / G / l  a n d  G/H/m systems a r e  a l so  e a s i l y  

assessed. Problems a r i s e ,  however, f o r  G / G / l ,  G / G / m  and M/G/m systems f o r  which 

one has only approximating formulae. 

Clear ly ,  the a p p l i c a b i l i t y  of queueing theory depends s t rongly on the 

d is t r ibu t ion  functions of i n t e r a r r i v a l  time and analysis  time. 

on the complexity of p r i o r i t y  rules  and of the laboratory model (see Chapter 30 

f o r  a discussion of laboratory models). 

I t  a l s o  depends 

21.3.2. The ll/M/l and WM/n systems 

I n  the  simplest model (M/M/l), the following assumptions a r e  made concerning 

the d i s t r i b u t i o n  of the a r r iva l  r a t e  and the serv ice  times. 

( a )  The number of a r r i v a l s  during an in te rva l  has a Poisson d i s t r i b u t i o n .  

This hypothesis implies t h a t  the probabi l i ty  of n a r r i v a l s  i n  an interval  ( 0 , t )  

i s  given by 

( 2 1 . 5 )  emXt P n W  = 
n !  

where X t  i s  the average number of a r r i v a l s  during t h i s  i n t e r v a l .  

The r e s u l t  f o r  the probabi l i ty  of n a r r i v a l s  in  a Poisson d i s t r i b u t i o n  can be 

obtained from the three basic assumptions of t h i s  d i s t r ibu t ion  : 
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( i )  The probabi l i ty  of a s ing le  a r r i v a l  during a small time i n t e r v a l ,  A t ,  i s  

I t  i s  given by X A t  t o(At)  where proportional t o  the length of the  i n t e r v a l .  

X i s  the parameter of the Poisson d i s t r i b u t i o n  and o(At) i s  a small value which 

becomes negl igible  f o r  small A t .  I n  terms of the probabi l i ty ,  P , ( t ) ,  i t  can be 

seen t h a t  eqn. 21 .5  implies lim -- = X .  
A t  A t 4  

p1  (At) 

( i i )  The probabi l i ty  of more t h a n  one a r r i v a l  during a small interval  A t  i s  

negl igible  f o r  small t .  A s  a r e s u l t  of these two assumptions, 

( i i i )  The numbers of  a r r i v a l s  during non-overlapping time in te rva ls  a r e  

s t a t i s t i c a l l y  independent. 

( b )  The service time has an exponential d i s t r ibu t ion .  This hypothesis means 

t h a t  the probabi l i ty  t h a t  the service time equals t i s  given by l~ e-lJt, where l~ 

i s  the parameter o f  the  exponential d i s t r i b u t i o n .  Further ,  i t  i s  assumed t h a t  

times between a r r i v a l s  and service times a re  independent. 

To describe the s t a t e  o f  the system a t  a given time t ,  we sha l l  use the 

following d e f i n i t i o n s .  

The number of elements present in  the system a t  a n  i n s t a n t  t i s  ca l led  N ( t ) .  

The The probabi l i ty  t h a t  there  a re  n elements a t  an i n s t a n t  t i s  cal led p n ( t ) .  

study of queueing systems i s  mainly concerned with the behaviour o f  the system 

in a s t a t e  of equilibrium. 

on t and a r e  ca l led  p 

such a s t a t e  i s  given by 

A t  t h i s  point ,  the probabi l i t i es  p n ( t )  do n o t  depend 

I n  the  s ingle-server  queue, the condition f o r  reaching n '  

The main r e s u l t s  which can be obtained from these assumptions concern a number 

of parameters which describe the expected way the system wil l  behave. 

simple model described above, we shal l  give formulae f o r  the following parameters : 

For the 

p n  = probabi l i ty  f o r  n customers t o ' b e  present  i n  the system ;' 

n = mean number of customers present i n  the system ; 
- 

iranchembook.ir/edu

https://iranchembook.ir/edu


450 

n = mean number o f  customers present in  the queue ; 

w = mean waiting time ; 

p(W ,< A )  = probabi l i ty  t h a t  the waiting time i s  smaller than o r  equal t o  A ; 

- 

4 
- 

n = 0 ,  I, 2 ,  ... (21.6)  

P(W < A )  = 1 - p e -1J.A(l-p) 

h = 3,47 

( 2 1 . 7 )  

(21.8) 

per day 
Fig. 21 .2 .  Dis t r ibut ion o f  the number o f  samples per day obtained in  a laboratory 
f o r  s t ruc tura l  analysis  over a period of 250 days compared with a theore t ica l  
Poisson d is t r ibu t ion  with X = 3.47 (Vandeginste, 1978). 

A laboratory usually consis ts  o f  several service posts .  For example, the 

samples have t o  be centrifuged (serv ice  post 1) before being d is t r ibu ted  over 

several apparatuses f o r  determination o f  the concentration ( serv ice  posts 2 ,  

. . . ,  m ) .  Jackson (1957) demonstrated t h a t  i f  some serv ice  node i n  a network of 
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service points  receives samples from various sources ( i ) ,  each with a Poisson 

input  r a t e  X i ,  i n  general the t o t a l  input will not be a Poisson process, b u t  

t h i s  node s t i l l  behaves as i f  i t  i s  an M/M/n system with input  r a t e  Z h i .  

Therefore, many systems can be invest igated using introductory queueing theory. 

I t  remains t o  be shown t h a t  the ra te  of a r r i v a l  of samples in  an analyt ical  

laboratory follows a Poisson d i s t r i b u t i o n .  Vandeginste (1978) has shown t h a t  

t h i s  i s  the case i n  a t  l e a s t  some labora tor ies .  F i g .  2 1 . 2  gives the d i s t r i b u t i o n  

of a r r iva l  ra tes  i n  a laboratory f o r  s t ruc tura l  ana lys i s .  The actual 

d i s t r i b u t i o n  can be represented by a Poisson dis t r ibu t ion  with A = 3.47. 

21.3.3. Applications i n  analyt ical  chemistry 

The l i t e r a t u r e  on appl icat ions of queueing theory in  analyt ical  chemistry i s  

r e s t r i c t e d  t o  a ra ther  general introduct ion by Adeberg and  Doerffel (1975). I n  

t h i s  sec t ion ,  the more important conclusions of Vandeginste (1978) a r e  given. 

3ne should observe f i r s t  t h a t  n o t  a l l  l abora tor ies  can be studied with 

queueing theory. The sample input  of some labora tor ies ,  such as  c l i n i c a l  a n d  

some indus t r ia l  control labora tor ies ,  i s  time dependent, and  the time elapsed 

between sampling and producing the ana ly t ica l  r e s u l t  may vary from a few hours 

t o  a day. 

evening a l l  samples received are  completed. I n  terms of queueing theory, such 

labora tor ies  never reach a "steady s t a t e " .  

requires  complex mathematics, and t o  our knowledge, u p  t o  now, queues in  such 

kinds of labora tor ies  have never been calculated.  

I n  the  ear ly  morning the laboratory i s  almost empty, and by the 

The solut ion of non-stationary queues 

Other labora tor ies ,  f o r  instance ana ly t ica l  departments in  research labora tor ies ,  

receive a more or l e s ?  continuous flow of samples. 

i n  terms of s t a t i s t i c a l  parameters such as the  mean and the variance of the 

i n t e r a r r i v a l  time of the samples. I f  these parameters, together  with the 

parameters describing the  s t a t i s t i c a l  behaviour of the analysis  time, remain 

constant f o r  a s u f f i c i e n t l y  long period, a steady s t a t e  wil l  be observed, allowing 

the appl icat ion of queueing theory. However, t h i s  i s  only t rue  f o r  f a i r l y  simple 

This flow can be described 
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systems and i t  i s  obvious t h a t  such complex systems as r e a l  a n a l y t i c a l  l a b o r a t o r i e s  

cannot  be descr ibed e a s i l y  by t h e  r a t h e r  s imp le  models on which queueing theo ry  

i s  based. There fore ,  d i g i t a l  s i m u l a t i o n  which w i l l  be d iscussed i n  s e c t i o n  21.4 

can be cons idered as an a l t e r n a t i v e  method f o r  hand l i ng  more complex models. 

Never the less ,  queueing theo ry  p rov ides  some i n t e r e s t i n g  conc lus ions  about de lay  

t imes i n  a n a l y t i c a l  l a b o r a t o r i e s ,  and some examples o f  genera l  i n t e r e s t  w i l l  be 

d i  scussed. 

( a )  F l u c t u a t i o n s  o f  t he  a n a l y s i s  t ime 

From eqn. 21.8, one concludes t h a t ,  f o r  e x p o n e n t i a l l y  d i s t r i b u t e d  i n t e r a r r i v a l  

t imes o f  the  samples and a n a l y s i s  times, t h e  de lay  t ime shows an exponen t ia l  

d i s t r i b u t i o n .  Other  d i s t r i b u t i o n s  o f  i n t e r a r r i v a l  and a n a l y s i s  t ime  a l s o  g i v e  

r i s e  t o  an exponent ia l  d i s t r i b u t i o n .  Th is  means t h a t  t he  w a i t i n g  t ime  f o r  t he  

r e s u l t s  o f  some samples i s  much l o n g e r  than t h e  average w a i t i n g  t ime.  

s t a t i s t i c a l  na tu re  o f  bo th  t imes causes t h e  de lay  o f  some samples t o  be much l o n g e r  

than the  average de lay .  

The 

One o f  t h e  most power fu l  means o f  c o n t r o l l i n g  t h e  average de lay  i s  t o  c o n t r o l  

t h e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h e  a n a l y s i s  t ime.  

demonstrated t h a t  systems w i t h o u t  s t a t i s t i c a l  f l u c t u a t i o n s  o f  t h e  a n a l y s i s  

t ime show h a l f  t h e  w a i t i n g  t ime o f  a M / H / 1  system. 

f l u c t u a t i o n s  o f  t h e  ana lys i s  t ime  can be expressed as the  c o e f f i c i e n t  o f  v a r i a t i o n ,  

‘by 

d i s t r i b u t i o n  f u n c t i o n .  

i s  g i ven  by t h e  w e l l  known Po l laczek-Kh inch in  mean-value equat ions  : 

K l e i n r o c k  (1975 a)  

The magnitude o f  t h e  

which i s  t he  r a t i o  o f  t h e  s tandard  d e v i a t i o n  and t h e  mean o f  t h e  p r o b a b i l i t y  

The i n f l u e n c e  o f  t h i s  c o e f f i c i e n t  on t h e  w a i t i n g  t i m e  

(21 .9)  

(21.10) 

where r i s  t h e  de lay  t ime  (r = w t x a ) .  

S t a t i s t i c a l  f l u c t u a t i o n s  i n  the  ana lys i s  t ime  can be e l i m i n a t e d  o r  reduced by 
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standardizing the manipulations o r  by introducing automated procedures. 

e f f e c t  of doing t h i s  can therefore  be predicted by using eqns. 21.9 and 21.10. 

The 

( b )  Influence of the analysis  time 

I t  i s  obvious from eqn. 21.7 t h a t  the u t i l i z a t i o n  f a c t o r  has an important 

e f f e c t  on  the  mean delay in  the laboratory.  

time in  the laboratory grows i n  an unbounded .fashion. I n  some labora tor ies  i t  

i s  common prac t ice  t o  analyse a l l  samples twice, i n  order t o  detect  o u t l i e r s .  

Assuming t h a t  a dupl icate  analysis  requires double the time of a s ing le  ana lys i s ,  

a considerable decrease i n  the  average delay i s  observed i f  the second analysis  

i s  omitted. 

of 0 .5h, the average delay time decreases from 10 t o  0.9 h .  

then decide whether the decrease in  the average delay i s  worth the increased 

probabi 1 i ty  o f  obtaining out1 i e r s .  

As p approaches uni ty ,  the average 

For example, f o r  a system with p = 0 . 9  and  an average analysis  time 

The analyst  should 

( c )  The number of channels of the apparatus 

Consider an instrument with m se rv ice  channels. When the instrument 

becomes ava i lab le ,  i t  wi l l  accept m samples from the queue and analyse them 

simultaneously, 

number of samples wil l  be analysed. 

delay time on increasing the capacity of the instrument, assuming a constant 

analysis  time, can be calculated from the equations given by Kleinrock 

(1975 b ) .  

capacity f o r  a system with p = 0.9. 

I f  the analyst  f inds l e s s  t h a n  m samples i n  the  queue, then t h i s  

For t h i s  p a r t i c u l a r  instance,  the change i n  

Fig. 21.3 demonstrates the e f f e c t  of increasing the instrument 

( d )  The number of analysts  

Suppose t h a t  two analysts  perform the  same analyt ical  procedure. From the  

equations of an M/H/m queueing system (Kleinrock, 1975, c ) ,  the 

e f f e c t  of admitting a t h i r d  analyst  can be calculated as a function of p. 

Fig. 21.4,  one can see t h a t  f o r  p = 1 .4 ,  t h a t  i s  both  analysts  a re  70% employed, 

the  admittance of a t h i r d  analyst  reduces the delay time t o  47% of the i n i t i a l  

value. 

From 
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0 1 
1 1 1 c 

1 2 3 4 5 Capacity of the insrrumont 
Fig. 21.3. Waiting time i n  uni ts  o f  average analysis  time as  a function of the 
capacity of the instrument ( p  = 0 . 9 ) .  

- 
'MI MI3 

TMlM12 

' 
- 

c 

0 1 2 P 
Fig. 21 .4 .  Relative decrease in  the  average delay time by increasing the number 
of analysts  from 2 t o  3 as a function o f  the u t i l i z a t i o n  f a c t o r  p .  

( e )  P r i o r i t i e s  

The samples submitted t o  a laboratory do not necessar i ly  have the same 

p r i o r i t y ,  For example, urgent samples i n  a c l i n i c a l  laboratory a r e  positioned 

a t  the top of t h e  queues and  a r e  analysed before a l l  samples of lower p r i o r i t y ,  

i r respec t ive  o f  t h e i r  delay time. 

For equal average analysis  times o f  both p r i o r i t y  c l a s s e s ,  the  t o t a l  average 

delay time of the samples i s  n o t  affected by a p r i o r i t y  r u l e ,  b u t  a g rea t  
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difference i n  average delay may be observed between the c lasses .  I t  can be derived 

(Kleinrock, 1976) t h a t  for absolute p r i o r i t i e s  i n  an b l /M /1  system the delay time of the 

high- and low-priority c lasses  a re  ( p  1 a1 + P2 T a2 ) / (1 - P,) and 
- 

( p ,  Tal f p2 ta2) / (1  - p l )  ( 1  - p ) .  respect ively,  where subscr ipt  1 indicates  

the high p r i o r i t y  c lass  and p = p1 t p2 .  From Fig. 21.5, i t  can e a s i l y  be seen 

t h a t  an increased del ivery of samples of the low-priority c lass  has a very small 

e f f e c t  on the delay time of the high-prior i ty  samples b u t  has a strong e f f e c t  on 

the delay time of the low-priority samples. 

del ivery of high-prior i ty  samples a f f e c t s  the delay time of b o t h  c lasses .  

I t  can a l so  be shown t h a t  an increased 

priori 

4 = 0.5 

high priority 

0 0.1 0.3 0.5 r2 

Fig. 21.5. Waiting time i n  uni ts  of average analysis  time f o r  two p r i o r i t y  
c lasses  under absolute  p r i o r i t y  d isc ip l ine  as a function of the u t i l i z a t i o n  
f a c t o r  p2  f o r  the  samples of low p r i o r i t y .  

All of the examples presented above are  calculated f o r  open systems. These 

a r e  systems f o r  which the i n t e r a r r i v a l  times of the samples do not depend on  the 

delay times. However, ana ly t ica l  l abora tor ies  of ten i n t e r a c t  with t h e i r  

environment and form a closed system with i t .  

the analyt ical  r e s u l t s ,  he s t a r t s  new experiments and  sends new samples t o  the 

When the inves t iga tor  receives 
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analy t ica l  laboratory.  The time lag between two samples ( o r  sample s e r i e s )  

cons is t s  of the delay time o f  the r e s u l t  a n d  the time needed t o  reac t  on  the  

r e s u l t .  

the average i n t e r a r r i v a l  time of the samples. A s  a consequence, the expected 

reduction in  the  delay times i s  n o t  obtained. However, the t h r o u g h p u t  o f  the  

laboratory i s  increased. 

Decreasing the delay time of the r e s u l t  in  a closed system diminishes 

Delay times can be considered t o  be performance charac te r i s t ics  of the 

analyt ical  laboratory. However, t h i s  c r i t e r i o n  i s  i n t e r r e l a t e d  with another 

c r i t e r i o n ,  namely cos t .  

decreases the delay times o f  the  samples. 

laboratory i s  more expensive, b u t  the  gross p r o f i t  increases .  

i s  then obtained f o r  some mean delay time (Fig. 21.6) .  

Enhancement of the equipment ( technicians and instruments) 

As a r e s u l t  the operation of the  

A maximal net  p r o f i t  

Costs/ pro f i t  

?== profit grc,, 

net profit 

0- 

average delay time 

Fig. 21.6. Cost,/profit re la t ionships .  

21.4. SIMULATION TECHNIQUES 

21.4.1. Introduction 

We mentioned above (sec t ion  21.3) t h a t  f o r  complex queueing models with general 
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d i s t r i b u t i o n s  of the i n t e r a r r i v a l  time a n d  analysis  time, analyt ical  solut ions 

cannot be obtained o r  can be obtained only with d i f f i c u l t y  by the appl icat ion 

of queueing theory. 

experiments with the real laboratory system, cannot be considered because t h i s  

wou ld  be too expensive and time consuming and might even lead t o  chaos. 

t o  study the behaviour of the system, one can simulate i t  with a model, which 

may be physical ,  verbal ,  p i c t o r i a l  or mathematical. 

computer a mathematical model i s  required. The behaviour of the laboratory system 

i s  then simulated over a long period under s tochas t ic  and/or dynamic circumstances. 

Dynamic s tochas t ic  models a r e  used because the i n t e r a r r i v a l  time and ana lys i s  

time are  defined by t h e i r  d i s t r ibu t ion  function and because the in te rac t ions  

between var iables  a re  time dependent, e . g . ,  the e f f ic iency  of the ana lys t  may 

depend on the number of samples waiting in  the laboratory.  

I t  i s  obvious t h a t  the a l t e r n a t i v e  way, i . e .  performing 

I n  order  

For simulation on a d i g i t a l  

There a r e  o ther  reasons f o r  using simulation. F i r s t ,  the  model o f  the system 

can be a l te red  i n  order t o  inves t iga te  a l t e r n a t i v e  systems and the e f f e c t s  of 

the a l t e r a t i o n s .  For  example, in  a spectroscopic laboratory ( I R ,  NFlR and mass 

spectrometry) the analyst  may be responsible f o r  both the acquis i t ion and the  

in te rpre ta t ion  of the  spectra  or, i n  an a l t e r n a t i v e  model, operators may run the 

spec t ra ,  which a r e  in te rpre ted  by s p e c i a l i s t s .  

of the system, which i s  necessary t o  construct  the model, provides i n  i t s e l f  a 

b e t t e r  understanding of the system. Valuable suggestions f o r  improving the 

system organization can of ten be made, even before simulation with the model 

has been car r ied  out .  Therefore, the s tage of construct ing the model i s  as 

important as the execution of the experiments themselves. 

Secondly, the de ta i led  observation 

Building a computer model of a system and  performing meaningful experiments 

with i t  i s  n o t  easy. 

probabi l i ty  theory a n d  experimental optimization techniques. Furthermore, 

research e n t i r e l y  by experimental methods i s  a slow a n d  d i f f i c u l t  process, even 

under the ideal conditions of control which simulation provides. Because in  a 

simulation model a grea t  number of var iables  i s  involved, a g'ood experimental 

optimization method i s  very important i n  order t o  obtain the desired information. 

I t  requires a knowledge of computer programming, s t a t i s t i c s ,  
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Computer s i m u l a t i o n  exper iments u s u a l l y  c o n s i s t  o f  t h e  f o l l o w i n g  stages 

(Nay lo r  e t  a l . ,  1966). 

(1) Formula t ion  o f  the  problem. Th is  c o n s i s t s  i n  t h e  f o r m u l a t i o n  of t he  

ques t ions  t o  be answered, t he  hypothes is  t o  be t e s t e d  o r  t h e  e f f e c t s  t o  be 

c a l c u l a t e d .  For  example, shou ld  one add an i ns t rumen t  o r  an a n a l y s t  when t h e  

number o f  samples inc reases  by a c e r t a i n  e x t e n t  ? What i s  t h e  i nc rease  i n  t h e  

th roughput  o f  samples on i n c r e a s i n g  the  number o f  t echn ic ians  ? What i s  t he  

e f f e c t  o f  automated da ta  p rocess ing  ? 

( 2 )  C o l l e c t i o n  and process ing  o f  l a b o r a t o r y  data. I n  o r d e r  t o  fo rmu la te  the  

From problem e x a c t l y ,  some p r imary  obse rva t i ons  o f  t he  system have t o  be made. 

d e t a i l e d  observa t ions ,  t he  va lue  o f  a number o f  parameters and v a r i a b l e s  must 

be determined, such as t h e  p r o b a b i l i t y  f u n c t i o n  o f  the  a n a l y s i s  t ime  and 

i n t e r a r r i v a l  t ime  o f  t h e  samples, t h e  mean down-time o f  t h e  i ns t rumen ts  and t h e  

mean t ime  between ins t rumen t  f a i l u r e .  Some o f  these observa t ions ,  such as those 

concern ing  the  a r r i v a l  o f  samples and t h e  d e l i v e r y  o f  a n a l y t i c a l  r e s u l t s ,  can be 

ob ta ined  from the  a d m i n i s t r a t i o n  o f  t h e  l a b o r a t o r y .  

f rom i n t e r v i e w s  w i t h  t h e  ana lys ts ,  e.g. ,  t o  f i n d  o u t  which p r i o r i t y  p o l i c i e s  a r e  

used t o  choose an a n a l y t i c a l  method i n  a l a b o r a t o r y .  

Other  da ta  can be ob ta ined  

( 3 )  Formula t ion  o f  t h e  mathematical  model. Th is  i s  t he  most d i f f i c u l t  and 

time-consuming stage o f  computer s i m u l a t i o n  because here a l l  v a r i a b l e s  t o  be 

i n c l u d e d  i n  the  model must be de f ined.  The v a r i a b l e s  a re  s e l e c t e d  on the  bas i s  

o f  an es t ima te  o f  t h e i r  r e l a t i v e  importance. 

a r e  missed, t h e  s i m u l a t i o n  r e s u l t s  a re  i naccu ra te .  On the  o t h e r  hand the  

i n c l u s i o n  o f  t o o  many v a r i a b l e s  renders  the  computer s i m u l a t i o n  need less l y  

complex. Furthermore, i t  i s  necessary t o  b u i l d  t h e  model as e f f i c i e n t l y  as 

p o s s i b l e  i n  o r d e r  t o  o b t a i n  accura te  r e s u l t s  w i t h  a minimum o f  e f f o r t .  

va r ious  computer languages have been developed e s p e c i a l l y  f o r  programming 

s i m u l a t i o n  models such as GPSS (1970),  S i rnscr ip t  ( i l a r k o v i t z  e t  a l . ,  1962)and 

GASP ( K i v i a t ,  1963). 

s i m u l a t i o n  o f  queueing and schedu l ing  systems and a re  t h e r e f o r e  s u i t a b l e  f o r  t h e  

s i mu1 a t i  on o f  1 abo ra to ry  sys terns. 

I f  one o r  more impor tan t  v a r i a b l e s  

There fore ,  

GPSS and GASP a re  t y p i c a l l y  languages used f o r  t h e  
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(4 )  E s t i m a t i o n  o f  t h e  parameters. The moments o f  t h e  d i s t r i b u t i o n s  o f  t h e  

a n a l y s i s  t ime  and i n t e r a r r i v a l  t ime  must be es t imated .  

between success ive  i n t e r a r r i v a l  t imes must be i n v e s t i g a t e d  by c a l c u l a t i n g  t h e  

a u t o c o r r e l a t i o n  f u n c t i o n .  A f t e r  t h e  i n c l u s i o n  o f  t h e  es t imates  i n  t h e  model , 

t h e  r e s u l t i n g  t h e o r e t i c a l  d i s t r i b u t i o n s  must be compared w i th  the  exper imenta l  

values f rom t h e  l a b o r a t o r y .  To do t h i s ,  va r ious  s t a t i s t i c a l  t e s t s  (such as t h e  

x t e s t ,  Chapter 8) can be used. 

Furthermore, t h e  c o r r e l a t i o n  

2 

( 5 )  V a l i d a t i o n  o f  t h e  model. One must decide whether t h e  r e s u l t s  ob ta ined  

by s i m u l a t i o n  a re  accura te .  

demonst ra t ion  t h a t  f o r  a t  l e a s t  one a l t e r n a t i v e  v e r s i o n  o f  t h e  s imu la ted  system 

and one s e t  o f  cond i t i ons  t h e  model produces r e s u l t s  t h a t  a re  c o n s i s t e n t  w i t h  

the  known performance o f  t h e  l a b o r a t o r y .  

designed i n  such a way t h a t  t h e  f l u c t u a t i o n s  o f  t h e  r e s u l t s  a r e  minimal,  e.g., by 

us ing  var iance r e d u c t i o n  techniques ( M i t c h e l l ,  1973).  The s t a t i s t i c a l  a n a l y s i s  

o f  s imu la ted  da ta  i s  o f ten  more d i f f i c u l t  than f o r  r e a l  da ta ,  because o f  t h e  

l a r g e  number o f  parameters and v a r i a b l e s  and the  f a c t  t h a t  t h e  r e s u l t s  a r e  

mere ly  c o r r e l a t e d ,  non -s ta t i ona ry  t ime  s e r i e s .  

Some assurance o f  v a l i d i t y  would be p rov ided  by a 

The s i m u l a t i o n  exper iments must be 

From a l l  t h i s ,  i t  i s  c l e a r  t h a t  t he  s i m u l a t i o n  o f  l a b o r a t o r i e s  shou ld  n o t  be 

undertaken l i g h t l y .  

can succeed o n l y  i f  the re  i s  enough m u l t i d i s c i p l i n a r y  knowledge a v a i l a b l e .  

survey  p r o v i d i n g  a t h e o r e t i c a l  background o f  d i g i t a l  s i m u l a t i o n  was g i v e n  by 

Nay lo r  e t  a l .  (1968).  

Moreover, s i m u l a t i o n  i s  a s low and d i f f i c u l t  process, wh ich  

A 

21.4.2. A p p l i c a t i o n s  i n  a n a l y t i c a l  chemis t ry  

C l e a r l y ,  t h e  q u a n t i t a t i v e  study o f  w a i t i n g - l i n e  s i t u a t i o n s  i n  a n a l y t i c a l  

l a b o r a t o r i e s  shou ld  p e r m i t  a b e t t e r  use o f  t h e  c a p a c i t y  o f  l a b o r a t o r i e s  and t h e  

r e d u c t i o n  o f  delays.  

a c t i v i t i e s  u s i n g  s i m u l a t i o n  methods. 

w i t h  p a r t i c u l a r  re fe rence  t o  l a b o r a t o r y  a c t i v i t i e s  a r e  o n l y  known f rom Schmidt 

(1976, 1977), Delon and Sna l l ey  (1969), Rath e t  a l .  (1970) and Vaananen e t  a l .  

However, o n l y  a few s tud ies  have been pub l i shed  on l a b o r a t o r y  

To da te ,  r e p o r t s  o f  s i m u l a t i o n  s t u d i e s  

iranchembook.ir/edu

https://iranchembook.ir/edu


460 

(1974). 

laboratory,  including 64 d i f f e r e n t  analyt ical  methods and 37 d i f f e r e n t  instruments. 

For  some of the  analyt ical  procedures more than one instrument was ava i lab le .  

Analysis could be car r ied  out in a s ing le  batch, with a var iable  number of samples 

or several hatches had t o  be s t a r t e d  a t  d i f f e r e n t  times. 

e t  a l .  was concerned e s s e n t i a l l y  with the e f f e c t  on the delay time of two key 

f a c t o r s ,  namely the number of laboratory technicians and the number of specimens 

analysed. 

and found t h a t  i f  t h i s  bottleneck i s  eliminated the number of instruments determines 

the waiting time f o r  specimen batches. The computer program was wri t ten in  GPSS and 

proved t o  he generally useful i n  i t s  appl icat ion t o  o ther  labora tor ies .  The r e s u l t s  

of the simulation study have been applied i n  a ra t iona l iza t ion  o f  the  work i n  

the laboratory i n  which t h i s  study was performed. 

The l a s t  author published the r e s u l t s  of the  simulation of a c l i n i c a l  

The study by VaanZnen 

They calculated the e f f e c t  of an increase i n  the number of ana lys t s  

The r e s u l t s  of  Vandeginste (1978), who designed a simulation model of a laboratory 

f o r  s t r u c t u r a l  analysis  (with IR, iiMR and mass spectrometry) of  a pharmaceutical 

industry,  confirm t h a t  a de ta i led  observation of the system makes i t  possible t o  

propose modifications to  the system, yielding a d i s t i n c t  increase in  the throughput. 
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Chapter 22 

PARTIAL ENUMERATION METHODS 

22.1.  THE OPTIMAL CONFIGURATION OF APPARATUS I N  A (CLINICAL) LABORATORY 

Rout ine  l a b o r a t o r i e s  such as c l i n i c a l  l a b o r a t o r i e s  a re  o f t e n  faced  w i t h  the  

problem o f  t h e  s e l e c t i o n  o f  an op t ima l  " c o n f i g u r a t i o n "  o f  apparatus.  

was s t u d i e d  i n  d e t a i l  by De V r i e s  (1974) ,  us ing  o p e r a t i o n a l  research  methods, 

and was i n t r o d u c e d  i n  Chapter 16. 

combina t ion  o f  apparatus.  

t h a t  has t o  c a r r y  o u t  o n l y  two types o f  de termina t ions .  

a r e  then p o s s i b l e  : one can choose e i t h e r  two d i f f e r e n t  ins t ruments  ( o r  manual 

methods), one f o r  each type o f  de te rm ina t ion ,  o r  a two channel apparatus t h a t  

c a r r i e s  o u t  both.  Other  c o n f i g u r a t i o n s  can be i n t r o d u c e d  i f  one takes  i n t o  

account,  f o r  example, t h a t  t h e  two channel apparatus can be completed w i t h  a 

p r i n t e r  o r  no t .  The problem i s  t o  decide which c o n f i g u r a t i o n  i s  cheapest f o r  a 

p a r t i c u l a r  work load.  I t  i s  a r e l a t i v e l y  s imp le  problem t o  s o l v e  i f  t h e  

necessary da ta  ( cos ts ,  number o f  analyses p e r  day, e t c . )  a re  known, and the  

number o f  d i f f e r e n t  de te rm ina t ions  i s  smal 1. 

T h i s  problem 

By c o n f i g u r a t i o n  i s  meant a p a r t i c u l a r  

L e t  us cons ider  t h e  s imp le  example o f  a l a b o r a t o r y  

A t  l e a s t  two c o n f i g u r a t i o n s  

Th is  i s  no l o n g e r  t r u e  wheti i t  i s  l a r g e ,  as i n  De V r i e s '  work where t h i s  

number, n = 18. De Vr ies  (1974) i n c l u d e d  i n  h i s  model i n i t i a l l y  77, l a t e r  59, 

apparatuses, pe r fo rm ing  one o r  d i f f e r e n t  combinat ions o f  2 ,  3, 4 ,  6 o r  12 

d i f f e r e n t  de te rm ina t ions .  

10000, so t h a t  one i s  c l e a r l y  faced  w i t h  a problem o f  a comb ina to r ia l  na tu re .  

The number o f  p o s s i b l e  c o n f i g u r a t i o n s  now exceeds 

+ 
Each apparatus j can be represented  by a v e c t o r  6., m = (mlj ,  . . . , mIj). J J  

The elements o f  t h i s  v e c t o r  take  the  va lue  1 when apparatus j can pe r fo rm 

de te rm ina t ion  i and 0 when t h i s  i s  n o t  t h e  case. 

i s  ob ta ined.  

I n  t h i s  way, a m a t r i x  M = (m. .)  
1 J  

An example o f  such a m a t r i x  i s  shown i n  Table 22.1.  
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A run  i s  d e f i n e d  here as t h e  c a r r y i n g  o u t  o f  one de te rm ina t ion  o f  each type t h a t  

i s  p o s s i b l e  w i t h  a p a r t i c u l a r  apparatus.  

The d a i l y  c o s t  f o r  N runs  w i t h  apparatus j i s  then C t N (T j  f R . ) .  To 
j j j  J 

take  i n t o  account t h e  f a c t  t h a t  t he  o u t p u t  o f  a c l i n i c a l  l a b o r a t o r y  u s u a l l y  

inc reases  f rom year  t o  year ,  a p r o p o r t i o n a l i t y  cons tan t ,  f ,  i s  i n t roduced .  

t h e  number o f  reques ts  f o r  analyses doubles, then f = 2. The c o s t  o f  i n t r o d u c i n g  

a p a r t i c u l a r  apparatus j i n  the  c o n f i g u r a t i o n  i s  then g i ven  by C t f N .  ( T .  t R . )  
j J J  J 

and the  t o t a l  cos t ,  K, f o r  a c o n f i g u r a t i o n  i s  g i v e n  by 

I f  

1 J 

j=1 
K = c y j  [(Cj t f N .  ( T .  t R . )  

J J  J 
(22.1) 

j 
where J i s  t h e  t o t a l  number o f  apparatuses cons idered (he re  77 o r  59)  and y 

i s  a 0 - 1 v a r i a b l e ,  equal t o  1 when apparatus j i s  p a r t  of  t h e  c o n f i g u r a t i o n  

cons idered and 0 when i t  i s  no t .  K i s  t he  economic f u n c t i o n  t h a t  has t o  be 

minimized. The m i n i m i z a t i o n  problem i s ,  however, s u b j e c t  t o  some c o n s t r a i n t s ,  

as f o l l o w s  : 

( a )  each t ype  o f  de te rm ina t ion  shou ld  be c a r r i e d  o u t  w i t h  o n l y  one apparatus ; 

J 
t h i s  can be w r i t t e n  as C m .  y .  .$ 1 f o r  each i ; 

j= l  1.j J 

(b )  each type o f  de te rm ina t ion  must be c a r r i e d  ou t ,  which can be w r i t t e n  as 

J 

( c )  t h e  c a p a c i t y  L .  ( i  .e. ,  t h e  maximal number o f  runs p e r  day) o f  each 
J 

apparatus i n  t h e  c o n f i g u r a t i o n  shou ld  n o t  be exceeded o r  y f N .  6 y .  L 
j J ~ j ’  

The m i n i m i z a t i o n  problem can now be summarizedas: min imize  K, s u b j e c t  t o  t h e  

c o n s t r a i n t s  

J 
C mij y j  = 1 

j=1  

y .  f N .  .$ y j  L j  
J J  

Y j  E (0513 

i = 1, ..., I 

j = 1, ..., J 

j = 1, ..., J 

(22.2) 

(22.3) 

(22.4) 
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A t y p i c a l  r e s u l t  i s  g i ven  i n  Table 22.11. 

Table 22.11 

Cheapest c o n f i g u r a t i o n  as a f u n c t i o n  o f  f ( f r o m  De Vr ies ,  1974) 

c o n f i g u r a t i o n  ( j l y  = 1) 
j 

f 

D.2 12,43- 59 
0 .3  9,24,45-56 
0 .4  
0 .5  7,23,39,44,45,49,50,54 
0.6 7,23,24,44,45,49,50 
1.0 6,23,24,26,50 
7.4 3,23,24 

7 , 24,44,45,49,50,54 , 55,56 

The most economic c o n f i g u r a t i o n  f o r  f = 1 i s  found t o  c o n s i s t  o f  apparatus 6, 

23, 24, 26, 50. 

t h e r e f o r e  an e igh t -channe l  apparatus ( j  = 6),  t h r e e  three-channel  apparatuses 

( j  = 23, 24, 26) and one manual method ( j  = 5 0 ) .  

t h a t  a t  low values o f  f ( l o w  work l o a d )  o n l y  manual o r  s ing le -channe l  methods 

a re  se lec ted ,  w h i l e  f o r  a ve ry  h i g h  work l o a d  a twelve-channel  and two three-channel  

apparatuses a r e  p r e f e r r e d .  

From Table 22.1, one f i n d s  t h a t  the  b e s t  c o n f i g u r a t i o n  i s  

One ob ta ins  the  expected r e s u l t  

The r e s u l t s  o f  De Vr ies  have been s u b j e c t  t o  con t rove rsy  i n  t h e  Dutch 

l i t e r a t u r e  (Chem. Weekbl., 1975).  There a r e  no doubt some shortcomings i n  t h e  

proposed model and i n  t h e  method o f  c a l c u l a t i n g  cos ts  bu t ,  u n s u r p r i s i n g l y ,  one 

o f  t h e  more impor tan t  arguments a g a i n s t  t h e  model i s  t h a t  i t  does n o t  t ake  i n t o  

account  a l l  o f  t h e  r e l e v a n t  f ac to rs .  As was discussed i n  more d e t a i l  i n  Chapter 

16, t h i s  i s  due t o  a misunders tand ing  between t h e  opera t i ona l  research  s p e c i a l i s t  

and t h e  use r  (he re  t h e  p r a c t i s i n g  c l i n i c a l  chemis t ) .  

t ake  i n t o  account a l l  f a c t o r s  i n  a model and the  r e s u l t s  ob ta ined  shou ld  t h e r e f o r e  

be cons idered as g u i d e l i n e s  and n o t  as t h e  abso lu te  t r u t h .  

I t  i s  r a r e l y  p o s s i b l e  t o  

22.2. SELECTION OF REPRESENTATIVE PATTERNS 

22.2.1. The problem 

The s e l e c t i o n  o f  r e p r e s e n t a t i v e  p a t t e r n s  has r a r e l y  been s t a t e d  i n  a fo rmal  
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way i n  a n a l y t i c a l  chemis t ry ,  b u t  i t  i s  a common problem. 

show t h i s  : 

Two examples w i l l  

(1) To develop op t ima l  so l ven ts  f o r  t h e  high-performance l i q u i d  chromatographic 

separa t i on  o f  a l a r g e  group o f  substances such as b a s i c  drugs, i t  i s  (HPLC) 

imposs ib le  t o  t r y  o u t  eve ry  p o s s i b l e  s o l v e n t  f o r  each b a s i c  drug. 

systems a re  t h e r e f o r e  screened w i t h  a few o f  t h e  drugs, which shou ld  be 

r e p r e s e n t a t i v e  o f  t he  chromatographic behav iour  o f  t h e  b a s i c  drugs. 

i s  t hen  t h e  s e l e c t i o n  o f  these drugs. 

substance can be dep ic ted  by a p a t t e r n  v e c t o r  whose elements a r e  r e t e n t i o n  t imes 

f o r  a s e t  o f  so l ven ts .  I f  t h i s  v e c t o r  has d dimensions, then each substance i s  

a p o i n t  i n  d-dimensional  space. Probably a number o f  c l u s t e r s  w i l l  fo rm and 

r e p r e s e n t a t i v e  substances shou ld  then come f rom d i f f e r e n t  c l u s t e r s .  

Poss ib le  s o l v e n t  

The problem 

The chromatographic p r o p e r t i e s  o f  a 

( 2 )  As appears f rom t h e  f i r s t  example, t h e  s e l e c t i o n  o f  r e p r e s e n t a t i v e  p a t t e r n s  

i s  a c l u s t e r i n g  (unsuperv ized l e a r n i n g )  problem. 

t h e  c e n t r o i d s  o f  t he  c l u s t e r s .  L e t  us cons ide r  aga in  t h e  work o f  Leary e t  a l .  

(1973), c i t e d  i n  s e c t i o n  20.3.1.2. They s e l e c t e d  12 p r e f e r r e d  GLC phases f rom 

226 and c l a s s i f i e d  each o f  t h e  214 o t h e r  phases i n  one o f  t h e  groups o f  which 

one o f  t h e  12 p r e f e r r e d  phases i s  t he  nucleus. 

o u t  on t h e  b a s i s  o f  t h e i r  r e t e n t i o n  i n d i c e s  w i t h  10 substances (p robes) .  

12 p r e f e r r e d  phases were chosen because they  a re  among t h e  most commonly 

employed and w e l l  t e s t e d  phases o f  t h e  226. 

c l a s s i f i c a t i o n  p o i n t  o f  v iew would have been t o  l o o k  f o r  t h e  12 most 

r e p r e s e n t a t i v e  10-dimensional p a t t e r n s  among t h e  226, i .e. , t o  separa te  t h e  

10-dimensional  space i n t o  12 c l u s t e r s ,  t h e  c e n t r o i d s  o f  which a r e  sought. 

I t  c o n s i s t s  i n  a search f o r  

Th is  c l a s s i f i c a t i o n  was c a r r i e d  

The 

A more o b j e c t i v e  method f rom t h e  

An OR method f o r  s o l v i n g  problems o f  t h i s  t ype  i s  proposed here.  To e x p l a i n  

it, l e t  us f i r s t  t u r n  t o  t h e  non-chemical problem w i t h  which t h i s  method was 

in t roduced  (Massart  and Kaufman, 1975). 

I n  a r e g i o n  o f  which F ig .  22.1 i s  a map, t h e r e  a r e  10 v i l l a g e s  and one has 

The supermarkets must be l o c a t e d  i n  t o  l o c a t e  p supermarkets i n  t h i s  reg ion .  

v i l l a g e s  and t h e  t o t a l  d i s tance  f rom t h e  v i l l a g e s  t o  t h e  neares t  supermarket 

shou ld  be as smal l  as poss ib le .  C l e a r l y ,  i f  two supermarkets a r e  wanted ( p  = 2 ) ,  
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these w i l l  be l o c a t e d  i n  A and B .  

p a r t s ,  i n  each o f  which f i v e  v i l l a g e s  a r e  s i t u a t e d  (equal  numbers a re  n o t  

necessary,  however). 

t h a t  two c l u s t e r s  have been i s o l a t e d ,  t he  c e n t r o i d s  o f  which a r e  A and B .  

The e f f e c t  i s  t o  s p l i t  up t h e  r e g i o n  i n  two 

A s o - c a l l e d  2-median has been found. One can a l s o  say 

* H  

,D 
* B  * I  

.c 

E *  'A  *J  

* G  

'F 

F i g .  22.1. I l l u s t r a t i o n  o f  l o c a t i o n  model. 
From Hassar t  and Kaufman, 1975. Repr in ted  w i t h  permiss ion .  Copy r igh t  by t h e  
American Chemical Soc ie ty .  

Suppose now t h a t  A, B, ..., J a r e  chemical substances and t h a t  t h e  map i s  i n  

f a c t  a graph w i t h  t h e  r e t e n t i o n  t imes i n  s o l v e n t  1 on the  abscissa and those i n  

s o l v e n t  2 on t h e  o rd ina te ,  and t h a t  two r e p r e s e n t a t i v e  substances shou ld  be 

chosen on the  bas i s  o f  these r e t e n t i o n  t imes ; i t  i s  ev iden t  t h a t  these substances 

shou ld  be A and B.  I t  i s  a l s o  e v i d e n t  t h a t  i t  i s  n o t  so easy t o  s e l e c t  t h r e e  

r e p r e s e n t a t i v e  substances, and a mathematical  f o r m u l a t i o n  i s  then necessary.  

22 .2 .2 .  The mathematical  model 

The general  non-chemical problem can be s t a t e d  as f o l l o w s  : " f o r  a f i n i t e  

number o f  users,  whose demands f o r  a g i v e n  s e r v i c e  a r e  known and must be 

f u l f i l l e d  and a f i n i t e  s e t  o f  p o s s i b l e  l o c a t i o n s  where a g i ven  number, p ,  o f  

s e r v i c e  cen t res  may be l oca ted ,  s e l e c t  t h e  l o c a t i o n s  o f  t h e  s e r v i c e  cen t res  i n  

o r d e r  t o  min imize  the  sum o f  t r a n s p o r t a t i o n  cos ts  o f  t he  users"  (De C lercq  e t  

a l . ,  1976). The e q u i v a l e n t  (chemical  o r  non-chemical)  c l u s t e r i n g  problem i s  

then : "from a f i n i t e  number n o f  p a t t e r n s  represented  by p a t t e r n  vec to rs ,  s e l e c t  

a g i ven  number, p. o f  r e p r e s e n t a t i v e  p a t t e r n s  i n  o rde r  t o  min imize  t h e  sum o f  
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t h e  d i s tances  o f  t he  p a t t e r n s  t o  the  r e p r e s e n t a t i v e  p a t t e r n s " .  

t he  f o l l o w i n g  model i s  ob ta ined  : 

M i  n im i  ze 

Ma themat i ca l l y ,  

FC d . .  x .  
i j  I J  i j  

s u b j e c t  t o  

c x . .  = 1 
i 1.J 

x i j  d Y i  

: Y i = P  
1 

y i  6{0,11 

(22.5) 

(22.6) 

(22.7) 

(22.8) 

(22.9) 

(22.10) 

where 

i = 1, ..., n and j = 1, ..., n ; 

p = number o f  r e p r e s e n t a t i v e  p a t t e r n s  ( o r  probes) ; 

d . .  = d i s tance  between substance j and probe i ; 

xij = a v a r i a b l e  t h a t  determines which probe i s  r e p r e s e n t a t i v e  of substance j ; 

xi j  = 1 i f  j i s  c l o s e s t  t o  probe i and i s  t h e r e f o r e  represented  by i and 

xi 

1 J  

= 0 when t h i s  i s  n o t  t he  case ; 

yi = a v a r i a b l e  t h a t  determines whether a substance i s  s e l e c t e d  as a probe ; 

y .  = 1 when t h i s  i s  t he  case and yi = 0 when i t  i s  no t .  
1 

The s o l u t i o n  can be ob ta ined  by an h e u r i s t i c  method o r  by a p a r t i a l  enumeration 

method, c a l l e d  branch and bound. 

Both  t h e  c l i n i c a l  l a b o r a t o r y  model g i ven  by eqns. 22 .1  - 22.5 and t h e  

l o c a t i o n  model g i ven  by eqns. 22.5 - 22.10 a r e  examples o f  i n t e g e r  programs. 
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These programs a r e  cha rac te r i zed  by t h e  

a l i m i t e d  number o f  values. I n  t h e  two 

and xi can take  o n l y  t h e  values 0 o r  1 

a program, i t  i s  s u f f i c i e n t  t o  cons ide r  

can be taken by t h e  d i f f e r e n t  v a r i a b l e s  

presence o f  v a r i a b l e s  t h a t  can take  o n l y  

problems considered, t h e  v a r i a b l e s  y 
j 

To f i n d  t h e  op t ima l  s o l u t i o n  o f  such 

a l l  p o s s i b l e  combinat ions o f  values t h a t  

Such a method i s  c a l l e d  a complete 

enumerat ion o f  t he  s o l u t i o n s .  

such a method i s  n o t  f e a s i b l e .  Consider,  f o r  example, a problem w i t h  30 0 - 1 

v a r i a b l e s .  

which i s  a l a r g e  number even f o r  an e l e c t r o n i c  c a l c u l a t o r .  

Un fo r tuna te l y ,  f o r  problems o f  a r e a l i s t i c  s i z e ,  

10 Fo r  such a problem t h e r e  a r e  Z3O % 10 d i f f e r e n t  p o s s i b l e  combinat ions,  

For  t h i s  reason a new type o f  method was in t roduced  f o r  which t h e  enumerat ion 

o f  t h e  s e t  o f  s o l u t i o n s  can be reduced by u s i n g  some mathematical  p r o p e r t i e s  o f  

t h e  economic f u n c t i o n  t o  be op t im ized  and o f  t he  c o n s t r a i n t s  o f  t h e  problem. 

Such methods a r e  c a l l e d  p a r t i a l  enumerat ion methods. 

and bound method, w i l l  now be o u t l i n e d  b r i e f l y .  

One o f  these, t h e  branch 

Suppose t h a t  an o b j e c t i v e  f u n c t i o n  i s  t o  be min imized and assume t h a t  a 

s o l u t i o n  i s  a v a i l a b l e  ( t h i s  s o l u t i o n  was given, f o r  example, by an h e u r i s t i c  

method). 

Then, f o r  each o f  these subsets a l ower  bound i s  computed ( i . e . ,  a va lue  a t  most 

equal  t o  the  sma l les t  va lue  t h a t  c o u l d  be taken by the  economic o r  o b j e c t i v e  

f u n c t i o n  f o r  t h e  s o l u t i o n s  o f  t h i s  subse t ) .  

l a r g e r  than t h e  va lue  o f  t h e  bes t  s o l u t i o n  a l ready  known, t h i s  subset i s  excluded 

from f u r t h e r  cons ide ra t i on .  Indeed, none o f  i t s  s o l u t i o n s  can then be b e t t e r  

than t h e  s o l u t i o n  a l ready  known. 

F i r s t l y  t h e  s e t  o f  a l l  s o l u t i o n s  i s  d i v i d e d  i n t o  seve ra l  subsets (b ranch) .  

I f  the  lower  bound o f  a subset  i s  

Subsequently, one o f  t h e  remain ing  subsets i s  se lec ted  f o r  p a r t i t i o n i n g  i n t o  

sma l le r  subsets.  

repeated  u n t i l  a subset con ta ins  o n l y  one element.  

t h e  va lue  o f  t h e  p rev ious  b e s t  s o l u t i o n ,  i t  rep laces  t h i s  s o l u t i o n .  

i t  can a l s o  be excluded. When a l l  subsets have been excluded, t h e  b e s t  s o l u t i o n  

so f a r  i s  t he  op t ima l  s o l u t i o n .  

Lower bounds a r e  computed f o r  t he  subsets and t h e  process i s  

I f  i t s  va lue  i s  s m a l l e r  than 

I f  no t ,  

To e x p l a i n  t h e  branch and bound method, we cons ide r  a ve ry  s imp le  example, 

S t a r t i n g  w i t h  a complex m i x t u r e  concern ing  the  de te rm ina t ion  of  a p e s t i c i d e .  
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(node 0) ,  one can e i t h e r  c a r r y  o u t  an e x t r a c t i o n ,  t a k i n g  5 u n i t s  o f  t ime  (node l), 

o r  a p a r t i t i o n  chromatography (node f), which takes  12 t i m e  u n i t s .  

e x t r a c t i o n ,  one can e i t h e r  back -ex t rac t  (node 2, 5 t ime  u n i t s ,  10 cumu la t i ve  

u n i t s )  o r  c a r r y  o u t  a column clean-up (node 7,  8 t ime u n i t s ,  13 cumu la t i ve  t ime  

u n i t s )  . 
c a l l e d  2 and 7 ,  t a k i n g  11 and 12 t i m e  u n i t s ,  r e s p e c t i v e l y .  

p o s s i b i l i t i e s .  

d e p i c t i n g  a l l  o f  t h e  p o s s i b i l i t i e s  l e a d i n g  t o  the  de te rm ina t ion  i s  then g i ven  by 

A f t e r  t h e  

A f t e r  t h e  p a r t i  t i o n  chromatography, one a1 so has two poss i  b i  1 i t i e s  , 

There a r e  now 4 

Each o f  these g i ves  r i s e  aga in  t o  2 p o s s i b i l i t i e s ,  e t c .  The t r e e  

Route 1, 2, 3, 4, f o r  example, d e p i c t s  a procedure s t a r t i n g  w i t h  t h e  e x t r a c t i o n  

f o l l o w e d  by back -ex t rac t i on  and two o t h e r  s teps .  

t h e  t imes f o r  each step. 

5 t 5 + 7 t 8 = 25 u n i t s .  

s h o r t e s t  r o u t e  i s  represented  by 1, 7, 3, 

methods p e r m i t  one t o  a r r i v e  a t  t h i s  conc lus ion  w i t h o u t  c a l c u l a t i n g  t h e  cumu la t i ve  

t ime  ( o r  cos t ,  e t c . )  f o r  each node i n  t h e  t r e e .  

The values i n  parentheses a re  

For  r o u t e  1, 2, 3, 4 t h e  t o t a l  t ime r e q u i r e d  i s  

I n  t h i s  s imp le  example, i t  i s  easy t o  v e r i f y  t h a t  t h e  

(22  t i m e  u n i t s ) .  Branch and bound 

T h i s  i s  n o t  necessary f o r  t h e  
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p e s t i c i d e  example, b u t  i t  i s  f o r  t h e  c l i n i c a l  l a b o r a t o r y  and GLC probe problems 

where t h e  number o f  p o s s i b l e  combinat ions i s  very  h igh .  

There a re  seve ra l  ways o f  app ly ing  the  branch and bound method t o  the  p e s t i c i d e  

example, b u t  we s h a l l  cons ide r  o n l y  one. 

n o t  n e c e s s a r i l y  o p t i m a l )  s o l u t i o n .  

f rom t h e  f i r s t  two a l t e r n a t i v e s  (1, 5 t ime  u n i t s ) ,  go f rom t h e r e  t o  the  node 

which r e q u i r e s  the  l owes t  cumula t ive  t i m e  ( 2 ,  cumula t ive  t ime  l o ) ,  f r om t h e r e  

aga in  t o  t h e  node w i t h  l owes t  cumula t ive  t ime (3,  cumula t ive  t ime  1 7 ) ,  e t c .  

One then a r r i v e s  a t  a good s o l u t i o n  (here  1, 2, 3, ;I, cumula t ive  t ime 23),  which 

i s  cons idered as a f i r s t  s o l u t i o n .  

parentheses a r e  now cumul a t i v e  t imes. 

One f i r s t  t r i e s  t o  o b t a i n  a good ( b u t  

For  example, one can choose the  l owes t  t ime 

Th is  i s  dep ic ted  below. The values i n  

One now works backwards : each node f o r  which t h e  cumula t ive  t ime  equals o r  

exceeds 23 i s  r e j e c t e d ,  and the  o the rs  a r e  i n v e s t i g a t e d  by branch ing  o u t  ( f rom 

which t h e  name o f  t h e  technique, branch and bound, i s  de r i ved ) .  

t ime 17)  leads  t o  t h e  s o l u t i o n  f u n c t i o n i n g  as a bound and t o  node 4, which 

requ i res  more t ime.  There fore ,  one goes back t o  2. From the re ,  one can reach 

3 w i t h  a cumula t ive  t ime o f  26. 

s t a r t  w i t h  0 1 2 3. 

s o l u t i o n  found so  f a r  ( 2 3 ) ,  t he  va lue  o f  each s o l u t i o n  s t a r t i n g  w i t h  0 1 2 2 

must exceed 23 and t h i s  s e t  o f  s o l u t i o n s  can be discarded. There fore ,  one goes 

back t o  1. From the re  one can branch o u t  t o  7,  cumula t ive  t ime  13. 

f u r t h e r  i n v e s t i g a t e d ,  l e a d i n g  t o  the  f o l l o w i n g  s i t u a t i o n  

Node 3 ( cumu la t i ve  

- 
This  i s  t h e  ( l o w e r )  bound on t he  s o l u t i o n s  which 

A s  t h i s  lower  bound i s  l a r g e r  than the  va lue  o f  t h e  bes t  

Th is  i s  
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Node 3 exceeds the bound ,  b u t  node 3 does not ,  so t h a t  one branches out  again 

Route 1, 2, 3, T cons t i tu tes  a new and b e t t e r  solut ion and i s  therefore  used 

as a new provisional optimal so lu t ion .  One now works backwards again. I t  i s  not 

necessary t o  inves t iga te  routes branching out  from 5 (which exceeds the bound) 

and 2 (a l ready inves t iga ted) ,  b u t  one must inves t iga te  T. This leads t o  nodes 

with cos ts  of 24 and 23, thereby exceeding the bound. No o ther  p o s s i b i l i t i e s  

can now be invest igated and the provisional solut ion i s  therefore  the optimal 

one. 

One observes t h a t  i t  i s  possible  through the use of t h i s  method t o  e l iminate  

many nodes from considerat ion.  

espec ia l ly  as they a r e  applied i n  in teger  programming, can be found i n  the  book 

by Zionts (1974) .  

A f u r t h e r  discussion of branch and bound methods, 

I t  should be observed t h a t  i n  analyt ical  chemistry a l l  the  times f o r  the  s teps  

cons t i tu t ing  the decision tree a r e  not necessar i ly  known. However, one can plan 

the experimental development using the branch and bound pr inc ip le ,  i . e .  one can 

f i r s t  car ry  out 1 and f and determine the times necessary f o r  carrying o u t  these 

s teps .  

y i e l d  or the cheapest) ,  one c a r r i e s  out the a l t e r n a t i v e s  2 and 7, following 1 ,  

e t c .  i n  exact ly  the same sequence as described higher. In t h i s  way i t  wi l l  not 

be necessary t o  inves t iga te  f o r  example route 1 2 3 4 .  

After  observing t h a t  1 i s  the s h o r t e s t  one ( o r  the one with the highest 

- _ - _  

22.2.3. An a m l i c a t i o n  : the  se lec t ion  of GLC Drobes 

I n  Chapter 18, among o t h e r s ,  we have seen t h a t  G L C  s ta t ionary  phases a re  

character ized by a pat tern vector ,  the elements of which a re  the retent ion times 

of probe substances. 

choice of these probes, the most succesful being those proposed by Rohrschneider 

There i s  a considerable body of l i t e r a t u r e  concerning the 
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(1966) and McReynolds (1970).  Rohrschneider c a r r i e d  o u t  h i s  s e l e c t i o n  o f  f i v e  

probes from a r e s t r i c t e d  s e t  o f  30 substances and McReynolds s e l e c t e d  t e n  probes 

f rom 68 substances. These 30 and 68 substances were themselves, i n  f a c t ,  probes 

s e l e c t e d  f rom t h e  complete range o f  known and unknown chemical substances. 

Rohrschneider and McReynolds c a r r i e d  o u t  t h e i r  s e l e c t i o n  on t h e  bas i s  o f  chemical 

argumentat ion.  The method desc r ibed  i n  t h e  preced ing  s e c t i o n  was c a r r i e d  o u t  by 

De C lercq  e t  a l .  (1976) t o  s e l e c t  p = 1, ..., 20 probes f rom bo th  se ts .  As the  

d i s tance  between two substances they  used 1 - Irj,  where r i s  the  c o r r e l a t i o n  

c o e f f i c i e n t  ob ta ined  when comparing the  30 r e t e n t i o n  i n d i c e s  ob ta ined  f o r  each 

o f  two substances. The r e s u l t s  ob ta ined  f o r  p = 3, 4 and 5 were compared w i t h  

those proposed i n  t h e  l i t e r a t u r e .  

ob ta ined,  f o r  example, w i t h  t h e  s e t  proposed by Rohrschneider.  Rohrschneider 

proposed e thano l ,  methyl  e t h y l  ketone, ni t romethane, p y r i d i n e  and benzene w h i l e  

De C le rcq  e t  a l .  proposed e thano l ,  propionaldehyde, a c e t o n i t r i l e ,  d ioxane and 

thiophene. Ethanol  occurs i n  bo th  s e t s  of probes and the  GLC behaviours o f  

methyl  e t h y l  ketone and propionaldehyde ( r  = 0.9995),  a c e t o n i t r i l e  and 

n i t romethane ( r  = 0.9988), benzene and thiophene ( r  = 0.9989) and dioxane and 

p y r i d i n e  ( r  = 0.9973) a r e  very  s i m i l a r .  

mathematical  procedure i n  which every  fo rm o f  chemical reason ing  i s  excluded. 

I t  shou ld  a l s o  be no ted  t h a t  i n  n e a r l y  a l l  i ns tances  where a comparison c o u l d  be 

made, t h e  p r e d i c t i o n  o f  r e t e n t i o n  i n d i c e s  o f  o t h e r  substances was b e t t e r  w i t h  the  

probe se ts  s e l e c t e d  by De C le rcq  than w i t h  o t h e r  se ts  proposed i n  t h e  l i t e r a t u r e .  

Very good concordance o f  t he  r e s u l t s  was 

Th is  i s  a very  good r e s u l t  f o r  a 
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C h a p t e r  23 

GRAPH THEORY AND RELATED TECHNIQUES 

23.1. GRAPH THEORY : A SHORTEST PATH APPLICATION 

A n e t w o r k  o r  g r a p h  c o n s i s t s  o f  a s e t  o f  p o i n t s  (nodes)  c o n n e c t e d  b y  l i n e s  

These l i n k s  can be one-way (one  c a n  go  f r o m  p o i n t  A t o  B,  b u t  (edges o r  l i n k s ) .  

n o t  v i c e  v e r s a )  o r  two-way. When t h e  edges a r e  c h a r a c t e r i z e d  b y  v a l u e s ,  i t  i s  

c a l l e d  a w e i g h t e d  g raph .  I n  t h e  u s u a l  economic p rob lems  f o r  w h i c h  one a p p l i e s  

n e t w o r k s ,  t h e s e  v a l u e s  a r e  c o s t ,  t i m e  o r  d i s t a n c e .  

I n  t h i s  s e c t i o n  a r o u t i n g  p r o b l e m  i s  c o n s i d e r e d ,  i n  w h i c h  one mus t  go f r o m  

one node ( t h e  o r i g i n )  t o  a n o t h e r  ( t h e  t e r m i n u s ) .  The re  a r e  many ways by w h i c h  

t h i s  i s  p o s s i b l e  and  t h e  r o u t i n g  p r o b l e m  c o n s i s t s  i n  f i n d i n g  a p a t h  t h a t  m i n i m i z e s  

( o r  max im izes )  t h e  sum o f  t h e  v a l u e s  o f  t h e  edges t h a t  c o n s t i t u t e  t h e  p a t h .  T h i s  

i s  u n d e r s t o o d  mos t  e a s i l y  i f  one supposes t h a t  t h e  nodes a r e  towns and t h e  v a l u e s  

o f  t h e  edges between n e i g h b o u r i n g  towns a r e  t h e  d i s t a n c e s  a l o n g  a h ighway  between 

t h e  towns.  

g o i n g  f r o m  one town  t o  a n o t h e r  d i s t a n t  one. 

s h o r t e s t  o r  m i n i m a l  p a t h  p rob lem.  

o f  c h r o m a t o g r a p h i c  s e p a r a t i o n  schemes f o r  mu1 t i c o m p o n e n t  samples ( r l a s s a r t  e t  a1 . , 

1972) and  more p a r t i c u l a r l y  t o  t h e  i on -exchange  s e p a r a t i o n  o f  samples c o n t a i n i n g  

s e v e r a l  d i f f e r e n t  i o n s .  

The r o u t i n g  p r o b l e m  t h e n  c o n s i s t s  i n  c h o o s i n g  t h e  s h o r t e s t  way o f  

T h i s  t y p e  o f  p r o b l e m  i s  c a l l e d  a 

I t  has been a p p l i e d  b y  us t o  t h e  o p t i m i z a t i o n  

I n  t h i s  t y p e  o f  a p p l i c a t i o n ,  one u s u a l l y  employs more o r  l e s s  r a p i d  a n d  

T h i s  can  be  e x p l a i n e d  b e s t  b y  c o n s i d e r i n g  t h e  c l e a r - c u t  s e p a r a t i o n  s t e p s .  

s i m p l e s t  p o s s i b l e  case,  namely t h e  s e p a r a t i o n  o f  t h r e e  i o n s ,  A,  B and  C .  The 

o r i g i n a l  s i t u a t i o n  i s  t h a t  t h e  t h r e e  i o n s  have been b r o u g h t  t o g e t h e r  ( n o t  

s e p a r a t e d )  on  a c h r o m a t o g r a p h i c  co lumn and t h e  f i n a l  s i t u a t i o n  s h o u l d  be t h a t  

t h e y  a r e  e l u t e d  and s e p a r a t e d  f r o m  each o t h e r .  

t h e  o r i g i n  and t h e  t e r m i n u s  o f  t h e  n e t w o r k .  

/ /A/B/C. 

These two s i t u a t i o n s  c o n s t i t u t e  

They a r e  deno ted  b y  ABC// and 

The e lemen ts  w h i c h  r e m a i n  on  t h e  co lumn a r e  g i v e n  t o  t h e  l e f t  o f  symbol 
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/ /  and the symbol / means t h a t  the ions t o  the l e f t  and t o  the r i g h t  o f  i t  a re  

separated. 

s i t u a t i o n  / / A / B / C ,  as shown in the  network i n  Fig. 23.1. 

There are  many ways in  which one can go from s i t u a t i o n  A B C / /  t o  

A B C  
a 1  

\ 

Fig. 23.1. 
(adapted from Massart e t  a1 . , 1972). 

Network describing the separat ion of three ions,  A ,  B and C 

Step 1 : there  are  two p o s s i b i l i t i e s  : 

( a )  one can e l u t e  one element and  re ta in  the two others  on the  column. This 

leads t o  nodes A B / / C ,  A C / / B ,  BC/ /A 

( b )  one can e l u t e  two elements and re ta in  the o ther .  This leads t o  nodes 

A / / B C ,  B / / A C  and C / / A B .  

Step 2 : 

( a )  (following s tep  l a )  : 

One e l u t e s  one of the two remaining ions. For example, i f  i n  the f i r s t  s tep  

A was e l u t e d ,  one now e lu tes  B o r  C .  

A / / B / C ,  B / / A / C  or C / / A / B .  

In s tep  2a one can reach the s i t u a t i o n s  
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( b )  ( f o l l o w i n g  s tep  l b )  : 

Two i o n s  were e l u t e d  toge the r  and a r e  t h e r e f o r e  n o t  separa ted  ; they  have t o  

I n  the  meantime, one can e l u t e  t h e  s i n g l e  be adsorbed f i r s t  on another  column. 

i o n  l e f t  on the  f i r s t  column. One then has two elements adsorbed on a column 

and one e l u t e d .  The d i f f e r e n t  p o s s i b i l i t i e s  a re  A B / / C ,  A C / / B ,  B C / / A ,  i . e . ,  t he  

s i t u a t i o n s  reached a l s o  a f t e r  s tep  l a .  From the re  one proceeds t o  s tep  2a. 

Step 3 : 

Step 3 f o l l o w s  s tep  2a. Only one i o n  remains on  t he  column. I t  i s  now 

e lu ted ,  so t h a t  t he  te rminus  i s  reached. 

These d i f f e r e n t  p o s s i b i l i t i e s  and t h e i r  r e l a t i o n s h i p s  can be dep ic ted  as a 

d i r e c t e d  graph (F ig .  23.1)  

s p e c i f i c  d i r e c t i o n .  

edges o f  t h e  graph. 

t o  c a r r y  o u t  t he  separa t i on  i n  t h e  s h o r t e s t  t ime poss ib le ,  these values shou ld  

be t h e  t imes necessary t o  c a r r y  o u t  the  s teps  symbol ized by t h e  l i n k s  i n  the  graph 

o r  a v a r i a b l e  p r o p o r t i o n a l  t o  the  t ime.  We s h a l l  n o t  go i n  d e t a i l  i n t o  t h e  manner 

i n  which these t imes were de r i ved .  E s s e n t i a l l y ,  t h r e e  d i f f e r e n t  p o s s i b i l i t i e s  

e x i s t  : 

D i r e c t e d  graphs a r e  graphs i n  which each edge has a 

To f i n d  t h e  s h o r t e s t  pa th ,  one has t o  g i v e  values t o  t h e  

As the  problem i s  t o  f i n d  the  procedure t h a t  pe rm i t s  one 

( a )  I f  t h e  separa t i on  dep ic ted  by a p a r t i c u l a r  l i n k  i s  p o s s i b l e ,  t he  t ime  i s  

cons idered t o  be equal t o  the  d i s t r i b u t i o n  c o e f f i c i e n t  o f  t he  i o n  which i s  t he  

s lowest  t o  be e l u t e d  i n  t h i s  s tep  ( t h e  d i s t r i b u t i o n  c o e f f i c i e n t  as de f i ned  i n  

i o n  exchange chromatography i s  p r o p o r t i o n a l  t o  the  e l u t i o n  t i m e ) .  There i s  a 

very  l a r g e  l i t e r a t u r e  on d i s t r i b u t i o n  c o e f f i c i e n t s ,  p a r t i c u l a r l y  f o r  meta l  i ons  ( i t  

i s p r o b a b l e  t h a t  a t  l e a s t  1000 such c o e f f i c i e n t s  can be found f o r  each i o n )  and 

a computer program was used t o  s e l e c t  t h e  bes t  e l u t i n g  agent  ( f rom n e a r l y  400 

p o s s i b l e  substances) f o r  each separa t i on  s tep  dep ic ted  by a l i n k .  
*. 

(b )  I f  the  separa t i on  dep ic ted  by a p a r t i c u l a r  l i n k  i s  n o t  p o s s i b l e ,  one g i ves  

a very  h i g h  va lue  t o  t h a t  l i n k .  

( c )  I f  t h e  l i n k  con ta ins  a t r a n s f e r  f rom one column t o  another ,  a h i g h  ( b u t  

n o t  ve ry  h igh )  va lue  i s  g iven .  
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One may ques t i on  whether t h e  a p p l i c a t i o n  o f  graph theo ry  i s  r e a l l y  necessary 

as no doubt a separa t i on  such as t h a t  descr ibed above can be i n v e s t i g a t e d  e a s i l y  

w i t h o u t  i t .  

a r e  t o  be separated. 

The number o f  nodes grows very  r a p i d l y ,  however, when more i o n s  

The c a l c u l a t i o n  o f  t h e  number o f  nodes i s  r a t h e r  compl ica ted  ( t h e  equat ions  

can be found i n  t h e  o r i g i n a l  paper) .  

case where t r a n s f e r s  f rom one column t o  another  a r e  n o t  a l lowed ( a l l  i ons  

e l u t e d  f rom t h e  column must be comple te ly  separated from a l l  o f  t he  o t h e r  i o n s ) .  

I n  t h i s  i ns tance ,  and f o r  t h r e e  elements, t h e  f o l l o w i n g  nodes shou ld  then be 

cons idered : ABC/ / / ,  AB/ /C,  A C / / B ,  BC/ /A ,  A / / B / C ,  B / / A / C ,  C / / A / B  and / / A / B / C .  

I f  one cons iders  o n l y  t h e  s t a t i o n a r y  phase ( t o  the  l e f t  o f  / / ) ,  one notes t h a t  

a l l  t he  combina t ions  o f  zero,  one, two and t h r e e  i ons  o u t  o f  t h r e e  are  p resen t  

The c a l c u l a t i o n  i s  s i m p l i f i e d  i n  the  spec ia l  

C a l l i n g  n t h e  t o t a l  number o f  i ons  and p ( 0  < p < n) t h e  number o f  i o n s  i n  

a p a r t i c u l a r  combina t ion  taken f rom these n ,  t h i s  means t h a t  t h e  t o t a l  number o f  

n 

p=o 
combinat ions i s  equal t o  1 C E  (where C: i s  t he  symbol used f o r  t h e  number o f  

combinat ions o f  n elements i n  se ts  o f  p ) .  

I n  t h i s  p a r t i c u l a r  i ns tance  a separa t i on  scheme f o r  e i g h t  elements would c o n t a i n  

256 nodes. For  t h e  general  case ( t r a n s f e r s  a l l owed) ,  no l e s s  than 17008 nodes 

would have t o  be cons idered ! Even f o r  4 elements,  38 nodes a re  ob ta ined  and i t  

begins t o  be d i f f i c u l t  t o  cons ider  a l l  o f  t he  p o s s i b i l i t i e s  w i t h o u t  us ing  graph 

theo ry .  

w i t h  a very  s imp le  a l g o r i t h m  due t o  Ford  (Kaufmann, 1968).  L e t  us suppose t h a t  

one has t o  c o n s t r u c t  a highway f rom a town al t o  a town all. There a r e  severa l  

p o s s i b l e  l a y o u t s  which are  determined by t h e  towns through which one must pass, 

and these must be s e l e c t e d  from a2 - alO. 

r e s u l t i n g  graph a r e  g i ven  by t h e  es t imated  cos ts .  

f i n d  t h e  cheapest r o u t e .  

va lue  o f  a l l  t h e  nodes an d i r e c t l y  l i n k e d  t o  al i s  computed by us ing  t h e  

equa t ion  An = A1 t 1 (al, an),  where 1 (al, an) i s  the  l e n g t h  o f  edge (al, an ) .  

Th i s  can be shown t o  be equal t o  Z n .  

The s h o r t e s t  (cheapest)  pa th  i n  a graph can be found, f o r  example, 

The values o f  t h e  l i n k s  i n  the  

The problem i s ,  o f  course ,  t o  

A va lue  A1 = 0 i s  assigned t o  town (node) al and t h e  
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I n  t h i s  way one ass igns  the  values 3, 5, 900, 0,  900 and 900 t o  t h e  nodes a2, 

a3, a4, a5, a6 and a7, r e s p e c t i v e l y .  

am l i n k e d  d i r e c t l y  t o  one o f  t he  nodes an by us ing  t h e  equa t ion  Am = An f l ( a n ,  a,,,). 

One cont inues  t o  do t h i s  u n t i l  a va lue  has been assigned t o  each o f  t h e  nodes 

i n  t h e  graph. 

t o  a8, ag, a10 and all, r e s p e c t i v e l y .  

One repeats  t h i s  procedure f o r  t h e  nodes 

One would, f o r  example, ass ign  the  values 15, 1800, 900 and 902 

I n  t h e  f i r s t  stage, one has assigned a p o s s i b l e  va lue  t o  a l l  o f  t h e  nodes, 

b u t  n o t  n e c e s s a r i l y  the  l owes t  p o s s i b l e  one. 

a7 i s  now 900. 

reasons i t  i s  imposs ib le  t o  go from al t o  a7. 

mean a mountain r i d g e  and i n  the  ion-exchange case i t  c o u l d  be a separa t i on  

t h a t  cannot be c a r r i e d  o u t  i n  a reasonable t ime.  T h i s  va lue  i s  d e r i v e d  here f rom 

edge al, a7 us ing  the  equat ion  A 7  = A1 f l (a l ,  a 7 ) .  

be reached from town a2. 

equal t o  13 ; t h i s  rep laces  the  o r i g i n a l  va lue  900. I n  t h i s  way, a l l  o f  t h e  

nodes a r e  checked u n t i l  one i s  s a t i s f i e d  t h a t  each town i s  reached i n  t h e  

cheapest p o s s i b l e  way. The op t ima l  pa th  i s  then found by r e t r a c i n g  the  s teps  t h a t  

l e d  t o  t h e  f i n a l  va lue  f o r  All. 

al, a5, a8, all w i t h  a t o t a l  va lue  o f  6 .  

Fo r  example, t h e  va lue  A 7  o f  node 

The va lue  900 i s  a r t i f i c i a l l y  h igh ,  i n d i c a t i n g  t h a t  f o r  p r a c t i c a l  

I n  t h e  highway example t h i s  cou ld  

Town a7, however, can a l s o  

The va lue  o f  A7 i s  then g i ven  by A2 + l ( a 2 ,  a7) and i s  

I n  the  graph i n  F i g .  23.1 t h i s  i s  t h e  pa th  

The graph i n  F i g .  23.1 i s ,  i n  f a c t ,  t h e  graph ob ta ined  f o r  t h e  separa t i on  o f  

Ca, Co and Th on a cat ion-exchange column. 

r e p l a c i n g  nodes al - all by CaThCo//, Ca//Th/Co, Th//Ca/Co, Co//Ca/Th, Ca Th//Co, 

Ca Co//Th, Th Co//Ca, Ca//Th/Co, Co//Ca/Th, Th//Ca/Co and //Ca/Th/Co, r e s p e c t i v e l y .  

The we igh ts  o f  t h e  edges a r e  d i s t r i b u t i o n  c o e f f i c i e n t s  ob ta ined  f rom the  

l i t e r a t u r e  as e x p l a i n e d  above. 

t h a t  one must f i r s t  reach s i t u a t i o n  a5, i .e., Ca Th//Co, meaning t h a t  one must 

f i r s t  e l u t e  Co. As t h e  we igh t  o f  t he  edge i s  0,  t h i s  means t h a t  a t  l e a s t  one 

s o l v e n t  has been descr ibed i n  the  l i t e r a t u r e  t h a t  permi ts  one t o  e l u t e  Co w i t h  

a d i s t r i b u t i o n  c o e f f i c i e n t  o f  0 w i t h o u t  e l u t i n g  Ca and Th. The f o l l o w i n g  s teps  

a re  the  e l u t i o n  o f  Th ( d i s t r i b u t i o n  c o e f f i c i e n t  = 2 )  and Ca ( d i s t r i b u t i o n  

c o e f f i c i e n t  = 4 ) .  

One a r r i v e s  a t  t h i s  graph by 

The conc lus ion  i n  t h i s  p a r t i c u l a r  i ns tance  i s  
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23.2. GRAPH THEORETICAL CLASSIFICATION METHODS 

I n  s e c t i o n  18.4.3 i t  was seen how t h e  minimal spanning t r e e  o f  a graph can be 

used f o r  c l a s s i f i c a t i o n  purposes. Th is  i s  a l s o  t h e  case f o r  t he  branch and 

bound procedures i n  s e c t i o n  22.2. 

can be used t o  c a r r y  o u t  a c l a s s i f i c a t i o n ,  i s  g i ven .  I t  was i n t r o d u c e d  i n t o  

a n a l y t i c a l  chemis t ry  by Flassart and Kaufman (1975) ; i t  was a p p l i e d  t o  a TLC 

problem, b u t  i t  shou ld  be use fu l  i n  a l l  i ns tances  where an i d e n t i f i c a t i o n  o f  a 

substance i s  des i red .  

f o r  a l a r g e  group o f  substances. 

one i n v e s t i g a t e s  such a group as a whole, one can a l s o  reason t h a t  one shou ld  

concent ra te  on those groups o f  substances t h a t  a r e  ha rdes t  t o  separa te .  

methods developed f o r  separa t i ng  those substances probab ly  p e r m i t  t h e  separa t i on  

o f  t h e  o t h e r  substances a l s o  and, i f  no t ,  i t  shou ld  be r e l a t i v e l y  easy t o  f i n d  

methods t h a t  do p e r m i t  t h i s .  

a re  t h e  groups t h a t  a r e  ha rdes t  t o  separa te .  Th is  can be done by us ing  communications 

networks.  Such networks a r e  used by s o c i o l o g i s t s  t o  s tudy  communication p a t t e r n s  

and, f o r  example, i n  a complex o r g a n i z a t i o n  t o  i d e n t i f y  t he  s e t s  o f  peop le  

between whom communications e x i s t s .  I n  F ig .  23.2 t h e  ex i s tence  o f  d i r e c t  

communication between i n d i v i d u a l s  f rom a p o p u l a t i o n  o f  e i g h t  people,  A-H, i s  

denoted by an edge. G i s  l i n k e d  d i r e c t l y  t o  C and i n d i r e c t l y  t o  F, b u t  n o t ,  

e i t h e r  d i r e c t l y  o r  i n d i r e c t l y ,  t o  A .  

I n  t h i s  sec t i on ,  a t h i r d  OR procedure,  wh ich  

Suppose t h a t  one has t o  develop an i d e n t i f i c a t i o n  scheme 

I n s t e a d  o f  t he  approach i n  Chapter 18, where 

The 

The problem i s  t h e r e f o r e  reduced t o  d e c i d i n g  which 

I n  t h i s  way, one can d i s t i n g u i s h  two se ts  

F ig .  23.2 A communications network (adapted f rom Massart  and Kaufman, 1975) 
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o f  nodes t h a t  a re  connected i n  some way t o  each o the r ,  namely t h e  s e t s  ABDE and 

CFGH. I n  graph t h e o r e t i c a l  terms (ABDE} i s  a connected graph, w h i l e  {ABCDEFGH) 

i s  no t ,  and t h e  OR problem i s  t h e r e f o r e  t o  f i n d  t h e  connected components o f  t h e  

l a t t e r  graph, which i s  a t r i v i a l  problem. 

Return ing  now t o  t h e  TLC problem, one observes t h a t  t h e r e  i s  an ana logy  

between d i s t i n g u i s h i n g  s e t s  o f  peop le  c lose  enough t o  communicate and between 

se ts  o f  substances t h a t  a re  so a l i k e  t h a t  they  a r e  h a r d  t o  separa te  by TLC. 

c o n s i d e r i n g  t h e  substances as nodes and by j o i n i n g  by an  edge two substances 

t h a t  a r e  ha rd  t o  separate,  a comnunicat ion network can be cons t ruc ted .  

remains t o  d e f i n e  t h e  term "hard  t o  separa te" .  

a l ready  e x i s t i n g  TLC data.  

a r e  known, a d i s tance  between two substances A and B can be computed, i n  t h e  

same way as i n  Chapter 18, by us ing  t h e  equa t ion  

By 

I t  

T h i s  can be decided o n l y  f rom 

I f  t h e r e  a r e  n TLC systems i n  which t h e  hRF values 

(23.1) 

I f  DAB i s  s m a l l e r  than some a r b i t r a r y  p re-de termined va lue ,  A and B a r e  termed 

"hard  t o  separate".  

Th i s  was a p p l i e d  (Massart  and Kaufman, 1975) t o  a s e t  o f  33 a n t i b i o t i c s  u s i n g  

t h e  da ta  f rom 11 TLC systems and l e d  t o  t h e  i s o l a t i o n  o f  s i x  "hard  t o  separa te"  

groups. 

be deduced f rom t h e  compos i t ion  o f  these groups. 

p e n i c i l l i n s  and t h e  r i f a m y c i n s  a r e  found t o  c o n s t i t u t e  t h r e e  of  t h e  groups and 

t h e  o l i gosacchar ides  , d i  hydros t rep tomyc in ,  neomycin, paromomycin and s t rep tomyc in  

a r e  a l s o  found i n  one ~ r o u p .  

chemi c a l  sense. 

The p o t e n t i a l  va lue  o f  t h i s  procedure f o r  c l a s s i f i c a t i o n  purposes can 

The t e t r a c y c l i n e s ,  t h e  

One observes t h a t  t h i s  c l a s s i f i c a t i o n  makes 

23.3. DYNAMIC PROGRAMMING 

The problem i n  s e c t i o n  23.1 can q l s o  be s o l v e d  u s i n g  dynamic programming. 

T h i s  i s  a method o f  sequen t ia l  o p t i m i z a t i o n  based on Be l lman 's  (1957) p r i n c i p l e  
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o f  o p t i m a l i t y .  

a re  by no means necessary. The second example i n  t h i s  s e c t i o n  does n o t  use 

graphs (a1 though t h i s  would have been p o s s i b l e ) .  

Graphs p e r m i t  a c l e a r  r e p r e s e n t a t i o n  o f  t h e  method, b u t  they  

Be l lman 's  p r i n c i p l e  o f  o p t i m a l i t y  can be s t a t e d  i n  the  f o l l o w i n g  way : "a 

p o l i c y  i s  op t ima l  when, a t  a g i ven  s tage and whatever the  preced ing  dec i s ions ,  

t he  dec i s ions  which remain t o  be taken c o n s t i t u t e  an op t ima l  p o l i c y  t a k i n g  i n t o  

account t h e  s t a t e  o f  t h e  system". T h i s  can b e s t  be exp la ined  by us ing  t h e  

f o l l o w i n g  example. 

highway go ing  from A t o  C th rough B.  

The f i r s t ,  th rough D, i s  cheaper than t h e  second, th rough E.  It i s  then c l e a r  

t h a t  f o r  t h e  t o t a l  course (between A and C) t o  be op t ima l  i t  i s  necessary t h a t  

t h e  d e c i s i o n  t o  be taken a t  stage B (between D and E )  shou ld  a l s o  be o p t i m a l .  

I n  o t h e r  words, i f  road ABDC i s  op t ima l  f rom A t o  C, then  so must be t h e  road 

BDC f rom B t o  C. 

s u b - p o l i c i e s  f o r  AB and BC. 

To achieve t h i s  t h e  nodes o f  t h e  graph i n  F ig .  23.1 must be organ ized i n  stages. 

Th is  i s  shown i n  F i g .  23.3. 

Suppose t h a t  t h r e e  towns A, B and C must be j o i n e d  by a 

From B t o  C t h e r e  a r e  two p o s s i b l e  courses. 

Hence t h e  op t ima l  p o l i c y  f o r  A C  i s  composed o f  op t ima l  

T h i s  can now be a p p l i e d  t o  t h e  ion-exchange problem. 

I 1 4 1 5 
I 

stago 1 
F i g .  23.3. Graph o f  F ig .  23.1 rear ranged i n  such a way t h a t  dynamic programming 
can be app l i ed .  
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P o i n t s  1 - 11 are  towns and a highway must be b u i l t  f rom town 1 t o  town 11. 

Several  pathways a re  poss ib le ,  as shown i n  t h e  f i g u r e .  

i m p l i e s ,  f o r  example, t h a t  i f  town 8 i s  reached b e s t  by way o f  town 5 and i f  

t h e  op t ima l  pathway f rom 1 t o  11 inc ludes  8, then i t  a l s o  n e c e s s a r i l y  i n c l u d e s  5. 

The op t ima l  p o l i c y  c o n s i s t s  o f  op t ima l  sub -po l i c i es  such as reach ing  8 th rough 5 .  

I n  t h e  p resen t  i ns tance ,  one determines the  op t ima l  sub -po l i cy  f o r  each stage. 

Be l lman 's  p r i n c i p l e  

Fo r  stage 2, t h e  s o l u t i o n  i s  t r i v i a l  as o n l y  one pathway i s  p o s s i b l e  f rom 1 t o  

2, 3 and 4 and t h e  bes t  sub -po l i cy  o f  go ing  from 1 t o  2 i s  by u s i n g  t h e  o n l y  

p o s s i b l e  pa th  w i t h  a va lue  o f  3. Fo r  stage 3, t h e r e  a r e  severa l  a l t e r n a t i v e s .  

Town 5, f o r  example, can be reached d i r e c t l y  f rom 1 o r  i n d i r e c t l y  by way o f  4.  

The cumu la t i ve  values o f  t h e  edges c o n s t i t u t i n g  these pathways a r e  0 and 910, 

r e s p e c t i v e l y .  

5. 

u n t i l  one a r r i v e s  a t  t h e  f i n a l  town ( town 1 1 ) .  

C l e a r l y  the  op t ima l  sub -po l i cy  f o r  5 i s  t o  go d i r e c t l y  f rom 1 t o  

One proceeds i n  t h e  same way, f i r s t  f o r  each o f  t he  towns on subsequent l e v e l s ,  

Fo r  example, t h e  bes t  sub -po l i cy  f o r  town 8 i s  by way o f  5. As t h e  op t ima l  

sub -po l i cy  f o r  5 i s  t o  go f rom 1 t o  5, t h i s  n e c e s s a r i l y  means t h a t  8 i s  b e s t  

reached by go ing  from 1 through 5 t o  8. 

p o l i c y  i s  ob ta ined.  

o r  10 t o  11. 

When one a r r i v e s  a t  11 t h e  bes t  t o t a l  

I n  t h i s  example, t h i s  means go ing  from 1 by way o f  5 and 8 

To app ly  t h i s  t o  t h e  ion-exchange problem, one o n l y  has t o  name t h e  nodes 

accord ing  t o  t h e  separa t i on  s i t u a t i o n  (such as AB//C, C//A/B, e t c . ) .  

can be found i n  t h e  paper by Massart  e t  a l .  ( 1 9 7 3 ) .  

D e t a i l s  

An i n t e r e s t i n g  a p p l i c a t i o n  concern ing  the  o p t i m i z a t i o n  o f  t h e  a n a l y s i s  o f  

nuc lea r  m a t e r i a l s  i n  sa feguard  systems was descr ibed by Bouchey e t  a l .  (1971). 

They used dynamic progwmming t o  min imize  var iance on t h e  measurement o f  

"ma te r ia l  unaccounted f o r "  (PIUF) , a m a t e r i a l  balance o f  s p e c i a l  nuc lea r  m a t e r i a l s .  

MUF i s  t h e  d i f f e r e n c e  between t h e  m a t e r i a l  i n t roduced  i n t o  a system and the  

amount o f  m a t e r i a l  removed, and i s  a c r i t e r i o n  f o r  de termin ing  d i v e r s i o n  o r  l o s s  

o f  these m a t e r i a l s .  

m a t e r i a l s  p resen t  a t  d i f f e r e n t  stages o f  t he  f u e l  c y c l i n g  process, o f  wastes, e t c .  

The de te rm ina t ion  o f  HUF r e q u i r e s  t h e  a n a l y s i s  o f  t h e  
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2 On each of these s tages  i ,  an e r r o r ,  character ized by i t s  variance s l i ,  i s  made. 

By carrying out n .  repeat analyses, the variance on the mean of the r e s u l t  

obtained f o r  s tage i decreases by a f a c t o r  T, b u t  the cos ts  increase.  

to ta l  variance s t  on the estimation of WUF i s  equal t o  the sum of the variances 

obtained a t  each s tage and the t o t a l  c o s t ,  C ,  i s  equal t o  the  sum of the costs  

incurred f o r  the determinations car r ied  out  a t  each s tage.  

cons t ra in t ,  one wil l  simply carry out as  many rep l ica te  determinations a t  each 

s tage as i s  f e l t  t o  be necessary i n  order  t o  obtain an adequate precis ion on 

MUF. 

(or  e f f o r t )  t o  a l loca te  t o  each s tage in  order  t o  obtain t h e  minimal value f o r  

s:, i . e . ,  one has t o  choose how many determinations should be c a r r i e d  out a t  each 

s tage .  I n  o ther  words, an optimal combination of n values has t o  be selected.  

1 

The 

2 

I f  there  i s  no c o s t  

I f  there  i s  a c o s t  cons t ra in t ,  one has t o  decide, however, how much money 

i 
Let us consider t h i s  optimization i n  g r e a t e r  de ta i l  by using the example 

given i n  Bouchey e t  a l . ' s  paper ( see  Table 23.1). 

Table 23.1 

Values of constants i n  the optimization problem given by Bouchey e t  a l .  (1971) .  
For symbols, see t e x t .  

2 
o r  point  ( i )  N i  2i 'i 

2 
l i  S S 

Measurement s t age 

1 50 0.21 1.0 10 
2 80 0.50 3.5 5 
3 100 0.10 0.06 5 
4 200 0.84 7.00 3 
5 500 0.20 0.44 8 

I t  was shown t h a t  the t o t a l  variance i s  

2 + SZi 2 (1 - - St  = x si = 
i =1 N i  - 1 

where 

M = t o t a l  number of measurement points  (5  in  

s: = the  variance obtained by carrying out n 

measurement s tage i ; 

(23.2) 

the example) ; 

rep l ica te  determinations a t  
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- the  variance due t o  the ana ly t ica l  imprecision ; ' l i  - 

s2i = the variance due t o  varying amounts i n  the N i  items avai lable  a t  2 

measurement point  i .  One subjects  n i  of these N i  items t o  ana lys i s .  

The cost  cons t ra in t  can be wri t ten as  

M 
C Ci n i  4 C 

i =1 

where Ci  i s  the cos t  of carrying out 

t o t a l  allowed cos t .  I n  the example, 

One can now apply Bellman's princ 

(23.3) 

one determination a t  s tage i and C i s  the 

C = 300 ( d o l l a r s ) .  

ple and  determine optimal sub-pol ic ies .  

To do t h i s ,  one f i r s t  determines the optimal sub-policy f o r  measurement s tage 1. 

This i s  a t r i v i a l  task : c l e a r l y ,  i f  one a l l o c a t e s  100 dol la rs  t o  t h i s  

measurement poin t ,  the  optimal s t ra tegy  wil l  cons is t  i n  measuring 10 items, i . e . ,  

n l  = 10. 

d o l l a r s ,  f o r  example). 

This i s  done f o r  every possible  amount of do l la rs  a l located (per  10 

In a second s t e p ,  one determines the optimal sub-policies f o r  each amount of 

do l la rs  t h a t  can be assigned t o  measurement points 1 t 2.  

the ca lcu la t ions  f o r  60 dol la rs .  

2 2 2 n 2  = 10, s t  = 5330), ( n l  = 2 ,  n 2  = 8, st = 4439), ( n l  = 3,  n 2  = 6 ,  st = 5004), 

( n l  = 4,  n 

i s  n l  = 2 ,  n2  = 8. 

using 240 d o l l a r s  f o r  the l a s t  three measurement points and 60 f o r  the f i r s t  two, 

i t  wi l l  necessar i ly  cons is t  of a solut ion where n l  = 2 and n 2  = 8. 

means t h a t  the  s t r a t e g i e s  containing n l  = 2 ,  n 2  = 8 a r e  always b e t t e r  than 

those with nl  = 1, n2 = 10 ; n l  = 3, n = 6 ,  e t c .  2 

taken i n t o  account in  f u r t h e r  calculat ions and the l a t t e r  p o s s i b i l i t i e s  can be 

e l  i mi na ted. 

As an example, consider 

The possible combinations a r e  (nl = 1, 

2 2 
= 4 ,  s t  = 6905), ( n l  = 5, n 2  = 2 ,  st = 13222). The best sub-policy 2 

This means t h a t ,  i f  the  f ina l  optimal s t ra tegy cons is t s  of 

I t  a l s o  

Only the former should be 

Consider now the t h i r d  s tep  of the ca lcu la t ion ,  i n  which the bes t  sub-policy 

f o r  the three f i r s t  measurement points  together  i s  determined. Again, one 

computes the optimal sub-policy f o r  each amount of do l la rs  per 10 dol la rs .  
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For  70 d o l l a r s ,  f o r  example, one o f  t h e  p o s s i b i l i t i e s  i s  t o  a1 oca te  10 d o l l a r s  

t o  t h e  t h i r d  measurement p o i n t  and 60 t o  t h e  f i r s t  two. 

n e c e s s a r i l y  be d i s t r i b u t e d  between t h e  two p o i n t s ,  so t h a t  nl = 2 and n2 = 8. 

= 8, n3 = 2, n4 = 34, n5 = 16. 

The c a l c u l a t i o n  can be speeded up by us ing  a computer, b u t  i n  t h i s  i ns tance  a 

more fo rmal  t rea tment  o f  the  problem i s  needed, as g i ven  i n  Bouchey e t  a1 . ' s  

paper.  T h e i r  paper g i ves  a good i n t r o d u c t i o n  t o  dynamic programming and i t s  

t e rm ino logy  and can be read be fo re  t u r n i n g  t o  the  more s p e c i a l i z e d  1 i t e r a t u r e  , 

such as t h e  books by Jacobs (1967) and Hadley (1964).  

These 60 d o l l a r s  w i l l  

The complete op t ima l  s o l u t i o n  i s  nl = 2, n 2 

23.4. SEQUENCING AND COORDINATION PROBLEMS 

Two types  o f  problems a r e  d iscussed here.  The f i r s t  c o n s i s t s  o f  t he  

c o o r d i n a t i o n  o f  severa l  " j obs " ,  some o f  which can be c a r r i e d  o u t  s imu l taneous ly ,  

w h i l e  o the rs  a r e  c a r r i e d  o u t  accord ing  t o  a s p e c i f i e d  sequence, i n  such a way 

t h a t  t h e  whole p r o j e c t  i s  achieved i n  t h e  s h o r t e s t  p o s s i b l e  t ime.  

The second problem a r i s e s  when seve ra l  " j obs "  have t o  be c a r r i e d  o u t  and one 

Sequencing problems a re  needs t o  determine t h e  op t ima l  sequence o f  these jobs .  

impor tan t  OR problems and t h e i r  s o l u t i o n  i s  d iscussed i n  tex tbooks ,  such as 

t h a t  by Acko f f  and Sas ien i  (1968).  

t o x i c o l o g i c a l  l a b o r a t o r y  example) w i l l  be discussed, because i t  perm i t s  the  

i l l u s t r a t i o n  o f  a c l a s s  o f  O R  methods c a l l e d  h e u r i s t i c  methods. 

I n  t h i s  sec t i on ,  o n l y  one example ( t h e  

23.4.1. The PERT techn ique 

Many p r o j e c t s ,  i n c l u d i n g  t h e  development o f  a n a l y t i c a l  methods and r e l a t e d  

problems, n e c e s s i t a t e  a number o f  s p e c i f i c  dec i s ions  and a c t i v i t i e s .  

a c t i v i t i e s  a r e  n o t  p lanned and coord ina ted ,  t he  p r o j e c t  w i l l  t a k e  l o n g e r  than 

necessary.  

serve  as a i d s  i n  schedu l ing  these a c t i v i t i e s .  

wh ich  occu r red  i n  t h e  l a b o r a t o r y  o f  one o f  t h e  au thors  (D.L.N.). 

I f  these 

Methods such as PERT (Program Eva lua t i on  and Review Technique) can 

Consider t h e  f o l l o w i n g  problem, 
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The l a b o r a t o r y  was presented  w i t h  the  t a s k  o f  ana lys ing  p l a n t  samples f o r  f l u o r i d e  

and s t a t i n g  how grave i t  thought  t h e  e x t e n t  o f  p o l l u t i o n  was. 

t he re  was no o f f i c i a l l y  accepted method i n  t h e  a u t h o r ' s  coun t ry  f o r  t h e  

de te rm ina t ion  o f  f l u o r i d e  i n  p l a n t s  and t h a t  t h e r e  were no g e n e r a l l y  accepted 

normal l e v e l s  o f  f l u o r i d e .  There fore ,  the  l a b o r a t o r y  was faced  w i t h  a double 

task,  b e f o r e  coming t o  a conc lus ion ,  namely t h e  development o f  a method, t h e  

r e s u l t s  o f  which c o u l d  be proved t o  be s u f f i c i e n t l y  accura te ,  and t h e  de te rm ina t ion  

o f  normal va lues .  The f o l l o w i n g  tasks  were undertaken : 

I t was found t h a t  

(1) The most p romis ing  method (an oxygen- f lask  d e s t r u c t i o n  method f o l l o w e d  by 

p o t e n t i o m e t r i c  de te rm ina t ion  o f  f l u o r i d e )  was se lec ted .  

( 2 )  T h i s  method was sub jec ted  t o  t h e  usual  p r e l i m i n a r y  checks on accuracy, 

p r e c i s i o n ,  l i m i t  o f  d e t e c t i o n ,  e t c .  

(3 )  A f t e r  c a r r y i n g  o u t  s tep  2, i t  was recogn ized t h a t  i n  o r d e r  t o  produce da ta  

t h a t  would be g e n e r a l l y  accepted, s u f f i c i e n t  p r o o f  o f  accuracy would be necessary.  

There fore ,  a s tandard  m a t e r i a l  w i t h  known f l u o r i d e  con ten t  was ob ta ined.  Th is  

took  2 months t o  l o c a t e  and ob ta in .  

( 4 )  I t  was a l s o  decided t h a t  t h e  method would have t o  be c a l i b r a t e d  w i t h  

another  method used by a government agency. 

d e t a i l s  o f  t h e  in te rcompar ison,  o b t a i n  t h e  samples and compare t h e  r e s u l t s  took  

seve ra l  months. 

To c o n t a c t  t h i s  agency, a r range t h e  

( 5 )  A t  about t h e  t ime  s tep  3 was f i n i s h e d ,  i t  was decided t o  c o l l e c t  a l a r g e  

number o f  samples o f  grass a t  random f rom a l l  ove r  t h e  coun t ry  i n  o r d e r  t o  

a r r i v e  a t  a normal va lue  f o r  f l u o r i d e  i n  grass.  

took  a t  l e a s t  1 month. 

The c o l l e c t i o n  o f  these samples 

(6 )  P r e p a r a t i o n  and a n a l y s i s  o f  t h e  samples. 

( 7 )  I n t e r p r e t a t i o n  o f  t he  r e s u l t s  and w r i t i n g  o f  t h e  r e p o r t .  

I n  t h e  p lann ing  o f  t h i s  p r o j e c t ,  stages 3 and 4 were i n i t i a t e d  t o o  l a t e  so 

t h a t  t h e  p r o j e c t  took  many months l o n g e r  t o  complete than was s t r i c t l y  necessary. 

A breakdown o f  t he  p r o j e c t  i n  stages u s i n g  the  PERT p r o g r a m i n g  techn ique 

would have shown t h a t  stages 3 and 4 would p robab ly  be t h e  most t ime consuming 

and shou ld  have been s t a r t e d  e a r l i e r .  Th i s  conc lus ion  c o u l d  a l s o  have been 
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obta ined,  o f  course, w i t h o u t  us ing  the  PERT technique. 

c o n s t i t u t e s  a very  u s e f u l  f o r m a l i z a t i o n  o f  p r o j e c t  p lann ing  and i t  cannot be den ied  

t h a t  t h e  k i n d  o f  t ime-consuming e r r o r  descr ibed here  i s  common i n  l a b o r a t o r i e s  

engaged i n  more o r  l e s s  complex p r o j e c t s .  I n  F i g .  23.4 a very  rud imentary  PERT 

network i s  g i v e n  t h a t  descr ibes  t h e  necessary s teps  i n  a l o g i c a l  sequence. The 

f a c t s  t h a t  c e r t a i n  a c t i v i t i e s  must be completed, be fo re  some o the rs  can be 

undertaken and t h a t  c e r t a i n  s teps  can be c a r r i e d  o u t  i n  p a r a l l e l  a re  taken  i n t o  

Never the less ,  i t  

account.  

The nodes i n  t h i s  graph rep resen t  p o i n t s  i n  t ime  (even ts )  and t h e  edges 

rep resen t  c o n s t r a i n t s  i n d i c a t i n g  t h a t  an event  must precede another  event .  

values o f  t he  edges a r e  g i v e n  by the  t imes needed t o  c a r r y  o u t  t h e  tasks  

necessary t o  reach t h e  nodes. 

under t h e  cor respond ing  node. These a r e  t h e  sums o f  a l l  expected t imes l e a d i n g  

t o  the  event  under cons ide ra t i on .  

cumula t ive  t ime  f o r  t he  l o n g e s t  one i s  taken. 

c l e a r  t h a t  t h e  t o t a l  t ime necessary i s  determined by t h e  sequence o f  tasks  

1-12-13-14-10-5-6. T h i s  i s  t h e  c r i t i c a l  pa th  i n  t h e  network. The PERT network 

a l s o  makes i t  p o s s i b l e  t o  examine t h e  consequence o f  a de lay  on any o f  t h e  o t h e r  

tasks  o f  t h e  p r o j e c t  on t h e  t o t a l  d u r a t i o n .  

The 

The cumula t ive  t i m e  t o  reach a s tage i s  g i v e n  

I f  t h e  event  i s  reached by two pa ths ,  t h e  

From t h e  example g iven,  i t  i s  

Examples r e l a t i n g  e x c l u s i v e l y  t o  t h e  developnient o f  a n a l y t i c a l  methods a r e  

n o t  found i n  the  l i t e r a t u r e .  

de te rm ina t ions  i s  i n c l u d e d  as a task  i n  a l a r g e r  p r o j e c t  can be found i n  papers 

by Goulden (1974) and Kahan and Karas (1976).  They concern PERT networks f o r  a 

res idue  a n a l y s i s  programme and t h e  development o f  a new food  produc t ,  r e s p e c t i v e l y .  

A p p l i c a t i o n s  i n  which t h e  c a r r y i n g  o u t  o f  a n a l y t i c a l  

As i n d i c a t e d  above, t h e  PERT network g i v e n  here  i s  rud imentary .  More complete 

i n f o r m a t i o n  can be ob ta ined  f rom Lev in  and K i r k p a t r i c k  (1966) and Moder and 

P h i l l i p s  (1964).  

complex manner than i s  shown i n  F ig .  23.4. Usua l l y ,  one makes th ree  es t imates  

of t ime,  one o p t i m i s t i c ,  a, one p e s s i m i s t i c ,  b,  and one t h a t  i s  cons idered as 

the  most l i k e l y ,  m. 

I n  p a r t i c u l a r ,  t he  t ime e s t i m a t i o n  i s  c a r r i e d  o u t  i n  a more 

From these t h r e e  es t imates ,  one o b t a i n s  a mean o r  expected 
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t ime 

a + 4 m + b  

6 
t =  

These mean t imes a re  then used t o  c a l c u l a t e  t h e  cumula t ive  t imes.  

23.4.2. An h e u r i s t i c  sequencing method 

The p l a c i n g  o f  p a r t s  o f  a procedure i n  t h e  r i g h t  o r  op t ima l  o r d e r  i s  one o f  

t h e  impor tan t  tasks  o f  t he  a n a l y t i c a l  chemis t .  

t he  c l a s s i c a l  dichotomous approach t o  q u a l i t a t i v e  a n a l y s i s ,  i n  which one t r i e s  

t o  i d e n t i f y  an element o r  a substance by s p l i t t i n g  up t h e  group o f  p o s s i b l e  

substance’s i n t o  two sma l le r  groups and de te rm in ing  t o  which of t h e  two groups the  

unknown belongs. 

p o s s i b i l i t y  i s  l e f t .  

w i l l  now be i l l u s t r a t e d  by the  example o f  a t o x i c o l o g i c a l  l a b o r a t o r y .  

L e t  us cons ider ,  f o r  example, 

The process i s  then repeated  i n  t h i s  group u n t i l  o n l y  one 

There a r e  many v a r i a t i o n s  on t h i s  theme and one o f  these 

I n  some ins tances ,  t h e  t o x i c o l o g i s t  w i  11 have n poss i  b i  1 i t i e s  and he w i  11 

examine them one a t  a t ime  u n t i l  t h e  substance i s  i d e n t i f i e d .  Th is  i s  a s p e c i a l  

case o f  t h e  dichotomous approach, as t h e  group i s  s p l i t  up i n t o  groups c o n s i s t i n g  

o f  n - 1  and 1 members, n-2 and 1, and so on u n t i l  t he  unknown i s  i n  t h e  1 member 

group. The t ime  needed f o r  t h e  n q u a l i t a t i v e  de terminat ions  i s  n o t  t he  same and 

i t  i s  assumed t h a t  t he  p r o b a b i l i t y  o f  occur rence o f  each o f  t h e  substances i s  

known. What i s  t he  op t ima l  sequence, i .e . ,  t h e  sequence t h a t  w i l l  l e a d  on t he  

average t o  an i d e n t i f i c a t i o n  i n  the  s h o r t e s t  t ime  ? Should one s t a r t  w i t h  a 

very  f a s t  procedure f o r  an i n f r e q u e n t l y  found drug, so t h a t  p robab ly  one w i l l  

have t o  c a r r y  o u t  a second de te rm ina t ion  f o r  ano the r  compound, o r  shou ld  one 

beg in  w i t h  a l e n g t h y  procedure f o r  a substance t h a t  i s  encountered f r e q u e n t l y ,  

so t h a t  t he  chances a re  h i g h  t h a t  one w i l l  be ab le  t o  s top  a f t e r  t h i s  s tep  ? 

Suppose t h a t  t h e  p r o b a b i l i t y  pi, i = 1, ..., n o f  t h e  occurrence o f  each 

po ison and t h e  execu t ion  t ime  ti, i = 1, . . . , n f o r  t h e  methods t h a t  p e r m i t  one 

t o  i d e n t i f y  them a r e  known. Only one po ison occurs i n  t h e  sample, each method 
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a l l ows  t h e  i d e n t i f i c a t i o n  o f  o n l y  one po ison  and t h e  symptoms do n o t  y i e l d  any 

p r i o r  i n f o r m a t i o n .  

t o  determine t h e  sequence o f  methods t h a t  min imizes  t h e  mathematical  e x p e c t a t i o n  

o f  t h e  sums o f  t h e  t imes necessary f o r  t h e  execu t ion  o f  t h e  methods t h a t  l e a d  t o  

t h e  i d e n t i f i c a t i o n  o f  t h e  unknown. 

In t h i s  s imp le  case, an e q u a l l y  s imp le  techn ique a l l ows  one 

The method r e q u i r e s  two s teps  : ( a )  t h e  methods a re  ranged f i r s t  i n  t h e  o r d e r  

o f  decreasing p r o b a b i l i t y  pi, and ( b )  t h e  methods i and i+l are  i n v e r t e d  when 

- pi+l ti < 0. P i  ti+l 

p o s s i b l e .  I t  can be shown t h a t  t he  r e s u l t i n g  sequence i s  op t ima l .  Th i s  techn ique 

has t h e  s t r u c t u r e  t y p i c a l  o f  h e u r i s t i c  methods. However, h e u r i s t i c  methods do 

n o t  n e c e s s a r i l y  y i e l d  comple te ly  op t ima l  r e s u l t s .  I n  t h i s  p a r t i c u l a r  case, 

however, t he  op t ima l  s o l u t i o n  i s  ob ta ined.  

Step ( b )  i s  repeated  u n t i l  no more i n v e r s i o n s  a r e  

It shou ld  n o t  be necessary t o  say t h a t  t h e  p i c t u r e  g i ven  here  o f  t h e  

t o x i c o l o g i c a l  l a b o r a t o r y  i s  ve ry  much s i m p l i f i e d  and t h a t ,  i n  p r a c t i c e ,  many o t h e r  

f a c t o r s  (such as v a r y i n g  amounts o f  p r i o r  i n f o r m a t i o n )  must be taken i n t o  

cons ide ra t i on .  Never the less ,  i n  many ins tances  q u a l i t a t i v e  schemes a re  based on 

the  t ype  o f  cons ide ra t i ons  g i v e n  above and t h e r e f o r e  they  shou ld  be amenable t o  

models (a l t hough  these w i l l  be u s u a l l y  more complex) such as t h a t  descr ibed here .  
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Chapter 24 

MULTICRITERIA ANALYSIS 

24.1. INTRODUCTION 

I n  Chapter 1, i t  was observed t h a t  i n  many ins tances  t h e r e  i s  more than one 

These c r i t e r i a  a r e  o f t e n  c o n f l i c t i n g  o r  i n t e r r e l a t e d ,  

To make an op t ima l  dec i s ion ,  one i s  f o r c e d  t o  make a 

o p t i m i z a t i o n  c r i t e r i o n .  

as shown i n  s e c t i o n  9.4. 

compromise between severa l  c r i t e r i a .  

i ns t rumen t ,  such as a spectrophotometer.  

c o s t  and q u a l i t y  o f  t h e  apparatus.  

r e s o l v i n g  power, which has a d i r e c t  bea r ing  on c h a r a c t e r i s t i c s  such as p r e c i s i o n ,  

accuracy and i n f o r m a t i o n  con ten t  o f  t he  spec t ra .  

A s imp le  example i s  t h e  cho ice  o f  an 

One has t o  make a compromise between 

A more c o s t l y  apparatus u s u a l l y  has a l a r g e r  

Th is  i s  a ve ry  common s i t u a t i o n  whenever dec i s ions  have t o  be made ( p o l i t i c s ,  

economics, eng ineer ing ,  e t c . ,  and a n a l y t i c a l  chemis t r y ) .  I n  a l l  o f  t h e  preced ing  

chapters  op t i rn i  z a t i o  

( u n i c r i  t e r i o n  ana lys  

ana lys i s .  

There a r e  severa l  

problems have been d iscussed w i t h  one c r i t e r i o n  

s ) .  A recen t  t r e n d  i n  OR i s  t h e  s tudy  o f  m u l t i c r i t e r i a  

p o s s i b l e  approaches, o f  which o n l y  t h r e e  w i l l  be p resented  

here.  

a n a l y s i s  g i v e n  by Brans (1976).  

Th i s  chapter  f o l l o w s  t o  a l a r g e  e x t e n t  t he  p r e s e n t a t i o n  o f  m u l t i c r i t e r i a  

24.2. UTILITY FUNCTIONS 

Consider p c r i t e r i a ,  fl, f2, ..., f 
take  t h e  values f l (x ) ,  f 2 ( x ) ,  ..., f p ( x ) .  

n u m e r i c a l l y  t h e  importance o f  t h e  c r i t e r i a  by we igh ts  w i t h  t h e  c o e f f i c i e n t s  

XI, X2, ..., hp, then one o b t a i n s  a f u n c t i o n  

F o r  a p a r t i c u l a r  dec i s ion  x, these 
P '  

Suppose t h a t  i t  i s  p o s s i b l e  t o  express 

D 
N(x )  = Ah f h ( x )  

h = l  
(24.1) 
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which i s  c a l l e d  a u t i l i t y  f u n c t i o n .  The m u l t i c r i t e r i a  problem i s  then reduced 

t o  t h e  u n i c r i t e r i o n  problem o f  o p t i m i z i n g  N(x ) ,  which can be so l ved  us ing  more 

c l a s s i c a l  techn iques .  Un fo r tuna te l y ,  t h i s  approach i s  s u b j e c t  t o  t h r e e  very  

impor tan t  disadvantages : 

'L 
( a )  L e t  us cons ide r  an a r b i t r a r y  d e c i s i o n  x. One can prove t h a t  t h e r e  a r e  

an i n f i n i t e  number o f  u t i l i t y  f u n c t i o n s  t h a t  have t h i s  s o l u t i o n  as the  op t ima l  

one, so t h a t  any d e c i s i o n  can be j u s t i f i e d  a p o s t e r i o r i  w i t h  a c e r t a i n  u t i l i t y  

f u n c t i o n .  

(b )  Very o f t e n  t h e  op t ima l  s o l u t i o n  w i l l  be i d e n t i c a l  w i t h  the  one ob ta ined  

f o r  one o f  t h e  assoc ia ted  u n i c r i t e r i o n  problems. 

o f  t h e  c r i t e r i a  i s  g i v e n  such a we igh t  t h a t  t h e  o t h e r  c r i t e r i a  a r e  neg lec ted .  

Th is  means, i n  f a c t ,  t h a t  one 

( c )  I t  i s  ex t remely  d i f f i c u l t  t o  g i v e  a p r i o r i  we igh ts  f o r  a l l  of t he  c r i t e r i a  

v a l i d  over  t h e  whole range o f  va lues  t h a t  these c r i t e r i a  can take .  

The f i r s t  two d i f f i c u l t i e s  can be p a r t i a l l y  e l i m i n a t e d  by u s i n g  a r e l a t e d  

techn ique c a l l e d  "goal  programming" (see f o r  example I j i r i ,  1965). 

f o r  each c r i t e r i o n  a c e r t a i n  va lue  i s  g i v e n  as t h e  goal  value. 

c a l l e d  f i ,  f;, ..., f '  and l e t  t h e  v e c t o r  combining these c r i t e r i a  be c a l l e d  F '  
P 

Th is  i s ,  i n  f a c t ,  what i s  done i m p l i c i t l y  by an a n a l y t i c a l  chemis t  when he 

s e l e c t s  a procedure.  He w i l l  cons ider  what the  i d e a l  p r e c i s i o n ,  accuracy,  cos t ,  

e t c . ,  a r e  and he w i l l  t r y  t o  f i n d  t h e  procedure t h a t  approaches t h i s  i d e a l  most 

c l o s e l y .  

Suppose t h a t  

L e t  these be 

I n  t h e  same way, i n  t h e  goa l  programming method, one i n v e s t i g a t e s  whether t h e  

i d e a l  s o l u t i o n  F '  s a t i s f i e s  t h e  c o n s t r a i n t s  t h a t  a r e  imposed. I f  n o t ,  one 

determines t h e  s o l u t i o n  t h a t  s a t i s f i e s  t h e  c o n s t r a i n t s  which i s  c l o s e s t  t o  t h e  

i d e a l .  

i s  then reduced t o  t h e  u n i c r i t e r i o n  problem o f  m in im iz ing  d [F I ,  F ( x ) ]  f o r  

f e a s i b l e  s o l u t i o n s  x, where d represents  a d i s tance  ( f o r  t h e  mathematical  

s i g n i f i c a n c e  o f  t h e  d i s t a n c e  concept, see s e c t i o n  18.7). 

The va lue  o f  t h e  c r i t e r i a  f o r  a s o l u t i o n  x i s  c a l l e d  F ( x ) .  The problem 
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24.3. OUTRANKING RELATIONS 

Methods u s i n g  o u t r a n k i n g  r e l a t i o n s  a r e  used o n l y  when t h e  number o f  p o s s i b l e  

s o l u t i o n s  i s  f i n i t e .  

r a t h e r  a s e t  o f  s o l u t i o n s  t h a t  a r e  b e t t e r  than o t h e r  s o l u t i o n s .  These s o l u t i o n s  

a r e  s a i d  t o  ou t rank  t h e  o the rs .  

The o b j e c t  i s  no l o n g e r  t o  f i n d  the  op t ima l  s o l u t i o n  b u t  

Here we s h a l l  d i scuss  t h e  ELECTRE I method proposed by Roy (1972). To 

e x p l a i n  t h e  method, we s h a l l  cons ide r  a s imp le  example. 

between seven procedures.  I n  Table 24.1 a r e  g i ven  t h e  c r i t e r i a ,  t h e  we igh ts  

assigned t o  these c r i t e r i a  and t h e  values’  t he  c r i t e r i a  can take .  

Suppose one has t o  choose 

Table 24.1 

Table o f  c r i t e r i a  

h c r i t e r i o n  we igh ts  p o s s i b l e  values 

1 t ime 120, 60, 30, 15,  5 min 
2 p r e c i s i o n  ( r e l a t i v e )  - i 1, & 3, * 10% 
3 a r e  t o x i c  reagents  used - yes, co 
4 f r e e  f rom i n t e r f e r e n c e  A4 = 3 - yes, “0 

XI = 5 
A2 = 4 
X3 = 3 

From t h e  values taken by the  we igh ts ,  one observes t h a t  t he  person c a r r y i n g  

o u t  t h e  s e l e c t i o n  t h i n k s  t i m e  t h e  most and t o x i c i t y  and i n t e r f e r e n c e s  t h e  l e a s t  

impor tan t  c r i t e r i a .  

I n  Tab le  24.11 t h e  values taken by t h e  c r i t e r i a  a r e  g i v e n  f o r  t h e  p o s s i b l e  

procedures.  

Tab le  24.11 

Eva1 u a t i o n  o f  procedures 

C r i t e r i a  1 2 3 4 5 6 7 

1 120 60 60 30 30 30 5 
2 1 1  3 3 3 1 0 1 0  
3 n y n  n y n y  
4 Y Y Y ~ Y Y ~  

One now compares each procedure w i t h  each o t h e r  procedure.  Th is  i s  done i n  
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two s teps .  I n  the  f i r s t  s tep ,  one notes i n  what respec t  t h e  procedures d i f f e r .  

Suppose we compare procedures 1 and 2, then 1 i s  b e t t e r  accord ing  t o  c r i t e r i o n  

3, which we denote by w r i t i n g  N' : 3, and worse accord ing  t o  c r i t e r i o n  1 ( N -  : 1). 

The r e s u l t s  a r e  g i v e n  i n  Table 24.111. 

Table 24.111 

Comparison o f  t he  procedures accord ing  t o  t h e  c r i t e r i a  

1 2 3 4 5 6 7 

1 - N': 3 N': 2 N': 2,4 Pi:: 2,3 NL: 2 N': 2,3,4 
N-: 1 N-: 1 N-: 1 N : 1 N : 1 N-: 1 

2 -  - N': 2 NT: 2,4 NT: 2 N': 2 N': 2,4 
N-: 3 N : 1,3 N : 1 N-: 1,3  I-: 1 

N : 1 N-: 1 N- :  1 N-: 1 

N-: 4 N-:  4 N-: 1 

N-:  3 N-:  1 

N-: 1 

3 -  N:: 4 N': 3 N': 2 N': 2,3,4 

4 -  N': 3 N': 2 N': 2,3 

5 -  - N': 2 N': 2,4 

6 -  - - N': 3,4 

7 -  - - 

I n  t h e  second step, one takes  i n t o  account t h e  we igh ts  i n  o r d e r  t o  a r r i v e  a t  

a numerical  express ion .  The pre ference r a t i o  i s  g i ven  by 

F o r  example, f o r  the  comparison o f  1 and 2, t h i s  becomes 

(24.2) 

Me can now c o n s t r u c t  Tab le  24.IV, where only t h e  values t h a t  exceed 1 a r e  

g iven.  

P = 1/0.6 = 1.67 f o r  t he  comparison o f  2 and 1. 

To r e t u r n  t o  t h e  example, as P = 0.6 f o r  t h e  comparison o f  1 and 2, t hen  
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Tab le  24.IV 

Numerical  comparison o f  t h e  procedures 

1 2 3 4 5 6 7 
1 -  - - 1.40 1.40 - 2.00 
2 1.67 - 1.33 - - 1.40 
3 1.25 - - 2.00 
4 - 1.14 1.67 - - 1.33 1.40 
5 - 1.25 1.67 - - 1.33 1.40 
6 1.25 2.00 1.25 - - 1.20 

- 

- 
7 -  - - - - - 

U n t i l  now, we have taken i n t o  account o n l y  t h e  f a c t  t h a t  one procedure has 

a b e t t e r  va lue  f o r  some c r i t e r i o n  o r  no t .  

so much worse accord ing  t o  one c r i t e r i o n  t h a t ,  even when i t  i s  b e t t e r  i n  a l l  

o t h e r  respec ts ,  one does n o t  w ish  t o  conclude t h a t  i t  i s  b e t t e r .  

adds d isc repancy  c o n d i t i o n s .  I n  t h e  p resen t  example, these a r e  120 min compared 

w i t h  5 o r  15 min and 60 min compared w i t h  5 min f o r  c r i t e r i o n  1 and 10% compared 

w i t h  1% f o r  c r i t e r i o n  2. Consider,  f o r  example, t h e  comparison 1/7 : P = 2.00, 

so t h a t  1 i s  cons idered t o  be b e t t e r  than 7.  

c o n d i t i o n s  (120 versus 5 min)  i s  f u l f i l l e d ,  so t h a t  one reserves  a conc lus ion .  

A l l  o f  t h e  comparisons f o r  which the re  i s  a discrepancy c o n d i t i o n  a r e  de le ted  

from Table 24.IV, y i e l d i n g  Table 24.V. 

I t  i s  p o s s i b l e  t h a t  one procedure i s  

To do t h i s ,  one 

However, one o f  t h e  d isc repancy  

Table 24.V 

Comparison o f  t he  procedures,  t a k i n g  d isc repancy  c o n d i t i o n s  i n t o  account 

1 2 3 4 5 6 7 
1 -  - 1.40 1.40 - 
2 1.67 - 1.33 - - 
3 1.25 - - 
4 - 1.14 1.67 - - 1.33 1.40 
5 - 1.25 1.67 - - 1.33 1.40 
6 -  - 1.25 - - 1.20 
7 -  - - - 

A t  t h i s  stage, one in t roduces  a dominance th resho ld ,  T, which must be a t  

l e a s t  1 and i s  u s u a l l y  h ighe r .  

judge one procedure t o  be b e t t e r  than t h e  o t h e r  when o n l y  a s l i g h t  d i f f e r e n c e  

between bo th  i s  ob ta ined.  

The ph i losophy i s  t h a t  i t  i s  p r e f e r a b l e  n o t  t o  

I n  t h i s  way, one takes  i n t o  account the  u n c e r t a i n t y  

iranchembook.ir/edu

https://iranchembook.ir/edu


498 

i n v o l v e d  i n  choosing t h e  A,, values and the  f a c t  t h a t  some o t h e r  c r i t e r i a  may 

have been over looked. 

a l l  values t h a t  do n o t  exceed t h i s  t h r e s h o l d  a r e  e l im ina ted .  T h i s  y i e l d s  

Table 24.V1, i n  which one now has a summary o f  those ins tances  where one procedure 

i s  c l e a r l y  b e t t e r  than another .  

F o r  example, i n  Tab le  24.VI one observes t h a t  procedure 1 dominates procedures 

4 and 5.  

I n  t h e  p resen t  example, T i s  cons idered t o  be 1.33 and 

These procedures dominate t h e  o the rs  (symbol D ) .  

Tab le  24.VI 

Dominance Tab1 e 

1 2 3 4 5 6 7  

1 -  - D D - -  
2 D - D -  - -  
3 -  - 
4 -  - D -  - D D  
5 -  - D - - D D  
6 -  - 
7 - -  

- 

- -  - -  

From t h i s  t a b l e ,  one c o n s t r u c t s  a dominance graph, where 1 + 2 means t h a t  

1 dominates 2. Th is  graph i s  shown i n  F ig .  24.1. 

F i g .  24.1. Dominance graph. 
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I n  t h e  graph, one then determines t h e  k e r n e l ,  which i s  d e f i n e d  as a s e t  o f  

nodes such t h a t  : 

( a )  no node o f  t he  ke rne l  i s  dominated by another  node o f  t h e  nucleus ; 

( b )  a l l  nodes o u t s i d e  t h e  ke rne l  a r e  dominated by a t  l e a s t  one node o f  t h e  

ke rne l .  

I n  t h e  p resen t  ins tance,  t h i s  s e t  i s  composed o f  t he  nodes 2, 4 and 5, which 

means t h a t  one o f  t he  procedures 2, 4 and 5 shou ld  be s e l e c t e d  w h i l e  procedures 

1, 3, 6 and 7 shou ld  be e l i m i n a t e d  f rom cons ide ra t i on .  

The ELECTRE I method i s  n o t  s u b j e c t  t o  t h e  disadvantages (a) and (b )  o f  t h e  

u t i l i t y  f u n c t i o n  method and i t  i s  much l e s s  s u b j e c t  t o  disadvantage ( c ) .  

i s  s t i l l  t h e  d i f f i c u l t y  o f  choosing we igh t  c o e f f i c i e n t s ,  b u t  these a r e  used i n  

a much l e s s  abso lu te  way than i n  t h e  d t i l i t y  f u n c t i o n  approach. Furthermore, i t  

i s  p o s s i b l e  t o  take  a l l  we igh ts  equal t o  1. 

There 

24.4. INTERACTIVE METHODS 

A consequence o f  t h e  comp lex i t y  o f  t he  r e l a t i o n s h i p  between severa l  c o n f l i c t i n g  

o b j e c t i v e s  o r  c r i t e r i a  i s  t h a t  i t  i s  very  d i f f i c u l t  t o  have a g l o b a l  v iew o f  

t h e i r  r e l a t i v e  va lues .  

r e c e n t l y  l e d  t o  t h e  development o f  i n t e r a c t i v e  methods t h a t  can be cons idered t o  

be t h e  most modern type  o f  methods i n  m u l t i c r i t e r i a  a n a l y s i s .  

b e t t e r  unders tand ing  o f  p o s s i b l e  compromises between o b j e c t i v e s .  

A t r i a l  c a r r i e d  o u t  i n  o rde r  t o  improve t h i s  v iew has 

They a l l o w  a 

I n  t h e  more c l a s s i c a l  methods based upon goa l  programming, u t i l i t y  f u n c t i o n s  

o r  o u t r a n k i n g  r e l a t i o n s ,  a l l  i n fo rma t ion  concern ing  v a r i a b l e s ,  o b j e c t i v e s ,  

c o n s t r a i n t s  and eventua l  we igh ts  must be known be fo re  a s o l u t i o n  i s  ob ta ined.  

On t he  o t h e r  hand, i n t e r a c t i v e  methods a r e  based upon a d ia logue  between t h e  

dec ide r  and t h e  researcher .  

d u r i n g  which a s o l u t i o n  i s  proposed t o  t h e  dec ide r  who i n  t u r n  g ives  i n f o r m a t i o n  

about h i s  v iew on t h e  values o f  t h i s  s o l u t i o n  f o r  t he  d i f f e r e n t  o b j e c t i v e s .  

A q u a l i f i c a t i o n  o f  h i s  o p i n i o n  then a l l ows  the  researcher  t o  compute a new 

s o l u t i o n ,  which i s  i n  t u r n  examined by t h e  dec ide r .  

I n  t h i s  d ia logue,  a sequen t ia l  process i s  s e t  up, 

Th is  process i s  then repeated  
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u n t i l  e i t h e r  the decider accepts one of the solut ions o r  he concludes t h a t  no 

compromise i s  possible .  

Several i n t e r a c t i v e  algorithms have been proposed f o r  the m u l t i c r i t e r i a  

l i n e a r  programme and several o ther  m u l t i c r i t e r i a  problems. 

algorithms can be found i n  the books by Wallenius (1975) and Zeleny (1976). 

A discussion of these 
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Chapter 25 

THE DIAGNOSTIC VALUE OF A TEST 

25.1. INTRODUCTION 

I n  s e c t i o n  2.1.3, i t  was concluded t h a t  i n  some ins tances  an i nc rease  i n  t h e  

p r e c i s i o n  o f  t h e  a n a l y t i c a l  de te rm ina t ion  i s  n o t  e f f e c t i v e  because t h e r e  a r e  o t h e r  

and more impor tan t  causes o f  v a r i a b i l i t y .  I n  t h e  a g r i c u l t u r a l  a n a l y t i c a l  l a b o r a t o r y ,  

t h e  main cause o f  v a r i a b i l i t y  i s  t h e  heterogeneous compos i t ion  o f  t h e  s o i l ,  

r e s u l t i n g  i n  a sampl ing e r r o r .  

shipments, e t c . )  o f  many b u l k  p roduc ts  such as ores ,  coal  and f e r t i l i z e r s  leads  t o  

e r r o r s  t h a t  a r e  d i r e c t l y  r e l a t e d  t o  t h e  f l u c t u a t i o n s  i n  t h e  compos i t ion  w i t h i n  t h e  

l o t .  An es t ima te  o f  these e r r o r s  can be g i v e n  o n l y  i f  t h e  magnitude o f  these 

f l u c t u a t i o n s  i s  known. 

exper ience, i . e . ,  th rough t h e  a n a l y s i s  o f  many samples. The va r iance  o f  t h e  r e s u l t s  

S i m i l a r l y ,  t h e  sampl ing o f  l o t s  (wagon loads ,  

Such a knowledge can u s u a l l y  be ob ta ined  f rom p a s t  

n 

f o r  many samples taken f rom a l o t  i s  an es t ima te  o f  t h e  r e a l  var iance,  ut, which 

i s  t h e  sum o f  t h e  va r iance  ox as a measure f o r  t h e  inhomogeneity w i t h i n  t h e  l o t  

and t h e  va r iance  5 as a measure o f  t h e  p r e c i s i o n  o f  t h e  a n a l y t i c a l  procedure.  

Drawing one sample f rom t h e  l o t  and ana lys ing  i t  leads  t o  a compos i t ion  o f  t h e  

e n t i r e  l o t  w i t h  a p r e c i s i o n  5t. 

by drawing and ana lys ing  n samples f rom the  l o t .  

samples and t o  combine them t o  g i v e  a g ross  sample be fo re  t h e  ana lys i s .  

ux i s  reduced by a f a c t o r  hi. 

produc ts  and sampl ing s t r a t e g i e s ,  we r e f e r  t o  Baule and B e n e d e t t i - P i c h l e r  (1928),  

Duncan (1962), Visman (1969) and Ingamel l  s and S w i  t z e r  (1973).  

I t  i s  impor tan t  t o  s t r e s s  t h a t  f o r  t h e  des ign  o f  an op t ima l  sampl ing s t r a t e g y  an 

2 

2 

Reduct ion o f  t h i s  p r e c i s i o n  by hi can be ob ta ined  

I t i s  a l s o  p o s s i b l e  t o  draw n 

Then o n l y  

F o r  a d i scuss ion  o f  sampl ing o f  inhomogeneous ( b u l k )  

exac t  f o r m u l a t i o n  o f  t h e  problem i n  terms of  t h e  inhomogeneit ies,  ux, and t h e  requ i red  

p r e c i s i o n ,  ot, i s  necessary. Some aspects of  sampl ing w i l l  be t r e a t e d  i n  Chapter 26. 

I n  t h i s  s e c t i o n  we s h a l l  cons ider  t h e  c l i n i c a l  l a b o r a t o r y ,  where t h e  cause 

o f  t he  v a r i a b i l i t y  i s  u s u a l l y  t h e  b i o l o g i c a l  v a r i a b i l i t y  ( t h e  v a r i a b i l i t y  t h a t  

a p o p u l a t i o n  d i sp lays  i n  the  values o f  p h y s i o l o g i c a l  parameters).  Whereas t h e  
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sampl ing and a n a l y s i s  o f  heterogeneous ( b u l k )  p roduc ts  must l e a d  t o  a 

r e p r e s e n t a t i v e  va lue  o f  t he  average compos i t ion  o f  t h e  l o t ,  de te rm ina t ions  i n  

the  c l i n i c a l  l a b o r a t o r y  a re  aimed a t  r e l i a b l e  f i g u r e s  f o r  i n d i v i d u a l s .  

more samples f rom one i n d i v i d u a l  does n o t  e l i m i n a t e  t h e  d i f f e r e n c e  o f  t h e  

parameters between i n d i v i d u a l s .  

f o r  d i a g n o s t i c  purposes depends t o  a l a r g e  e x t e n t  on t h e  b i o l o g i c a l  v a r i a b i l i t y .  

Th i s  t ype  o f  problem i s  n o t  con f ined  t o  t h e  c l i n i c a l  l a b o r a t o r y .  

Drawing 

The va lue  o f  a t e s t  w i t h  a c e r t a i n  p r e c i s i o n  

When t h e  

c o n t r o l  l a b o r a t o r y  o f  a government i n s t i t u t i o n  renders a judgment on whether o r  

n o t  a c e r t a i n  food  sample con ta ins  a dangerous amount o f  mycotoxins,  t h i s  can 

a l s o  be viewed as a d i a g n o s t i c  problem. 

u n p o l l u t e d  water .  I n  t h i s  sec t i on ,  t he  word " d i a g n o s t i c "  w i l l  be used i n  t h e  

con tex t  o f  a c l i n i c a l  l a b o r a t o r y ,  b u t  one shou ld  bear i n  mind t h a t  a l a r g e  p a r t  

o f  what i s  d iscussed here  shou ld  a l s o  be v a l i d  f o r  o t h e r  d i a g n o s t i c  problems. 

The same i s  a l s o  t r u e  f o r  p o l l u t e d  o r  

When p h y s i o l o g i c a l  parameters a re  es t ima ted  by chemical t e s t s ,  t he  d i s t r i b u t i o n  

of t h e  observed values i s  determined by b o t h  t h e  p h y s i o l o g i c a l  v a r i a b i l i t y  and 

t h e  a n a l y t i c a l  e r r o r  d i s t r i b u t i o n s .  

o f  course, t o  dec ide  whether o r  n o t  t h e  sample be ing  analysed belongs t o  a 

h e a l t h y  o r  an ill person. I n  genera l ,  r o u t i n e  c l i n i c a l  l a b o r a t o r i e s  proceed by 

assuming t h a t  values w i t h i n  c e r t a i n  l i m i t s  ( u s u a l l y  t h e  mean o f  t h e  observed o r ,  

when i t  i s  a v a i l a b l e ,  o f  t h e  p h y s i o l o g i c a l  d i s t r i b u t i o n  p l u s  and minus t w i c e  t h e  

s tandard  d e v i a t i o n )  a r e  p robab ly  normal ( t h e  normal range) ,  w h i l e  those o u t s i d e  

2 2 2  these l i m i t s  p robab ly  i n d i c a t e  i l l n e s s .  Since 0 = o t a i t  i s  i n t u i t i v e l y  t x  

c l e a r  t h a t  t e s t s  w i t h  a very  low p r e c i s i o n  w i l l  c o n t r i b u t e  cons ide rab ly  t o  t h e  

v a r i a b i l i t y .  

and t h e  p r e c i s i o n  w i l l  be an o p t i m i z a t i o n  c r i t e r i o n .  On t h e  o t h e r  hand, i t  i s  

a l s o  e v i d e n t  t h a t  when a very  p r e c i s e  method i s  used, a f u r t h e r  i nc rease  i n  

p r e c i s i o n  w i l l  h a r d l y  c o n t r i b u t e  t o  the  r e d u c t i o n  o f  t h e  u n c e r t a i n t y  i n  t h e  

d iagnos is .  

h i g h e r  p r e c i s i o n  i s  r e a l l y  wanted. 

i n v e s t i g a t e  t h e  e f f e c t  o f  t h e  p r e c i s i o n  i n  t h e  a l s o  f requen t  i n s t a n c e  t h a t  an easy 

The purpose o f  c a r r y i n g  o u t  such t e s t s  i s ,  

They w i l l  t h e r e f o r e  l e a d  t o  a h igh  u n c e r t a i n t y  i n  t h e  d iagnos is  

I n  many ins tances ,  i t  i s  easy t o  decide whether o r  n o t  a t e s t  w i t h  

The ques t i on  which a r i s e s  then i s  how t o  
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d e c i s i o n  i s  n o t  poss ib le ,  and how t o  do t h i s  i n  a fo rmal  way. Several  workers 

have proposed genera l  r u l e s ,  e.g., t h e  e r r o r  shou ld  be sma l le r  than one q u a r t e r  

o f  t h e  p h y s i o l o g i c a l  range (Tonks, 1963). 

(1974), have developed s t a t i s t i c a l  c r i t e r i a  f o r  j u d g i n g  t h e  p r e c i s i o n  and 

accuracy o f  new methods. 

S t i l l  o t h e r  workers have presented  c a l c u l a t i o n s  concern ing  the  magnitude of  t h e  

number o f  d i a g n o s t i c  e r r o r s .  One example i s  a s tudy  by Acland and L i p t o n  (1971) .  

They asked t h e  f o l l o w i n g  q u e s t i o n  : i f  t h e  t e s t  i s  performed on t h e  h e a l t h y  

members o f  a p o p u l a t i o n  ( t h e  t r u e  a n a l y t i c a l  values l i e  w i t h i n  t h e  normal range) ,  

what p r o p o r t i o n  o f  t h e  a c t u a l  r e s u l t s  w i l l  l i e  o u t s i d e  t h e  l i m i t s  o f  t h e  normal 

range as a r e s u l t  o f  a n a l y t i c a l  e r r o r  ? I f  u i s  t h e  p r e c i s i o n  o f  t he  method, 

ox t h e  s tandard  d e v i a t i o n  o f  t he  p o p u l a t i o n  and r = u/ox, then Table 25 .1  i s  

ob ta ined.  

Other  workers,  such as Westgard e t  a l .  

These can then be r e l a t e d  t o  med ica l  requ i rements .  

Table 25.1 

P r o b a b i l i t y  t h a t  a "normal"  sample (normal range : mean 
an abnormal r e s u l t  due t o  a n a l y t i c a l  e r r o r  ( f rom Acland and L ip ton ,  1971) 

2 ax) shou ld  y i e l d  

r probab i  1 i t y  

0.1 0.01 
0.2 0 .01  
0 .3  0.02 
0.4 0.03 
0.5 0.05 
0 .6  0.06 
0.8 0.10 
1.0 0.14 

S tud ies  such as these g i v e  some idea  of  t he  e f f e c t  o f  a n a l y t i c a l  e r r o r .  They 

do n o t  take  i n t o  account,  however, severa l  f a c t o r s  t h a t  i n f l u e n c e  t h e  va lue  o f  

a n a l y t i c a l  t e s t s .  

A more complete fo rmal  ana lys i s  o f  t h e  e f f e c t  o f  p r e c i s i o n  on t h e  d i a g n o s t i c  

va lue  o f  a t e s t  can be c a r r i e d  o u t  u s i n g  Bayes' theorem. 

I n  c l i n i c a l  chemis t ry ,  t h e  s i m p l e s t  p o s s i b l e  o b j e c t i v e  i s  t o  separa te  two 

c lasses ,  namely peop le  i n  t h e  p h y s i o l o g i c a l  and non-phys io log i ca l  s t a t e s  ( n o t  

ill and ill, o r  normal and abnormal) .  The values o f  a p h y s i o l o g i c a l  parameter 
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a r e  p a r t  o f  d i f f e r e n t  ( o f t e n  Gaussian o r  near-Gaussian) d i s t r i b u t i o n s  f o r  persons 

i n  t h e  p h y s i o l o g i c a l  s t a t e  and t h e  non-phys io log i ca l  s t a t e .  T h i s  i s  i l l u s t r a t e d  

by F i g .  25.1 adapted from M a r t i n  e t  a l .  (1975).  When values h i g h e r  than C 

a re  found, one assumes t h a t  t h e  person i s  p robab ly  ill, and when i t  i s  lower ,  

t h a t  t h e  person i s  p robab ly  hea l thy .  

e r r o r s  a r e  made i n  doing. so. 

a r e  c l a s s i f i e d  as ill, and these 5% t h e r e f o r e  c o n s t i t u t e  f a l s e - p o s i t i v e  r e s u l t s .  

Even w i t h o u t  a n a l y t i c a l  e r r o r s ,  c l a s s i f i c a t i o n  

I n  F i g .  25.1, about  5% o f  t h e  h e a l t h y  persons 

t 1000 values 

F i g .  25.1. A "normal"  and an "abnormai" p o p u l a t i o n  
1975). 

adapted f rom M a r t i n  e t  a1 ., 

I n  s t a t i s t i c a l  te rmino logy ,  t h i s  i s  c a l l e d  t h e  a - e r r o r  (see s e c t i o n  3 .2 ) .  

th'e o t h e r  hand, 50% o f  ill persons a r e  n o t  de tec ted .  There are ,  t h e r e f o r e ,  50% 

f a l s e  negat ives  o r  t h e  6 - e r r o r  i s  0.5. As  t he  a n a l y t i c a l  e r r o r  i n f l u e n c e s  the  

o v e r l a p  between bo th  d i s t r i b u t i o n s ,  i t  a l s o  i n f l u e n c e s  t h e  number o f  

m i  s c l  ass i f i c a t i o n s  . 

On 

I n  t h e  example i n  F ig .  25.1, t h e  number and t ype  o f  m i s c l a s s i f i c a t i o n s  a l s o  

depend on t h e  a phiohi p r o b a b i l i t i e s  o f  bo th  c lasses  ( i l l ,  n o t  i l l ) .  

example, one knows f rom p r i o r  exper ience t h a t  10% o f  t h e  people a r e  ill and 90% 

a r e  no t .  T h i s  knowledge must a l s o  be taken i n t o  account i n  c a l c u l a t i n g  t h e  

e f f e c t  o f  t he  p r e c i s i o n  o f  t h e  method, which can be done us ing  Bayes' theorem. 

I n  t h e  

Bayesian theo ry  i s  concerned w i t h  c a l c u l a t i n g  t h e  p r o b a b i l i t i e s  o f  va r ious  
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m u t u a l l y  e x c l u s i v e  hypotheses ( o r  even ts ) ,  H1, H2, ..., Hn, connected w i t h  an 

even t  A. 

o f  t h e  hypotheses i s  t r u e .  

occurred, i s  symbol ized by  P(A/H1) and i s  c a l l e d  t h e  c o n d i t i o n a l  p r o b a b i l i t y  o f  

A g i ven  t h a t  H1 has occurred. 

Th is  event  occurs i t s e l f  w i t h  a c e r t a i n  p r o b a b i l i t y  depending on which 

The p r o b a b i l i t y  f o r  A,  g i v e n  t h a t  event  H1 has 

Under t h e  c o n d i t i o n  o f  mutual e x c l u s i v i t y  and the  c o n d i t i o n  t h a t  e i t h e r  H1, 

H2, ... o r  H occurs,  i . e . ,  P(H1) t ... t P(Hn) = 1, i t  can be shown t h a t  n 

where P(H1/A) i s  t h e  p r o b a b i l i t y  t h a t  event  H1 w i l l  occur  when A occurs .  

i s  c a l l e d  Bayes' r u l e  o r  theorem. As an example, l e t  

T h i s  

H1 = t h e  f a c t  t h a t  a person i s  h e a l t h y  ; 

H2 = t h e  f a c t  t h a t  a person i s  ill ; 

A = t h e  f i n d i n g  o f  a nega t i ve  value, i . e . ,  a va lue  l e s s  than  C ( F i g .  25.1) 

Eqn. 25.1 then becomes 

(25.2) 

The a p-hia-hi p r o b a b i l i t y  t h a t  a person i s  hea l thy ,  P(H1), i s  0.90 w h i l e  

P(H2) = 0.10. 

p r o b a b i l i t y  P(A/H1) t h a t  a nega t i ve  r e s u l t  w i l l  be ob ta ined  f o r  a h e a l t h y  person 

i s  0.95. 

an ill person i s  then 0.5. 

As 5% o f  a l l  h e a l t h y  persons have a f a l s e - p o s i t i v e  value, t h e  

The p r o b a b i l i t y  P(A/H2) t h a t  a nega t i ve  r e s u l t  w i l l  be ob ta ined  f o r  

Eqn. 25.2 y i e l d s  

(0.90) (0.95) 
P(H1/A) = = 0.945 

(0.90) (0.95) t (0.10) (0.5) 

There fore ,  f i n d i n g  a va lue  l e s s  than C i n d i c a t e s  t h a t  t h e r e  i s  94.5% chance 

o f  a person be ing  hea l thy .  
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By approp ia te  ass igna t ion  o f  t h e  symbols o f  eqn. 25.2, one can a l s o  ask o t h e r  

ques t i ons ,  such as ( M a r t i n  e t  a l . ,  1975 and H a l l ,  1969) : 

What i s  t h e  p r o b a b i l i t y  t h a t  t h e  p a t i e n t  i s  h e a l t h y  when a va lue  h i g h e r  than 

C i s  ob ta ined  ? The r e s u l t  i s  0.474 and g i ves  t h e  f r a c t i o n  o f  f a l s e - p o s i t i v e  

Val ues. 

What i s  t h e  p r o b a b i l i t y  t h a t  t he  p a t i e n t  i s  ill w i t h  a va lue  below C ? The 

r e s u l t  i s  0.055 and g i ves  t h e  f r a c t i o n  o f  f a l se -nega t i ve  va lues .  

What i s  t h e  p r o b a b i l i t y  t h a t  t h e  p a t i e n t  i s  ill w i t h  a va lue  h i g h e r  than  C ? 

The r e s u l t  i s  0.526, meaning t h a t  o n l y  about h a l f  o f  t he  ill p o p u l a t i o n  i s  

de tec ted  w i t h  t h i s  t e s t .  

These numbers c h a r a c t e r i z e  t h e  performance o f  a t e s t  as a d i a g n o s t i c  t o o l .  

T h i s  i s  d iscussed f u r t h e r  i n  s e c t i o n  25.3. I t  shou ld  be no ted  t h a t  combinat ions 

o f  t e s t s  can (and u s u a l l y  a r e )  employed f o r  d i a g n o s t i c  purposes. 

t h e  d i scuss ion  i s  conf ined,  however, t o  t h e  d i a g n o s t i c  va lue  o f  i n d i v i d u a l  t e s t s .  

I n  t h i s  chapter ,  

L e t  us now i n v e s t i g a t e  t h e  e f f e c t  o f  t he  p r e c i s i o n .  The var iances  o f  t he  

observed d i s t r i b u t i o n s  a r e  t h e  sums o f  t h e  var iances  o f  t h e  p h y s i o l o g i c a l  and 

non-phys io log i ca l  d i s t r i b u t i o n s  and t h e  a n a l y t i c a l  e r r o r  d i s t r i b u t i o n .  

F i g .  25.2 shows t h e  e f f e c t  o f  two d i f f e r e n t  p r e c i s i o n s  on the  BUN t e s t .  When 

BUN (mg0%) 
F i g .  25.2. E f f e c t  o f  t h e  p r e c i s i o n  on t h e  ove r lap  between d i s t r i b u t i o n s .  S o l i d  
curve, s tandard  d e v i a t i o n  3 mg-% ; dashed curve ,  5 mg-% ( f r o m  M a r t i n  e t  a l . ,  1975) .  
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these d i s t r i b u t i o n s  a r e  known, one can c a l c u l a t e  the  number o f  f a l s e - p o s i t i v e  

and f a l s e - n e g a t i v e  r e s u l t s .  

p r e c i s i o n  becomes worse. 

a m a t t e r  o f  s u b j e c t i v e  judgement. 

p a r t i c u l a r  t e s t  w i t h  a p a r t i c u l a r  p r e c i s i o n  have, however, a l s o  been s t u d i e d  and 

a re  d iscussed i n  s e c t i o n  25.3 and f o l l o w i n g  sec t i ons .  

O f  course, t h e i r  p r o p o r t i o n  inc reases  when t h e  

The e x t e n t  t o  which t h i s  can be t o l e r a t e d  i s  u s u a l l y  

Formal methods t o  decide on t h e  va lue  o f  a 

25.2. THE RULE OF BAYES 

L e t  us cons ide r  n p o s s i b l e  and e q u a l l y  p robab le  outcomes o f  an exper iment  and 

an event  E c o n s i s t i n g  o f  a o f  t h e  outcomes. 

then de f i ned  as 

The p r o b a b i l i t y  o f  t h e  event  E i s  

(25.3) 
a p = P r o b a b i l i t y  (E) = P(E) = 

The c o n d i t i o n a l  p r o b a b i l i t y  o f  an event  E g i v e n  another  event  F i s  de f i ned  as 

t h e  p r o b a b i l i t y  t h a t  E occurs,  g i ven  t h a t  F occurs and t h e r e f o r e  t h a t  t he  o n l y  

ways E may occur  a re  those i n c l u d e d  i n  F. Th is  c o n d i t i o n a l  p r o b a b i l i t y  i s  

denoted by P(E1F) and can be c a l c u l a t e d  by means o f  t h e  f o l l o w i n g  equa t ion  

(25.4) 

where E.F i s  t he  event  E and F occur  s imu l taneous ly .  Consider,  f o r  example, a 

p o p u l a t i o n  o f  n peop le  c o n t a i n i n g  nF h e a l t h y  peop le  and n peop le  w i t h  g lucose 

values i n  serum l e s s  than x mg/l ( " l ow  g lucose v a l u e " ) .  The events " t o  be 

hea l thy "  and " t o  have a-low g lucose va lue"  a re  denoted by F and E, r e s p e c t i v e l y .  

E 

The p r o b a b i l i t i e s  o f  these events a r e  g i ven  by 

(25.5) nF P(F) = - 
n 

and 
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nE P(E) = - n (25.6) 

We may now r e s t r i c t  o u r  a t t e n t i o n  t o  t h e  h e a l t h y  peop le  and i n q u i r e  how many 

have a l ow  g lucose value. 

I f  t h e  number o f  h e a l t h y  peop le  w i t h  a low g lucose va lue  i s  nEF, then t h e  

p r o b a b i l i t y  o f  having a low g lucose va lue  f o r  h e a l t h y  peop le  i s  g i ven  by t h e  

equa t ion  

EF P ( f o r  a h e a l t h y  person t o  have a low glucose va lue)  = 7 
F 

n 

Th is  p r o b a b i l i t y  i s  denoted by P(E1F). We then  have 

( 2 5 . 7 )  

(25.8) 

where E.F i s  t he  event  t o  be h e a l t h y  and t o  have a low glucose value. 

Two events a r e  c a l l e d  m u t u a l l y  e x c l u s i v e  i f  they  cannot occur  s imu l taneous ly .  

I f  A and B a r e  m u t u a l l y  exc lus i ve ,  t hen  

P(A.B) = 0 (25.9) 

A s e t  of events A1, A2, ..., Ak a re  c a l l e d  m u t u a l l y  e x c l u s i v e  i f  each p a i r  o f  

events  f rom t h e  s e t  form a m u t u a l l y  e x c l u s i v e  p a i r ,  i . e . ,  i f  f o r  a l l  i and j 

P(Ai.A.) = 0 (25.10) 
J 

A s e t  o f  events A1, A2, ..., Ak a re  c a l l e d  exhaus t i ve  i f  every  sample p o i n t  

belongs t o  one o f  t he  events .  

Consider an event  E and a s e t  A1, A2, ..., Ak o f  m u t u a l l y  e x c l u s i v e  and 

exhaust i  ve events .  

Consider one o f  t h e  events Ai. We a r e  i n t e r e s t e d  i n  the  p r o b a b i l i t y  P(Ai I E ) .  

We know t h a t  
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(25.11) 

(25.12) 

P(Ai.E) = P(Ai).P(E/Ai) (25.13) 

Furthermore, t h e  event  E must occur toge the r  w i t h  one o f  t h e  events Ai, as these 

events a re  m u t u a l l y  e x c l u s i v e  and exhaust ive .  There fore ,  

E = E.A1 U E.A2 U . . .  U E.Ak (25.14) 

where U denotes t h e  un ion  o f  s e t s .  

We can a l s o  immedia te ly  see t h a t  

k 

i =1 
P(E) = P(E.A1) t P(E.A2) t ... + P(E.Ak) = C P(E.Ai) (25.15) 

I n t r o d u c i n g  r e s u l t s  25.13 and 25.15 i n t o  eqn. 25.11, we o b t a i n  

P(Ai ) . P (  E / A i  ) 

C P(E.Ai) 
P(A i /E)  = k 

i = l  

I n t r o d u c i n g  eqn. 25.13 once again,  we o b t a i n  

P ( A i )  P(E/A i )  

P(Ai/E) = k 
C P(Ai) P(E/A i )  

i = l  

(25.16) 

(25.17) 

Th is  l a s t  equat ion  i s  c a l l e d  Bayes's r u l e .  
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25.3. OPTIMAL DICHOTOMOUS DECISIONS 

The r e s u l t  of a t e s t  o r  a combination of t e s t s  often leads t o  a dichotomous 

decision. 

decide t h a t  a person i s  i l l  o r  healthy and should therefore  undergo a p a r t i c u l a r  

therapy o r  not. 

decis ion.  

For example, according t o  a pos i t ive  o r  a negative r e s u l t ,  one may 

I t  is c l e a r  t h a t  i n  some instances t h i s  wi l l  be the wrong 

I n  medical decision theory, one defines the following quant i t ies  ( see ,  f o r  

example,among many o thers ,  Vecchio, 1966) 

(25.13) diseased persons posi t i  ve t o  t h e  t e s t  S e n s i t i v i t y  = 
a l l  diseased persons tes ted  

(25.19) 
non-diseased persons negative t o  the t e s t  Speci f i  c i  ty  = 

a l l  diseased persons t e s t e d  

I t  should be noted here : 

- t h a t  the terms s p e c i f i c i t y  and s e n s i t i v i t y  used here a r e  defined in  another 

way than when used in  the  ana ly t ica l  sense (Chapters 6 and 7 )  ; 

- t h a t  the terminology "posi t ive t o  the t e s t "  means here t h a t  the r e s u l t  of 

the t e s t  leads t o  the  conclusion t h a t  the person i s  diseased. 

Until now, we have supposed more or l e s s  impl ic i t ly  t h a t  the decision l i m i t  

i s  s i t u a t e d  a t  the crossing point  o f  both d is t r ibu t ions  (poin t  A i n  Fig. 25.3). 

heal t h y  

Fig. 25.3. The se lec t ion  of a cut-off  po in t .  

However, t h i s  i s  n o t  necessar i ly  so. One might decide t h a t  a l l  persons t h a t  

could be i l l  should undergo a therapy and t h a t  therefore  the  cut-off  point  should 

be B. On the o ther  hand, with a very dangerous (or cos t ly)  therapy, one might 
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prefer  t o  t r e a t  only those people who d e f i n i t e l y  have the disease.  

point  should then be C .  

The cut-off 

Clear ly ,  the s e n s i t i v i t y  and the s p e c i f i c i t y  of the t e s t  depend on t h i s  

decision point .  For instance,  i f  point  C i s  chosen, the s e n s i t i v i t y  i s  smaller 

b u t  the s p e c i f i c i t y  i s  higher. 

This i s  discussed f u r t h e r  i n  sect ion 25.4. 

I n  f a c t ,  s e n s i t i v i t y  and s p e c i f i c i t y  a r e  re la ted .  

When one wants t o  evaluate the  e f f e c t  o f  the  ana ly t ica l  p rec is ion ,  one should 

know the r e l a t i v e  importance of s e n s i t i v i t y  and s e l e c t i v i t y .  This question 

has  been considered by Lindberg and Watson (1974). They s t a t e d  i t  as  : "how many 

normals may be f a l s e l y  c l a s s i f i e d  ( a t  l e a s t  temporarily) i n  order  t o  reduce by 

one the number of diseased persons misclassif ied as normal ?'I I f  one agrees 

t h a t ,  f o r  a c e r t a i n  k i n d  o f  problem, the importance of cor rec t ly  diagnosing the 

i l l n e s s  i s  A times higher t h a n  f a l s e l y  c lass i fy ing  a healthy person a s  i l l ,  t h e n  

one can ca lcu la te  the  e f f e c t  of the se lec t ion  of a p a r t i c u l a r  cut-off po in t .  

By multiplying the number of f a l s e l y  heal thies  by A and adding t h i s  to  the  number 

of f a l s e l y  pos i t ives ,  one a r r ives  a t  a c r i t e r i o n  which Lindberg and Watson c a l l  

the "Loss t o  Society". When one p lo ts  the "Loss t o  Society" as a function of 

the  cut-off  point  f o r  a p a r t i c u l a r  value of A ,  one obtains a f igure  such as 

Fig. 25.4. The minimum obtained i n  t h i s  curve i s ,  of course, the preferred 

decision value. 

Loss to society 

1 cut-off point 

Fig. 2 5 . 4 .  The "Loss t o  Society" as  a function of the cut-off  point  (from 
Lindberg and Watson, 1974). 

The e f f e c t  of the precision around the decision point  can now be calculated.  

A n  example, again taken from Lindbeig a n d  Watson's paper, i s  given in  Fig. 25.5. 
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One observes t h a t  t h e r e  i s  o n l y  a smal l  i nc rease  i n  the  l o s s  up t o  a c e r t a i n  

p o i n t .  From then  on, t he  i nc rease  i s  more se r ious  because a t  r e l a t i v e l y  smal l  

values o f  t h e  a n a l y t i c a l  e r r o r s  t h e  Loss i s  determined by the  o v e r l a p  o f  t h e  

pure  ( e r r o r - l e s s )  "ill" and " n o t  ill" d i s t r i b u t i o n s .  

Loss to  society 

c 
0 0.25 0.5 0.75 1.0 d,d, 

F ig .  25.5. 
f o r  A = 10 ( f rom L indberg  and Watson, 1974).  

The "Loss t o  Soc ie ty "  as a f u n c t i o n  o f  t h e  p r e c i s i o n  o f  t h e  t e s t  

Th is  agrees i n  a sense w i t h  t h e  r u l e  proposed by Tonks (see s e c t i o n  25.1).  I t  i s  

indeed p o s s i b l e  t o  s t a t e  t h a t  a c e r t a i n  amount o f  e r r o r  can be t o l e r a t e d  f o r  a 

p a r t i c u l a r  t e s t .  How l a r g e  t h i s  amount may be depends, however, on t h e  ove r lap  o f  

t he  ill and n o t  ill d i s t r i b u t i o n s ,  t h e  r e l a t i v e  p reva lence o f  bo th  s t a t e s  and the  

importance a t tached  t o  bo th  k inds  (a and a )  o f  e r r o r .  

t h e  same as t h a t  o f  t h e  d e c i s i o n  l i m i t  d iscussed i n  Chapter 7. Bayes' r u l e  was no t  

a p p l i e d  i n  t h a t  chapter  b u t  t h i s  cou ld  have been done. I n  t h e  same way Bayes' r u l e  

can be a p p l i e d  when a combinat ion o f  t e s t s  i s  used i n s t e a d  o f  a s i n g l e  one ( p a t t e r n  

r e c o g n i t i o n ) .  

Th is  problem i s  e s s e n t i a l l y  

25.4. THE ROC CURVE 

25.4.1. Use i n  the  s e l e c t i o n  o f  a c u t - o f f  p o i n t  

As seen i n  t h e  preced ing  sec t i on ,  s e n s i t i v i t y  and s p e c i f i c i t y  a r e  r e l a t e d  

and t h e r e f o r e  so a re  t r u e  and f a l s e  p o s i t i v e  r a t i o s .  The fo rmer  i s  t h e  

s e n s i t i v i t y / 1 0 0  and t h e  l a t t e r  i s  equal  t o  ( 1 - s p e c i f i c i t y  ) .  In general, 
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t h e  more s e n s i t i v e  a t e s t  i s ,  t h e  l e s s  s p e c i f i c  i t  becomes. To a n a l y t i c a l  

chemists t h i s  conc lus ion  w i l l  c e r t a i n l y  n o t  come as a s u r p r i s e .  On t h e  o t h e r  

hand, i t  appears t h a t  a n a l y t i c a l  chemists have n o t  t r i e d  t o  desc r ibe  the  

phenomenon i n  a formal way. 

This has been done i n  s i g n a l  d e t e c t i o n  theory ,  which has been developed i n  

the  psychophys ica l  sciences (Green and Swets, 1966) where the  r e l a t i o n s h i p  between 

s e n s i t i v i t y  and s p e c i f i c i t y  i s  o f  c e n t r a l  i n t e r e s t .  One o f  t he  more i n t e r e s t i n g  

a p p l i c a t i o n s  o f  s i g n a l  d e t e c t i o n  theo ry  i s  t h e  i n t e r p r e t a t i o n  o f  roentgenograms. 

The p h y s i c i a n  i s  p resented  w i t h  a complex image and has t o  decide, f o r  example, 

whether t h i s  image i n d i c a t e s  t u b e r c u l o s i s  o r  n o t  (see, f o r  example, Lusted, 1971).  

I t  has been found t h a t  a p h y s i c i a n  d isagrees  w i t h  a co l l eague  once o u t  o f  t h r e e  

t imes and t h a t  be ing  presented  ( w i t h o u t  knowing i t )  w i t h  the  same image, he 

d isagrees  w i t h  h i s  f i r s t  conc lus ion  once o u t  o f  f i v e  t imes (Yerushalmy, 1969) ! 

C l e a r l y ,  t h e r e  a re  l a r g e  observer  e r r o r s  and t h i s  phenomenon has been s t u d i e d  

by severa l  au thors .  One observes, f o r  example, t h a t  some phys i c ians  r a r e l y  miss 

an abnormal image, b u t  t h a t  t h e i r  conc lus ions  a re  f r e q u e n t l y  f a l s e l y  p o s i t i v e .  

On the  o t h e r  hand, phys i c ians  who conclude o n l y  i n f r e q u e n t l y  t h a t  t u b e r c u l o s i s  

i s  p resen t  when t h i s  i s  n o t  t r u e ,  a r e  a p t  t o  miss more o f t e n  a case o f  t he  

disease. 

I t  i s  n o t  d i f f i c u l t  t o  t h i n k  o f  immediate ana log ies  i n  a n a l y t i c a l  chemis t ry .  

These a r e  ev iden t ,  f o r  example, i n  p r a c t i c a l  courses i n  a n a l y t i c a l  chemis t ry ,  

where t h e  f i r s t  exce rc i ses  a re  o f t e n  o f  a q u a l i t a t i v e  na tu re  and s tudents  a r e  

con f ron ted  w i t h  t h e  d i f f i c u l t  dec i s ion  o f  whether a c e r t a i n  co lou r ,  i n d i c a t i n g  

a p a r t i c u l a r  metal  i o n ,  i s  p resen t  o r  n o t .  

course knows t h a t  t h e r e  a r e  s tudents  who r e c o r d  the  presence o f  t he  c o l o u r  o n l y  

when i t  i s  undeniable.  Such a s tuden t  has a very  smal l  score o f  f a l s e  p o s i t i v e s  

and a l a r g e  score of f a l s e  negat ives .  H i s  overscrupu lous  co l league,  who always 

de tec ts  a h i n t  o f  t he  c o l o u r  t o  be observed, r a r e l y  misses one o f  t h e  i o n s  

p resen t  b u t  de tec ts  many ions  t h a t  are,  i n  f a c t ,  absent.  

now be repeated  f o r  t e s t s  where a d e c i s i o n  l i m i t  has been es tab l i shed .  

l i m i t  such as C i n  F i g .  25.3 causes many f a l s e  negat ives  b u t  l e s s  t r u e  p o s i t i v e s .  

Every one who has taugh t  such a 

The same argument can 

A dec i s ion  
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I n  s i g n a l  d e t e c t i o n  theory  t h e  r e l a t i o n s h i p  between f a l s e  p o s i t i v e s  and t r u e  

p o s i t i v e s  i s  g i ven  by the  s o - c a l l e d  r e c e i v e r  o p e r a t i n g  c h a r a c t e r i s t i c  curve  

(ROC curves) .  Three h y p o t h e t i c a l  ROC curves a r e  g i ven  i n  F i g .  25.6. One 

observes t h a t  a t  one end o f  the  curve, one f i n d s  zero t r u e  p o s i t i v e s  and zero 

f a l s e  p o s i t i v e s ,  i . e . ,  a s i t u a t i o n  o f  abso lu te  s p e c i f i c i t y  and zero  s e n s i t i v i t y ,  

w h i l e  a t  t h e  o t h e r  end t h e r e  i s  abso lu te  s e n s i t i v i t y  and zero s p e c i f i c i t y .  

C l e a r l y ,  n e i t h e r  o f  these extreme s i t u a t i o n s  i s  o f  p r a c t i c a l  i n t e r e s t  and the  

d e c i s i o n  p o i n t  must be s i t u a t e d  somewhere i n  between. 

c u t - o f f  p o i n t  must depend on : 

As d iscussed h i g h e r  t h i s  

- t h e  r e l a t i v e  p reva lence o f  t he  two popu la t i ons  t o  be d i s c r i m i n a t e d  ; 

- the  r e l a t i v e  importance o f  t h e  mis takes  ( f a l s e  p o s i t i v e s  versus f a l s e  

negatives).. 

I t  has been shown (see McNeil e t  a l . ,  1975a) t h a t  t h e  op t ima l  p o s i t i o n  on t h e  

ROC curve  occurs where the  s lope o f  t he  curve  i s  equal t o  

( 25.20 ) 

where 

P(H1) = p r o b a b i l i t y  t h a t  a p a t i e n t  does n o t  s u f f e r  f rom a p a r t i c u l a r  i l l n e s s  ; 

P(H2) = p r o b a b i l i t y  t h a t  a p a t i e n t  su f fe rs  f rom a p a r t i c u l a r  i l l n e s s  ; 

C f p  

C f n  

= c o s t  o f  a f a l s e - p o s i t i v e  d iagnos is  ; 

= c o s t  o f  a fa l se -nega t i ve  d iagnos is .  

I f  P(H1)/P(H2) = 9 as i n  eqn. 25.1 and C f p / C f n  = 0 .1  ( a f a l s e  nega t i ve  i s  

cons idered t o  be 10 t imes more c o s t l y  than a f a l s e  p o s i t i v e ) ,  then t h e  op t ima l  

s lope on the  ROC curve  i s  g i v e n  by 0.9. 

cor respond ing  w i t h  a p a r t i c u l a r  t r u e  p o s i t i v e / f a l s e  p o s i t i v e  r a t i o .  

u n d e r l y i n g  p r o b a b i l i t y  d i s t r i b u t i o n s  o f  t h e  t e s t  r e s u l t s  f o r  ill and n o n - i l l  

persons a re  known, then t h i s  a l l ows  one t o  determine t h e  op t ima l  c u t - o f f  p o i n t  

o r  d e c i s i o n  l i m i t .  

T h i s  y i e l d s  a p o i n t  on the  ROC curve  

I f  t h e  
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25.4.2. Use i n  r a t i n g  a t e s t  

The shape o f  a ROC cu rve  a l s o  g i v e s  an i n d i c a t i o n  o f  t h e  va lue  o f  a t e s t .  

t he  t e s t  i s  t o  have any value, t h e  f r a c t i o n  o f  t r u e  p o s i t i v e s  must always be 

h i g h e r  than the  f r a c t i o n  o f  f a l s e  p o s i t i v e s  (except  i n  t h e  two extreme s i t u a t i o n s ,  

where bo th  a r e  zero  o r  u n i t y ) .  

p o s i t i v e s  r a t i o ,  t he  b e t t e r  i s  t h e  d i s c r i m i n a t o r y  power o f  a t e s t .  

I f  

I n  genera l ,  t h e  h i g h e r  t h e  t r u e  p o s i t i v e s / f a l s e  

The " d i s c r i m i n a t o r y  power" o f  a t e s t  i s  determined by t h e  e x t e n t  o f  o v e r l a p  

between the  d i s t r i b u t i o n s  ob ta ined  f o r  t h e  t e s t  va lues  f o r  t h e  two popu la t i ons  

( " i l l "  and " n o t  i l l ' ' ) .  

d i f f e r e n c e  between t h e  maxima o f  t he  two d i s t r i b u t i o n s  and by the  va r iance  of  

t h e  d i s t r i b u t i o n s .  I n  s igna l  d e t e c t i o n  theo ry  one de f i nes  t h e  parameter d '  as 

t h e  r a t i o  o f  t he  d i f f e r e n c e  between maxima and t h e  common s tandard  d e v i a t i o n .  

Th is  parameter can be cons idered t o  be a q u a l i t y  c r i t e r i o n  f o r  a t e s t .  

g i ves  t h e  ROC curves f o r  d '  = 0, 1, 2 and 3 (and equal va r iance ) .  

The e x t e n t  o f  ove r lap  i t s e l f  i s  determined by t h e  

F i g .  25.6 

t 

0 Probability of false positives 
t 

0 Probability of false posi itives 
F ig .  25.6. ROC curves f o r  d '  = 0, 1, 2 and 3 (and equal var iance)  
( f rom Green and Swets, 1966).  
pe rm iss ion  of  John Wi ley  and Sons. 

Copy r igh t  John Wi ley  and Sons. Repr in ted  by  

I n  F ig .  25.6, t h e  t e s t  y i e l d i n g  t h e  ROC curve  w i t h  d '  = 3 i s  c l e a r l y  a b e t t e r  

t e s t  than t h a t  w i t h  t h e  ROC curve  w i t h  d '  = 2, because a t  every  p o i n t  t h e  t r u e  

p o s i t i v e / f a l s e  p o s i t i v e  r a t i o  i s  h i g h e r  f o r  t h e  f i r s t  than f o r  t he  second t e s t .  

Very o f t e n  the  under l y ing  d i s t r i b u t i o n s  a re  n o t  known, so t h a t  a d i r e c t  
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de te rm ina t ion  o f  d '  i s  n o t  poss ib le .  

d '  f rom exper imenta l  ROC curves. I t  i s  e a s i e r  t o  do t h i s  by p l o t t i n g  t h e  r e s u l t s  

on double p r o b a b i l i t y  paper. 

The ques t i on  then a r i s e s  o f  how t o  determine 

I n  s e c t i o n  2.2.6, i t  was exp la ined  t h a t  a normal curve  p l o t t e d  on p r o b a b i l i t y  

paper becomes a s t r a i g h t  l i n e .  

double p r o b a b i l i t y  paper, a s t r a i g h t  l i n e  a l s o  r e s u l t s  f o r  t h e  cumu la t i ve  

r e l a t i v e  f requency as a f u n c t i o n  o f  t h e  upper c l a s s  boundar ies.  

I n  the  p resen t  case t h i s  means t h a t  i n  such a graph a s t r a i g h t  l i n e  i s  

I f  two ove r lapp ing  normal curves a r e  p l o t t e d  on 

ob ta ined  when p l o t t i n g  the  t r u e  p o s i t i v e s  as a f u n c t i o n  o f  t he  f a l s e  p o s i t i v e s .  

I n  F i g .  25.7 t h i s  has been done f o r  t h e  t h r e e  ROC curves o f  F i g .  25.6. 

be no ted  t h a t  t h e  s lope  o f  these l i n e s  i s  u n i t y  and t h a t  t h i s  i s  t r u e  o n l y  when 

t h e  two d i s t r i b u t i o n s  have i d e n t i c a l  var iances .  Indeed, t h e  d i f f e r e n c e  between 

I t  shou ld  

m 
0 
a 

-0 

Fake positive ( % I  
F i g .  25.7. P l o t  o f  t he  ROC curves o f  F i g .  25.7 on p r o b a b i l i t y - p r o b a b i l i t y  paper 
( f rom Green and Swets, 1966).  
permiss ion  o f  John Wi ley  and Sons. 

16% and 50% i n  a s i n g l e  p r o b a b i l i t y  p l o t  g i v e s  t h e  s tandard  d e v i a t i o n  o r ,  i n  

o t h e r  words, t h e  s lope  o f  such a p l o t  i s  p r o p o r t i o n a l  t o  t h e  magnitude o f  t h e  

s tandard  d e v i a t i o n .  

o f  t h e  s tandard  d e v i a t i o n s  o f  t h e  two u n d e r l y i n g  d i s t r i b u t i o n s  (see a l s o  Lusted, 

1971).  

t h e  double p r o b a b i l i t y  p l o t .  

d i f f e r e n c e .  

Copy r igh t  John U i l e y  and Sons. Repr in ted  by 

I n  a double p r o b a b i l i t y  p l o t ,  t h e  s lope i s  then t h e  r a t i o  

The t e s t  w i t h  d '  = 3 y i e l d s  a "h ighe r "  l i n e  than t h a t  w i t h  d '  = 2 i n  

The ques t i on  remains o f  how t o  express t h i s  

To o b t a i n  comparable values, one expresses d '  i n  s tandard  d e v i a t i o n  
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uni t s  ( i . e . ,  one uses the z-scale of Chapter 2 )  ; d '  i s  then obtained i n  the 

probabi 1 i ty-probabi l i  ty  graph by reading the  z-Val ue on the false-posi  t i  ve ax is  

where P ( t r u e  pos i t ive)  = 0.5. 

"posi t ive"  d i s t r i b u t i o n  and reading the z-score on the fa l se-pos i t ive  ax is  amounts 

t o  placing the or ig in  of the z-axis a t  the point  where the  mean of the  "not i l l "  

d i s t r ibu t ion  i s  s i t u a t e d  (Green a n d  Swets, 1966) ( see  Fig. 25.8) .  One can ver i fy  

t h a t  t h i s  convention i s  important only when the slope i s  not uni ty .  Nhen i t  i s  

uni ty ,  one reads the same value a t  the P = 0.5 points on both the f a l s e -  and 

t rue-posi t ive coordinates. 

the two d i s t r i b u t i o n s  a r e  n o t  equal. 

deviation u n i t s ,  i t  depends on which d i s t r i b u t i o n  i s  chosen t o  obtain the 

normalized r e s u l t ,  so t h a t  a convention i s  necessary. In Fig. 25.8,  the  d '  values 

a re  1 .6  and 2.05. Another convention cons is t s  i n  determining the in te rsec t ion  

point  of the ROC l i n e  with the negative diagonal, i . e . ,  the l i n e  drawn from the 

upper l e f t  corner t o  the 0.5,  0 .5  point .  The (absolute  value of t h e )  normal 

deviate o f  the  in te rsec t ion  point mult ipl ied by 2 i s  ca l led  the s e n s i t i v i t y  

index, d;. 

on the diagonal the  absolute  values of the normal deviates o f  both axes a r e  

i d e n t i c a l .  This procedure therefore  cons t i tu tes  a kind of normalization by 

averaging the  variances of  both d is t r ibu t ions  (Lusted, 1971). 

This point i s  the mean of the " i l l "  or 

When i t  i s  n o t ,  t h i s  indicates  t h a t  the variances of 

As-the r e s u l t  i s  expressed i n  standard 

The in te rsec t ion  of the ROC l i n e  with the diagonal i s  used because 

False positives (%I 
F i g .  25.8.  
t ra in ing .  
B by paramedical personnel (from Lusted, 1971). 

An appl icat ion of  ROC curves t o  the estimation of the e f f e c t  o f  
A represents  the in te rpre ta t ion  of mammograms by rad io logis t s ,  
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Both d '  and d; c h a r a c t e r i z e  t h e  performance o f  t e s t s  as d i a g n o s t i c  t o o l s .  

There seem t o  be no a p p l i c a t i o n s  i n  a n a l y t i c a l  chemis t ry .  Lus ted  (1971)  summarized 

some ve ry  i n t e r e s t i n g  a p p l i c a t i o n s  o f  t h e  ROC curve  t o  s i g n a l  d e t e c t a b i l i t y  i n  

t h e  i n t e r p r e t a t i o n s  o f  roentgenograms, o r  s i m i l a r  images. 

F ig .  25.8 d e p i c t  t h e  i n t e r p r e t a t i o n  o f  mammograms. 

performance o f  f o u r  r a d i o l o g i s t s  and cu rve  B t he  performance o f  s i x  paramedical  

personne l .  

group i t  i s  o n l y  about 1.1, thereby  p r o v i n g  the  s u p e r i o r i t y  o f  t r a i n i n g  o f  t h e  

fo rmer  group. 

nodules on f i l m .  

(dk = 0.98).  

v iew ing  (db = 1 . 4 6 ) .  

The ROC l i n e s  i n  

Curve A represents  t h e  

The d; o f  t he  r a d i o l o g i s t  group i s  about 1.9 w h i l e  f o r  t h e  paramedical  

The same p r i n c i p l e s  a r e  used t o  compare e r r o r  r a t e s  f o r  d e t e c t i n g  

D i r e c t  v iewing  (d; = 1 .9 )  proved s u p e r i o r  t o  t e l e v i s i o n  v iewing  

However, c o n t r a s t  enhancement made a b e t t e r  t o o l  o f  t e l e v i s i o n  

A l though ROC curves have never been used i n  a n a l y t i c a l  chemis t ry ,  t h e  same 

The i n t e r p r e t a t i o n  of  t h e  c o l o u r i n g  o f  a p r i n c i p l e s  can p robab ly  be app l i ed .  

wool t h read  by wine, t o  decide whether o r  n o t  p r o h i b i t e d  s y n t h e t i c  c o l o u r i n g  

m a t e r i a l  i s  p resen t  i n  t h e  wine sample, i s  o f  t h e  same o rde r  o f  d i f f i c u l t y  as 

t h e  i n t e r p r e t a t i o n  o f  t h e  roentgenograms and t h e r e  i s  no doubt  t h a t  t r a i n e d  

personnel  per fo rm b e t t e r  than u n t r a i n e d  personne l .  I t  t h e r e f o r e  seems t h a t  ROC 

curves shoul d p e r m i t  

(a )  t h e  e v a l u a t i o n  o f  t he  r e l i a b i l i t y  o f  t h e  conc lus ions  ( a n a l y t i c a l  o r  n o t )  

ob ta ined  by q u a l i t a t i v e  t e s t s  ; 

(b )  t h e  e v a l u a t i o n  o f  t h e  performance o f  an a n a l y s t  i n  c a r r y i n g  o u t  these 

t e s t s  ; 

( c )  t h e  e v a l u a t i o n  o f  t h e  e f f e c t  o f  t r a i n i n g  schemes, t h e  exper ience and t h e  

p r o f e s s i o n a l  competence on the  performance o f  t h e  a n a l y t i c a l  chemists.  

ROC curves a re  graphs o f  p r o b a b i l i t i e s  o f  t r u e - p o s i t i v e  answers compared w i t h  

p robab i  1 i t i e s  o f  f a1  se-posi  t i  ve answers. 

t o  es t ima te  t h e  p r o b a b i l i t y  o f  occurrence o f  t h e  "ill s t a t e "  i f  a c e r t a i n  

t e s t  r e s u l t  i s  ob ta ined.  

analogy, a ROC curve  pe rm i t s  one t o  es t ima te  t h e  p r o b a b i l i t y  t h a t  one o f  two 

Fo r  example, a ROC curve  a1 lows one 

To express t h i s  i n  a more d i r e c t  ana ly t i ca l - chemica l  
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possible  drugs i s  r e a l l y  present  when a c e r t a i n  R F  value i s  obtained. 

invest igated a s imi la r  s i t u a t i o n  i n  Chapter 8 (information) a n d  therefore  one 

would expect there  t o  be a l ink  between ROC curves and information theory. 

l ink has been discussed by Metz e t  a l .  (1973) ,  who evaluated ROC curve data  i n  

terms of information theory and considered appl icat ions in  radiography. For a 

de ta i led  discussion of the re la t ionship  between both, readers a re  re fer red  t o  

t h e i r  paper. 

We have 

This 

Until now, R O C  curves have not been invest igated i n  analyt ical  chemistry. 

From the discussion i n  t h i s  sect ion i t  appears, however, t h a t  research on  ROC 

curves might prove useful .  

25 .5 .  COST - BENEFIT CONSIDERATIONS 

As discussed in  Chapter 9 ,  the  c r i t e r i a  according t o  which one evaluates  

ana ly t ica l  procedures a re  i n t e r r e l a t e d .  Very of ten ,  a b e t t e r  performance 

according t o  one c r i t e r i o n  r e s u l t s  i n  a worsening of another c r i t e r i o n .  

problem of optimizing methods with more than one c r i t e r i o n  was discussed i n  

Chapter 2 4 ,  where mult icr i  t e r i a  analysis  was introduced. 

The 

I n  t h i s  sec t ion ,  we discuss the re la t ionship  between the cos t  and value o f  a 

t e s t .  

information one expects a n d  the more i t  cos t s .  

i s  the following : "given a cer ta in  procedure ( f o r  example, a polymer synthesis  

procedure), i f  more dol la rs  a re  spent a b e t t e r  (or more of a )  product wil l  be 

obtained. How a r e  addi t ional  costs  and benefi ts  re la ted  ? " .  This kind of question 

i s  answered by cost-benefi t  ca lcu la t ions .  In the same way, an ana ly t ica l  chemist 

might ask, "given a cer ta in  procedure f o r  determining lead in  drinking water, 

spending X dol la rs  can y i e l d  a f a s t e r  method with a b e t t e r  precis ion.  

worthwhile t o  spend the X dol la rs  ?'I. In the  context of analyt ical  chemistry, 

one or two appl icat ions of cost-benefi t  analysis  can be c i t e d .  

I n  general ,  the more sophis t icated o r  elaborated a procedure, the more 

A common question i n  economics 

Is i t  

An i n t e r e s t i n g  study concerns the so-called s i x  sequential guiac protocol ,  

which cons is t s  of s i x  sequential t e s t s  on stool f o r  occul t  blood, which indicates  
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colonic cancer. Neuhauser and Lewicki (1975) asked the question : "what do we 

gain from the s i x t h  stool guiac ? " .  The answer i s  contained in  Table 25.11. 

Table 25.11 

Marginal cos t  of guiac stool t e s t s  

Number o f  t e s t s  Marginal cost  (US 8 )  
1 1175 
2 5492 

49150 
469534 

4724695 
47107214 

Neuhauser a n d  Lewicki (1975). Reprinted by permission. 

The marginal c o s t  can be defined here as  the addi t ional  c o s t  per additional 

case detected.  In other  words, the s ix th  t e s t  permits one t o  de tec t  cancers not 

detected by the  f i v e  f i r s t  t e s t s  a t  a pr ice  of nearly 50 mil l ion dol la rs  per case 

detected ! Other more or  l e s s  re levant  a r t i c l e s  have been wri t ten by Durbridge 

e t  a l .  (1976) ( o n  the evaluation of benefi ts  from screening t e s t s  car r ied  o u t  

immediately on admission to  hospi ta l )  and by McNeil e t  a l .  (1975b) (on 

cost-effect iveness  calculat ions i n  the diagnosis and treatment of hypertensive 

renovascular d i sease) .  

A very d i f f e r e n t ,  b u t  equally in te res t ing  paper by Brown (1969) invest igated 

the economic benef i t  t o  Australia of research on atomic-absorption spectroscopy. 

The cos ts  considered were those encountered by research i n s t i t u t e s  i n  supporting 

the research ; the benef i t s  included items such as  product ivi ty  gains within 

assaying labora tor ies  and l icence fees .  I t  i s  n o t  possible  t o  discuss here the 

methodology of these ra ther  e laborate  economic ca lcu la t ions ,  b u t  i t  i s  in te res t ing  

t o  note t h a t  the  f ina l  conclusion was posi t ive : research on atomic-absorption 

spectroscopy has yielded substant ia l  economic benefi ts  and  should continue t o  do 

so during the next 10 years. I t  i s  also noteworthy t h a t  Brown concluded t h a t  

cos t -benef i t  analysis  of research programmes i s  subject  t o  the  following 

d i f f i c u l t i e s  : 

( a )  the  r e s u l t s  may take many years before making a n  economic impact ; 

( b )  the  benefi ts  a r e  usually diffused throughout the economy ; 
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( c )  t h e  outcome o f  a research  programme i s  very  u n c e r t a i n .  
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Chapter 26 

REQUIREMENTS FOR PROCESS MONITORING 

26.1.  INTRODUCTION 

Many ana ly t ica l  problems a r e  monitoring problems, f o r  instance the sampling 

o f  a product stream and subsequently analysing the samples i n  order  t o  obtain 

a p ic ture  o f  the v a r i a b i l i t y  of the composition of the product with time. I t  

may a l s o  be necessary to  estimate from the composition o f  the  samples the average 

composition of the product during a cer ta in  time i n t e r v a l ,  i . e . ,  the  composition 

o f  a l o t  produced during t h a t  time i n t e r v a l .  

I n  t h i s  chapter ,  the term monitoring i s  used i n  the senseof observing, 

reg is te r ing  o r  displaying the process by e i t h e r  continuously o r  in te rmi t ten t ly  

measuring a process var iab le ,  f o r  instance a concentration in  a product stream. 

The term process i s  used in  a general sense and i s  n o t  r e s t r i c t e d  t o  indus t r ia l  

processes. 

chemical plant  i s  not e s s e n t i a l l y  d i f f e r e n t  from measuring one or more pol lu tan ts  

i n  a r i v e r .  The monitoring o f  a chromatographic process by a detector  i s  a l so  

a problem t h a t  belongs t o  t h i s  category. 

The problem of sampling a n d  analysing a product stream leaving a 

I n  sec t ion  25 .1  i t  was observed t h a t  the average composition of a l o t  can be 

determined with a precision ut depending on the inhomogeneities within the  l o t  

as expressed by the variance ux, and the precision u of the analyt ical  procedure. 

I f  only one sample i s  drawn from the  l o t ,  the  following relat ionship holds 

2 

(26 .1 )  
2 2  

0: = ux t u 

If  n samples a re  drawn and analysed individual ly ,  the precis ion reduces t o  

2 2 2  
ut = (ax + u ) / n  (26 .2)  

iranchembook.ir/edu

https://iranchembook.ir/edu


526 

and f o r  t h e  a n a l y s i s  o f  a gross sample ob ta ined  upon combining and m i x i n g  these 

n samples, at i s  g i v e n  by 

2 2  2 
ut = ox/n + 0 (26.3) 

I n  o rde r  t o  decide which sampl ing s t r a t e g y  shou ld  be used, i n f o r m a t i o n  about  the  

l o t  i n  terms o f  t he  va r iance  ox has t o  be a v a i l a b l e  ( f o r  i ns tance  f rom p a s t  

exper ience)  . 

2 

However, eqns. 26.1, 26.2 and 26.3 cannot be used when t h e  samples a re  

c o r r e l a t e d .  

samples a r e  drawn from p a r t s  t h a t  a r e  w e l l  spread over  the  e n t i r e  l o t .  

taken f rom n e a r l y  t h e  same l o c a t i o n  a r e  expected t o  be more a l i k e ,  and thus  

c o r r e l a t e d ,  than samples taken f rom l o c a t i o n s  f a r  a p a r t .  

c o r r e l a t i o n s  upon the  requirements f o r  sampl ing and ana lys ing ,  i n  o r d e r  t o  descr ibe  

adequate ly  t h e  v a r i a t i o n s  i n  t h e  composi t ion,  i s  d iscussed i n  t h i s  chap te r .  

Thereby t h e  genera l ,  th ree-d imens iona l  problem i s  reduced t o  a one-dimensional 

problem. 

l o t s  a r i s e  f rom processes t h a t  produce p roduc t  streams o f  va ry ing  compos i t ion .  

Sampling such streams, f o r  i ns tance  by t a k i n g  samples f rom a conveyor b e l t ,  i s  

o f t e n  e a s i e r  than sampl ing wagon loads  (Van de r  Mooren, 1967).  

Common sense d i c t a t e s  t h e  use o f  a sampl ing scheme i n  which t h e  

Samples 

The i n f l u e n c e  o f  

A l o t  can be cons idered as a f i n i t e  p a r t  o f  a process and inhomogeneous 

Fo r  sampl ing and ana lys ing  streams, a wide v a r i e t y  o f  ana lysers  (de tec to rs ,  

mon i to rs )  a r e  a v a i l a b l e .  

i n t e r m i t t e n t l y  and thus  a l s o  sample t h e  p roduc t  stream con t inuous ly  o r  i n t e r m i t t e n t l y  

(Chapter 10) .  

process, o f t e n  adequate m o n i t o r i n g  o f  t he  process i s  p o s s i b l e  by t a k i n g  samples 

and t r a n s p o r t i n g  them t o  t h e  l a b o r a t o r y  f o r  t h e  a n a l y s i s .  

These ana lysers  e i t h e r  opera te  con t inuous ly  o r  

A l though such process ana lysers  a r e  o f t e n  used on l i n e  w i t h  t h e  

I n  general ,  t h e  o b j e c t  o f  t h e  a n a l y s i s  w i l l  be t o  r e c o n s t r u c t  t h e  v a r i a t i o n s  

i n  t h e  compos i t ion .  

i n  t h e  average compos i t ion  du r ing  a c e r t a i n  t ime i n t e r v a l  ( t h e  compos i t ion  o f  

t h e  l o t )  and the  p o s i t i o n  o f  maxima o r  peak areas (gas chromatography).  

However, i n  a number o f  i ns tances  t h e  a n a l y s t  i s  i n t e r e s t e d  

The s e l e c t i o n  o f  an ana lyse r  f o r  process mon i to r i ng ,  whether o p e r a t i n g  
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continuously or not ,  obviously requires  a knowledge of t h e  c h a r a c t e r i s t i c s  of 

the analyser .  

I n  sec t ion  26 .2  we consider the type of knowledge t h a t  has t o  be gathered i n  

order t o  make a sens ib le  se lec t ion .  

I t  a l s o  requires  a knowledge of the  process t o  be monitored. 

Although the ana ly t ica l  problem wil l  be discussed in  terms o f  measuring 

var ia t ions as  a function o f  time, the treatment appl ies  equally when the time 

var iable  i s  replaced by the  posi t ion (sampling a r i v e r  a t  several locat ions 

Sampling i n  more dimensions ( sur faces ,  s o i l s ,  e t c . )  i s  more complex b u t  not 

fundamentally d i f f e r e n t .  

For general reading and mathematical d e t a i l s ,  the  reader i s  re fe r red  t o  the  

l i t e r a t u r e  on process cont ro l ,  e lec t ronics  and systems theory ( see  Chapter 10)  

2 6 . 2 .  DESCRIPTION OF THE FLUCTUATIONS 

I n  general ,  a stream must be sampled continuously o r  f requent ly  and the 

samples analysed precisely i n  order t o  obtain the information required f o r  a 

descr ipt ion of t h a t  stream in terms of var ia t ions in  the composition. 

monitors tend t o  obscure " f a s t "  f luc tua t ions ,  and "noisy" monitors add 

f luc tua t ions  t o  those a r i s i n g  from the  process t o  be monitored. 

time can be, b u t  not necessar i ly  i s ,  an important c r i t e r i o n  f o r  the se lec t ion  

of a procedure f o r  t h e  analysis  of d i scre te  samples, i t  i s  imperative t o  include 

the time parameters when considering the problem o f  process monitoring. 

"Slow" 

Whereas the 

I n  Par t  I the  c h a r a c t e r i s t i c s  of ana ly t ica l  procedures, or of ana lysers ,  

were discussed, i n  Chapter 10 with special emphasis on the charac te r iza t ion  of 

continuous analysers .  

are  described. Thereby, a d i s t i n c t i o n  has t o  be made between "determinis t ic"  

and "s tochas t ic"  f luc tua t ions .  

chromatographic process, where the e lu t ion  p r o f i l e s  can be described 

(approximately) by the gaussian function 

In t h i s  sec t ion ,  ways of presenting process f luc tua t ions  

An example of the f i r s t  category i s  the 

(26 .4)  

iranchembook.ir/edu

https://iranchembook.ir/edu


528 

where x ( t )  is  the concentration o f  the e lu ted  component a t  time t ,  x ( t R )  the 
n 

(maximal) concentration a t  the retent ion time tR and ci' the variance of the 

gaussian peak and thus a measure of the width of t h a t  peak. 

Stochast ic  f luc tua t ions  cannot be described ana ly t ica l ly  ( i n  a mathematical 

9 

sense) and a r e  more conveniently represented by the autocovariance o r  autocorrelat ion 

functions t h a t  were introduced i n  Chapter 10 f o r  the purpose of describing noise. 

An example of such an autocorrelat ion function (autocorrelogram) i s  presented 

i n  Fig. 26.1, taken from a paper by Mijskens and Hensgens (1977). 

0.5 

0.0 

+ 
Fig. 26.1. Autocorrelogram of the NH4 concentration i n  the River Rhine a t  Bimmen 
during the period 1971-75 (Muskens and Hensgens, 1977). 

A n  analysis  of t h i s  autocorrelat ion function reveals an annual per iodic i ty  and 

an exponential component with a time constant T~ of about 120 days. 

cannot be considered t o  be very r e l i a b l e  as the period during which the 

measurements were gathered was r e l a t i v e l y  shor t  with respect  t o  the cor re la t ion  

time. Inspecting the correlogram by eye leads t o  a lower value, probably as low 

as 50 days. This, however, hardly a f f e c t s  the conclusions drawn in t h i s  chapter. 

The function a l so  shows a rapid decrease f o r  values of A t  < 1 day. 

decrease can be ascribed t o  the experimental e r r o r s .  

function in  Fig. 26.1 i s  n o t  the  t r u e  function f o r  the r i v e r  b u t  includes the 

autocorrelat ion of the noise of the  analyt ical  procedure. 

of the da ta ,  the reader i s  referred t o  the  or iginal  l i t e r a t u r e .  I t  i s  important 

t o  observe t h a t  Fig. 26.1 represents an u p o h t & o ~ L  model of the r i v e r  (with 

respect  t o  the NH4 f l u c t u a t i o n s ) .  

were given by Vandeginste e t  a l .  (1976) and Van der Grinten and Lenoir (1973). 

This value 

This rapid 

In f a c t ,  the autocorrelat ion 

For a complete analysis  

+ 
Examples of correlograms of several processes 
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As a f i r s t  approximation, the (Symmetrical) autocovariance function of the  

NH; var ia t ions  can be considered t o  be exponential 

R ( A t )  = s x  2 exp ( -  lAtl/.rx) (26.5)  

I t  appears t h a t  exponential autocovariance functions give a s a t i s f a c t o r y  

descr ipt ion of many processes (Van der Grinten and Lenoir, 1973). 

Both the gaussian function f o r  describing the e lu t ion  p r o f i l e  (eqn. 26.4) and 

the autocovariance function of the s tochas t ic  f luc tua t ions  a re  representat ions 

of x ( t )  i n  the time domain. 

autocovariance function can be converted i n t o  the power spectrum t h r o u g h  a Fourier 

transform. 

spectrum defines the (average) contr ibut ions of the per iodic  s ine  and cosine 

funct ions of d i f f e r e n t  frequencies t o  x ( t ) .  

t h i s  contr ibut ion i s  the same f o r  angular frequencies w below wx = l / ~ ~ .  

t h i s  frequency onwards, the contr ibut ion rapidly decreases. 

As has been indicated i n  Chapter 10, the 

Although x ( t )  cannot be reconstructed from the power spectrum, the 

For an exponential covariance function 

From 

Whereas the  Fourier transform of the  autocovariance function y ie lds  the power 

spectrum, the Fourier transform of the f luc tua t ions  x (  t )  y ie lds  the frequency 

spectrum, i . e . ,  the  amplitudes of the per iodic  s ine  and cosine waves from which 

the function x ( t )  can be reconstructed. 

with the  or ig in  a t  tR (tR = 0 ) ,  the  cosine transform 

For a (symmetrical) gaussian p r o f i l e  

X(O) = F L x ( t ) ]  = J x ( t )  cos ( w t )  d t  (26.6) 
0 

yie lds  the frequency spectrum 

(26.7)  

which i s  a l so  gaussian, with a standard deviation equal t o  the reciprocal of 

the width of the gaussian e lu t ion  p r o f i l e  u 

recovered from F I X (  t)] through t h e  inverse Fourier transform 

(Westerberg, 1969). x ( t )  can be 
g 
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m 

x ( t )  = i F[x(t)] cos w t  do (26.8) 
0 

I t  i s  impor tan t  t o  observe t h a t  F x ( t )  

f requenc ies  w o f  about t h r e e  o r  f o u r  t imes l / a  

e l u t i o n  p r o f i l e  v i r t u a l l y  does n o t  c o n t a i n  f requenc ies  h i g h e r  than about  3/0 

4 / a  rad ians  per  second ( r p s )  o r  3/27io t o  4 / 2 m  cyc les  p e r  second (cps ) .  For  

recove r ing  the  s i g n a l  f rom the  cont inuous frequency spectrum x ( w )  , the  i n t e g r a t i o n  

l i m i t  i n  eqn. 26.8 can be rep laced  by t h i s  upper f requency. 

has a va lue  o f  v i r t u a l l y  zero f o r  

To p u t  i t  d i f f e r e n t l y ,  the  

c i  
g '  

t o  
9 

9 9 g 

Whereas t h e  F o u r i e r  i n t e g r a l  o f  eqn. 26.8 covers t h e  gaussian e l u t i o n  p r o f i l e  

between - m and t m  , the  F o u r i e r  expansion as used by I k W i l l i a m  and B o l t o n  (1969a) 

and by Goedert  and Guiochon (1973) represents  the  gaussian peak x ( t )  between 

t = - - T  = - TU and t = + - T  = t ITU by 1 1 
2 9 2 9 

t t t X ( t )  = 0.3989 + 0.4839 COS  IT 7 + 0.1080 C O S    IT 7 + 0.0089 COS 6n 

(26.9) t 
t 0.0002 cos 8~ 7 

It can be seen from t h i s  equa t ion  t h a t  t h e  c o n t r i b u t i o n  (ampl i tude)  o f  t h e  cos ine  

terms t o  x(t) decreases r a p i d l y  w i t h  i n c r e a s i n g  frequency. The ampl i tude o f  

t h e  f o u r t h  harmonic, w i t h  a f requency o f  4/T cps o r  8n/T rps ,  i s  o n l y  a few O/"<, 

compared w i t h  t h e  ampl i tude o f  t h e  bas i c  f requency. 

26.9 and thus  n e g l e c t i n g  t h e  f i f t h  and h i g h e r  harmonics y i e l d s  a v i r t u a l l y  p e r f e c t  

gaussian p r o f i l e .  I n  agreement w i t h  the  r e s u l t s  o f  Westerberg, t h e  F o u r i e r  

expansion o f  eqn. 26.9 y i e l d s  a h i g h e s t  f requency o f  4/T = 4 / 2 m  cps. For  a 
9 

6a peak w i d t h  o f  1 sec t h i s  corresponds t o  rough ly  4 cps. 

Recover ing x ( t )  w i t h  eqn. 

The F o u r i e r  a n a l y s i s  as shown f o r  t h e  gaussian p r o f i l e  can be a p p l i e d  t o  any 

curve. I n  p r a c t i c e ,  t h e r e  always w i l l  be an upper f requency t h a t  c o n t r i b u t e s  t o  

the  f l u c t u a t i o n s .  However, i n  many ins tances  the  t rans forms and expansions have 

t o  be ob ta ined  numer i ca l l y .  
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26.3. MONITORING WITH CONTINUOUS ANALYSERS 

26.3.1. The d i s t o r t i o n  of a gaussian peak 

The shape of a gas chromatographic e lu t ion  p r o f i l e  as  measured by the de tec tor  

and shown by the recorder depends on many f a c t o r s .  One of these fac tors  i s  the 

f i n i t e  time constant  of the  detector  (and the recorder) used f o r  monitoring the 

e f f l u e n t  of the column. 

gaussian p r o f i l e  emerging from the column has been the subject  o f  many s tudies  

( f o r  instance,  Gladney e t  a l . ,  1969, McWilliam and Bolton, 1969a,b, 1971, 

Anderson e t  a l . ,  1970, Grushka, 1972, Goedert a n d  Guiochon, 1973, Chesler and 

Cram, 1973, Pauls and  Rogers, 1977). These s tudies  were mainly i n i t i a t e d  by the 

d i f f i c u l t i e s  t h a t  were met i n  the data processing o f  chromatograms with skewed 

peaks. 

a de tec tor  w t h  a f i r s t - o r d e r  response and thus character ized by a s ing le  time 

constant T~ see Chapter 1 0 ) .  

The influence of t h e  detector  response upon a symmetrical, 

Most of these s tud ies  r e l a t e  t o  the  d i s t o r t i o n  of a gaussian peak by 

The d is tor t ion  can most e a s i l y  be expressed by the so-cal led convolution 

i n t e g r a l ,  i . e .  

i m  

y ( t )  = S i x ( t - t ' )  h ( t ' )  d t '  (26 .10)  
-co 

where S ,  x ( t ) ,  y ( t )  and h ( t )  a re  the s e n s i t i v i t y ,  the input ,  the  output and the 

pulse response of the de tec tor ,  respect ively,  and t '  i s  a dummy var iab le .  For 

a gaussian input  and an exponential ( f i r s t - o r d e r )  response, the convolution 

in tegra l  becomes 

m 

y ( t )  = S 1 x ( t R )  exp exp ( - t ' / T a )  d t '  (26.11) 
0 

where x ( t  ) i s  the concentration i n  the maximum of the undis tor ted peak, u 

i s  the  w i d t h  (standard deviat ion)  of the gaussian peak and T~ the time constant 

of the de tec tor .  

e lu ted  before the time t t o  an extent  t h a t  i s  given by the exponential response 

R g 

I t  can be seen t h a t  y ( t )  i s  determined by the e n t i r e  p r o f i l e  
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A 
y ( t )  

S X ( t R I  
0 8 -  

0 6 -  

0 4 .  

0.2 

0 s  

o f  t h e  d e t e c t o r .  The i n t e g r a l  i n  eqn. 26.11 i s  taken between 0 and m, corresponding 

w i th  t h e  p h y s i c a l l y  s i g n i f i c a n t  p a r t  o f  t he  exponent ia l  f u n c t i o n .  

cannot be so l ved  a n a l y t i c a l l y .  A numerical  s o l u t i o n  f o r  seve ra l  values o f  

T / u  i s  p resented  g r a p h i c a l l y  i n  F i g .  26.2, taken from a paper by McWi l l iam 

and B o l t o n  (1969a). 

Eqn. 26.11 

a g  

- 

d 
9 

F i g .  26.2. D i s t o r t i o n  o f  a gaussian peak f o r  severa l  values o f  
w i t h  pe rm iss ion  from McWi l l iam and Bo l ton ,  1969a). 
Copy r igh t  American Chemical Soc ie ty .  

/ u  ( r e p r i n t e d  
a g  

The d i s t o r t e d  peak i s  skewed and broader than t h e  o r i g i n a l  peak. The maximum 

o f  t h e  d i s t o r t e d  peak f o r  a l l  values o f  l i e s  on the  t r a i l i n g  t r a c k  o f  t he  

u n d i s t o r t e d  peak. A l though t h i s  d i s t o r t i o n  does n o t  a f f e c t  t h e  peak area, peak 

d i s t o r t i o n  shou ld  be avo ided as much as p o s s i b l e  f o r  t h e  accura te  de te rm ina t ion  

o f  r e t e n t i o n  t imes and au tomat ic  p rocess ing  o f  chromatograms w i t h  ( p a r t i a l l y )  

ove r lapp ing  peaks. Avoidance i s  b e t t e r  than a cure ,  even i f  the  mathematical  

process o f  deconvo lu t i on  ( t h e  reverse  o f  convo lu t i on ,  see f o r  i n s t a n c e  Den Harder 

and De Galan, 1974) i n  a number o f  i ns tances  can be a p p l i e d  t o  r e s t o r e  t h e  t r u e  

peak shape o r  s imp ly  t o  sharpen t h e  peaks (Kirmse and Westerberg, 1971).  Peak 
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d i s t o r t i o n  i s  v i s i b l e  f o r  T / u  ra t ios  exceeding 0.1.  

of the de tec tor ,  i n  order  t o  avoid skewing, should cer ta in ly  be less  than 1/60th 

of the width of the peak (about 6 u ) , 

Hence the time constant 
a g  

9 
Peak d i s t o r t i o n  can a l s o  be studied by making use of the  presentat ion of the  

A time constant - c ~  corresponds t o  a bandwidth o r  peak i n  the frequency domain. 

break frequency o f  w = l/-ca rps o r  1 / 2  I T T ~  cps. 

of the  gaussian curve with frequencies higher than l / ~ ~  rps become smaller in  

amplitude and  s h i f t  in  phase. As a r e s u l t ,  the  shape of the peak changes. As 

has been shown by McWilliam and Bolton (1969a), ca lcu la t ion  of the reduction o f  

amplitudes and phase s h i f t s  leads t o  the same results as the convolution method. 

A t  a frequency w = 1 h a  the amplitude i s  reduced by a f a c t o r  n a n d  t o  be safe  

l/.ra should be a t  l e a s t  10 times the highest frequency contained i n  the gaussian 

peak. This leads t o  roughly the same rule  t o  be s e t  f o r  the se lec t ion  of the 

de tec tor .  

has t o  replace t h i s  simple rule .  

I t  i s  c l e a r  t h a t  the components 

However, i n  c r i t i c a l  s i t u a t i o n s ,  an accurate analysis  of the problem 

The pr inc ip les  described above can be applied t o  o ther  analyt ical  methods, 

provided t h a t  a f i r s t - o r d e r  response of the  detector  can be assumed. 

order  responses were discussed by McWilliam and Bolton (1969b). 

Higher 

26.3. 2. Measuring s tochas t ic  f luc tua t ions  

The measurement and d is tor t ion  o f  s tochas t ic  f luc tua t ions  can be described i n  

e s s e n t i a l l y  the same way as t h a t  of the gaussian e lu t ion  prof i le .  

of the  s t o c h a s t i c i t y ,  a descr ipt ion i n  terms of the convolution integral  of 

eqn. 26.10 i n  order  t o  a r r i v e  a t  t h e  requirements f o r  a monitor t o  be used f o r  

However, because 

measuring these f luc tua t ions  hardly makes sense. 

frequency domain y i e l d s  useful r e s u l t s .  

However, a descr ipt ion i n  the 

As has been shown, the  f luctuat ing process i s  described adequately by i t s  power 

spectrum. 

function with a cor re la t ion  time  the power spectrum i s  given by (Van der 

Grinten a n d  Lenoir, 1973) 

I f  we consider a process character ized by an exponential autocorrelat ion 
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2 2 4  Tx 
ax ( w )  = ___ 

1 - w  Tx 
2 2  (26.12) 

The in tegra l  taken over a l l  values of w yie lds  the variance a:. 

F o r  a f i r s t - o r d e r  response of the monitor, the variance as seen by the 

monitor i s  given by the integral  ( f o r  a s e n s i t i v i t y  S = 1) 

(26.13) 

where the  power of the (high-frequency) components i s  reduced t o  an extent  t h a t  

depends on the time constant T~ of the monitor. 

26.13 leads t o  the simple r e s u l t  (Van der Grinten and Lenoir, 1973) 

Solving the in tegra l  of eqn. 

2 T  X 
= i J  ___ 

Y X Tx + T a  

2 
U (26.14) 

I t  i s  c l e a r  t h a t  f o r  f a s t  analysers ( T ~  x T ~ )  the  var ia t ions observed a r e  equal 

t o  the t rue  var ia t ions .  For  slow analysers the observed var ia t ions  wi l l  be 

reduced and even vanish f o r  very large values of T ~ .  

2 2 2 2 
u 

Y Y Y 
CI 20 .995  ox. 

Y 
in  a r e l i a b l e  estimate of the  standard deviat ion,  the time constant of the 

monitor should be smaller by a f a c t o r  of 10 - 100 than the cor re la t ion  time o r  

time constant  of the  process. 

conclusion t h a t  the River Rhine (Fig. 26.1) needs t o  be sampled a n d  analysed 

with a monitor having a time constant of about 1 day t o  1 week in  order  t o  obtain 

a r e l i a b l e  p ic ture  of the  standard deviation of the NH; concentration (assuming 

t h a t  the  a p o n t d o h i  calculated correlogram s t i l l  holds) .  

continuous analyser  will be s a t i s f a c t o r y  as  f a r  as the  time constants a re  

concerned. 

For  T~ = 0 . 1  T ~ ,  

0 . 9  ox, and thus u ? 0.95  ax. For T~ = 0.01 T ~ ,  u ? 0.99  ox, and thus 

Obviously, as a ru le  one might s t a t e  t h a t ,  i f  one i s  in te res ted  

Using t h i s  argument, one might a r r i v e  a t  the 

I n  t h i s  case ,  any 

?laking sure t h a t  the f a s t  f luc tua t ions  a re  recorded f a i t h f u l l y  poses somewhat 
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s t r i c t e r  requirements. 

the e f f e c t s  f o r  any frequency. 

The integrand of eqn. 26.13 can be used t o  es t imate  

26.4. S H A N N O N ’ S  SAMPLING METHOD - DISCRETE SAMPLING 

I n  the preceding sec t ion ,  a n  account was given o f  the  requirements f o r  

continuous (flow) analysers f o r  the  precise  display of the f luc tua t ions  of the 

process t h r o u g h  the measurement of one of i t s  propert ies .  I n  many instances 

the process i s  sampled discontinuously, e i t h e r  because the analyser operates 

discontinuously ( f o r  instance,  a process gas chromatograph) or because the 

samples have t o  be analysed in  the laboratory.  However, i t  i s  possible  t o  

reconstruct  the t rue  var ia t ions from the  values obtained from samples t h a t  a r e  

taken a t  ( regular ly  spaced) i n t e r v a l s .  To t h i s  end, the sampling or  analysing 

time t or i t s  reciprocal ,  the sampling frequency, has t o  be adjusted t o  the 

propert ies  (time constant)  of the  process t o  be monitored. 

a 

Rewriting eqn. 26.6 as  the complex Fourier integral  leads t o  the complex 

frequency spectrum 

i m  

x(w) = I x ( t )  exp ( - j u t )  d t  
-03 

(26.15) 

where j = a. 
transform 

The function x ( t )  can be obtained from the inverse Fourier 

x ( t )  = I x ( w )  exp ( j u t )  dw (26.16) 

m 

where the  in tegra t ion  boundaries can be s e t  equal t o  wm,  the highest frequency 

component of x ( t ) .  

by ( w  = Z I T V )  

The value of x f o r  t = n/2vm = nn/w ( n  in teger )  i s  given m 

+w 
x(-) n = x(-) nn = m x ( w )  exp ( - r )  jnnw dw 

m w 
m “m m - w  

(26 .17)  
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Development of the  frequency spectrum in a Fourier s e r i e s  with a basic  frequency 

u = 2nwo = 1 / T  cps leads t o  
0 

with 

Combination o f  eqns. 26.19 and 26.17 leads t o  the equal i ty  

n 
2% 

x (-) = 2v c m n  

(26.18) 

(26.19) 

(26.20) 

Thus the n sampled values of x ( t )  determine the coef f ic ien ts  c n ,  which in  turn 

determine the frequency spectrum and therefore  a l so  the complete funct ion x ( t )  

between t h e  values t = 0 and t = T .  

A t  = 1 / 2  vm and the sampling frequency 2 vm, twice the highest frequency contained 

in  the function x ( t ) .  

r es tore  from the  sampled values o f  x ( t )  the  or iginal  function i s  c a l l e d  Shannon's 

sampling theorem. 

Nyquist i n t e r v a l .  

e lu t ion  p r o f i l e  leads to  approximately e i g h t  samples per 6 0-width (Westerberg, 

1969). 

The sampling interval  should be equal t o  

This ru le  governing the sampling interval  i n  order t o  

The corresponding sampling interval  A t  = 1/2  vm i s  cal led the 

Application of Shannon's sampling theorem t o  the  gaussian 

Thus a peak of  1 sec requires a sampling frequency of 8 cps. 

Some remarks should be made about regaining x ( t )  from t h e  sampled values. I t  

i s  c l e a r  t h a t  such a reconstruction should be made via the frequency spectrum, 

b u t  i t  i s  a l so  evident t h a t  t h i s  would involve lengthy ca lcu la t ions .  

shown t h a t  i t  i s  e a s i e r  t o  obtain x ( t )  by making use of the so-cal led cardinal 

function (-) (see, f o r  instance,  Gore, 1960). We sha l l  not discuss the use 

of t h i s  function as i t  i s  seldom applied i n  ana ly t ica l  chemistry. 

I t  can be 

s in  x 
X 

In the data processing of chromatograms, spec t ra ,  e t c . ,  i t  i s  common prac t ice  
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t o  make use of curve- f i t t ing  techniques. 

the de tec tor  response ( f o r  s torage in  a d i g i t a l  memory) i s  usually made smaller  

than 

quadrat ic  o r  cubic in te rpola t ion  between t h e  sampled values. 

the d ig i t ized  values can be smoothed with the r e s u l t  t h a t t h e  influence of the  

de tec tor  noise i s  reduced t o  some extent  ( d i g i t a l  f i l t e r i n g ) .  

The interval  chosen f o r  d i g i t i z i n g  

the Nyquist i n t e r v a l ,  permitting the recovery of x ( t )  through a l i n e a r ,  

A t  the  same t ime,  

The sampling theorem of Shannon and the corresponding Nyquist interval  define 

the  minimal number of samples required f o r  reconstruct ion o f  the  continuous 

f luc tua t ions ,  whatever the method t h a t  i s  chosen f o r  t h i s  reconstruct ion.  I f  

the  sampling r a t e  i s  too small, information wil l  be l o s t  and the reconstruct ion 

i s  i n  e r r o r .  

been given by Kelly and Horlick (1973) and by Horlick and Yuwen (1976). 

26.1 gives an indicat ion of the e r r o r s  t h a t  a r e  made in  estimating peak heights 

f o r  a s e t  of p r o f i l e s  f requent ly  met in  ana ly t ica l  chemistry. 

A discussion of these e r rors  f o r  some determinis t ic  s igna ls  has 

Table 

Table 26.1 

Minimal number of samples required f o r  a given accuracy (Kelly and  Horlick, 1973) 

Maximum e r r o r ,  % Triangle Exponential Lorentz Gaussian 
( %  of peak height)  

10 6 20 6 3 
1 40 330 36 6 
0.1 350 4500 150 9 
0.01 3200 5 1000 630 11 
0.001 ... ... 2600 14 

26.5. I N F L U E N C E  OF E R R O R S  

I n  t h e  previous sect ions i t  has been assumed t h a t  the f luc tua t ing  property 

can be recorded or reconstructed properly when the time constant of the monitor 

or the  sampling frequency meets cer ta in  requirements. 

a re  i n  e r r o r ,  the recorded o r  reconstructed function x ( t )  i s  a l s o  i n  e r r o r .  

i s  common prac t ice  in the processing of d ig i t ized  spectra  t o  choose a higher 

d i g i t i z i n g  (sampling) frequency than the frequency corresponding t o  Shannon's 

sampling theorem. 

However, i f  the  measurements 

I t  

A n  extensive treatment of (analogue and d i g i t a l )  f i l t e r i n g  
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procedures cannot be g i ven  here.  

t he  power spectrum o f  t he  no ise  o f  mon i to rs  extends t o  much h i g h e r  f requenc ies  

than t h e  power spectrum o r  frequency spectrum of t h e  process t o  be mon i to red .  

I f  t h e  t ime cons tan t  T~ o r  t h e  sampl ing frequency Ta i s  very  much s m a l l e r  than 

t h e  c o r r e l a t i o n  t ime of t h e  process, a f i l t e r  can be used t o  remove the  no ise  

and s t i l l  r e t a i n  t h e  v a r i a t i o n s  o f  t h e  process v a r i a b l e .  I ns tead  o f  t h e  t ime 

cons tan t  o f  the  mon i to r ,  t h e  t ime  cons tan t  o f  t he  f i l t e r  determines whether these 

v a r i a t i o n s  can be mon i to red  adequately.  The same a p p l i e s  t o  t h e  f i l t e r i n g  o f  

sampled va lues .  

o t h e r  than f i l t e r i n g  have t o  be used t o  recover  the  t r u e  v a r i a t i o n s  (see, f o r  

i ns tance ,  H i e f t j e ,  1972a,b). 

However, i t  i s  s u f f i c i e n t  t o  no te  t h a t  u s u a l l y  

I f  t h e  power spec t ra  o f  no i se  and v a r i a t i o n s  x ( t )  ove r lap ,  means 

26.6 D E T E R M I N I N G  AVERAGE COMPOSIT IONS 

A ca tegory  o f  problems f r e q u e n t l y  met i n  a n a l y t i c a l  chemis t ry  i s  t h e  sampl ing 

and a n a l y s i s  o f  a process stream i n  o rde r  t o  determine the  average compos i t ion  

o f  t h a t  stream over  a l i m i t e d  p e r i o d  o f  t ime T. 

a measure o f  the  q u a l i t y  o f  t h e  batch o r  l o t  produced d u r i n g  t h a t  p e r i o d .  

sampl i ng requ i  rements f o r  t he  case o f  unco r re l  a t e d  samples have a1 ready been 

i n d i c a t e d  i n  s e c t i o n  26.1. I f  a c e r t a i n  p r e c i s i o n  i s  requ i red ,  t h e  number o f  

samples depends s imp ly  on t h e  var iance found w i t h i n  the  l o t  and on t h e  p r e c i s i o n  

o f  t h e  a n a l y t i c a l  procedure (eqns. 26.1, 26.2 and 26.3).  An e n t i r e l y  d i f f e r e n t  

s i t u a t i o n  a r i s e s  f o r  samples t h a t  a re  c o r r e l a t e d .  

d iscussed by Muskens and Kateman (1978).  

c a l c u l a t i n g  the  p r e c i s i o n  f o r  d i f f e r e n t  sampl ing r a t e s ,  c o r r e l a t i o n s  and l o t  

s i zes  a r e  r a t h e r  awkward. 

w i  11 be presented  g raph ica l  l y .  

The average compos i t ion  i s  o f t e n  

The 

Th is  problem has been 

However, t he  equat ions  t o  be used f o r  

There fore ,  t h e  r e s u l t s  of  Fluskens and Kateman (1978) 

The problem can be fo rmu la ted  as f o l l o w s .  A l o t  i s  a p a r t  ( f rom t = 0 t o  T )  

o f  a process (s t ream) .  The process i s  c h a r a c t e r i z e d  by a c o r r e l a t i o n  t ime o r  

t ime  cons tan t  T~ and a va r iance  ox. 2 
Then, t h e  r e a l  mean o f  t he  l o t  i s  
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(26.21) 

where x ( t )  i s  the real composition a t  time t .  

(or hours, e t c . ) .  

corresponds t o  the average composition d u r i n g  t h a t  time i n t e r v a l .  

samples combined i n t o  a gross sample i s  n ; consequently n = T / t  Muskens a n d  

Kateman calculated ~ i : ~ ~  as  a measure f o r  the  uncertainty of estimating the real 

average composition of the l o t  t h r o u g h  the analysis  of the gross sample ; uest 

i s  the sampling e r r o r  t h a t  a r i s e s  from the  var ia t ions within the l o t  and i t  

depends on ox, T 

s i z e ,  T / T ~ ,  and the r e l a t i v e  sample s i z e ,  G/T, f o r  d i f f e r e n t  values of n i n  

order  t o  obtain a precision a The 

precis ion of t h e  ana ly t ica l  procedure has not been taken in to  account. However, 

the t o t a l  precis ion can e a s i l y  be calculated as the sampling e r r o r s  will usually 

The l o t  i s  sampled every ta seconds 

Every sample i s  taken during a time in te rva l  G and thus 

The number o f  

a’  

2 T ,  n ( o r  t a )  and G.  The relat ionship between the r e l a t i v e  l o t  
X ’  

= 0.1 ax i s  represented in  Fig. 26.3. e s t  

be independent of the  precision of the analyt ical  procedure. 

0,Ol 0.l 1 10 100 loo0 10000 
TIT)( 

Fig. 26.3. Number of samples (n )  required f o r  obtaining a precision equal t o  one tenth 
o f  the  process var ia t ions (a,) as a function of the  r e l a t i v e  sample s i z e  (G/T) 
and r e l a t i v e  l o t  s i z e  ( ~ 4 )  (Muskens and Kateman, 1978). 

From Fig. 26.3, which appl ies  t o  processes with exponential cor re la t ion  funct ions,  

some important conclusions can be drawn. 
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( a )  F o r  smal l  l o t s  (smal l  w i t h  respec t  t o  the  c o r r e l a t i o n  t ime)  t h e  

compos i t ion  w i t h i n  t h e  l o t  h a r d l y  changes due t o  t h e  c o r r e l a t i o n  and o n l y  one o r  

a few smal l  samples a r e  r e q u i r e d  i n  o r d e r  t o  o b t a i n  a p r e c i s e  va lue  o f  t h e  

compos i t ion  o f  t he  l o t .  However, d i f f e r e n t  l o t s  w i l l  have d i f f e r e n t  compos i t ions .  

( b )  I n  c o n t r a s t  t o  t h e  smal l  l o t s ,  t he  concen t ra t i on  w i t h i n  l a r g e  l o t s  w i l l  

f l u c t u a t e  app rec iab l y .  

smal l  ( u n c o r r e l a t e d )  samples (compare w i t h  eqn. 26.2 o r  26.3).  

p o s s i b l e  t o  analyse one l a r g e  sample w i t h  the  e f f e c t  t h a t  w i t h i n  t h i s  l a r g e  sample 

many f l u c t u a t i o n s  a re  i n c l u d e d  and thus  an average va lue  i s  ob ta ined.  

I n  o rde r  t o  o b t a i n  a c e r t a i n  p r e c i s i o n ,  one can take  many 

I t i s  a l s o  

( c )  Fo r  medium-sized l o t s  a c e r t a i n  p r e c i s i o n  can be ob ta ined  by e i t h e r  t a k i n g  

many smal l  samples o r  l e s s  and l a r g e r  samples. 

be s m a l l e r  when i t  i s  composed o f  many smal l  samples. 

The r e s u l t i n g  gross  sample w i l l  

( d )  Fo r  a g i v e n  sample s i z e  the  number o f  samples r e q u i r e d  w i l l  i n i t i a l l y  i nc rease  

w i t h  t h e  s i z e  o f  the  l o t  [see a l s o  ( a ) ]  and subsequent ly decrease. 

l o t s ,  o r  u n c o r r e l a t e d  processes, t h e  mean compos i t ion  o f  a sample i s  equal t o  

t h e  mean o f  t h e  l o t .  

Fo r  l a r g e  

The t o t a l  p r e c i s i o n ,  at, o f  de termin ing  the  average NH; c o n c e n t r a t i o n  (annual  

mean) i n  t h e  R i v e r  Rhine a t  Bimnen (see F i g .  26.1) as a f u n c t i o n  o f  t h e  number 

o f  samples, n, was c a l c u l a t e d  by Muskens and Kateman (1978) w i t h  the  equat ions  

2 + a / n  2 
't = 'est 

and 

'est  = tn't 

(26.22) 

( 26.23) 

f o r  a conf idence l e v e l  o f  0.05. 

l e v e l  and n de te rm ina t ions .  The r e s u l t s  a r e  p l o t t e d  i n  F i g .  26.4 f o r  smal l  

samples ( G  = 0) and f o r  i n t e g r a t e d  samples between t h e  sampl ing a c t i o n s  (G = ta). 

For  t h e  l a s t  s i t u a t i o n ,  uest tends t o  be zero  as G = ta i s  e q u i v a l e n t  t o  

cont inuous  sampl ing and t a k i n g  an i n t e g r a t e d  sample every  ta (seconds, hou rs ) .  

tn i s  the  va lue  o f  S tuden t ' s  t f o r  t h i s  conf idence 

2 
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Then t h e  va lue  o f  Aest w i l l  be equal  t o  tn u/&. 

0,o 1 

n 
F i g .  26.4. Es t imated p r e c i s i o n  (A s t )  as a f u n c t i o n  o f  t h e  number o f  samples f o r  
processes w i t h  c o r r e l a t i o n  t imes 7 ~ ~ )  o f  0 and 120 days (Miiskens and Kateman, 
1978). 

From F i g .  26.4, conc lus ions  can be drawn about  the  sampl ing s t r a t e g y .  Miiskens 

and Kateman concluded t h a t ,  o f  course, t h e  bes t  s t r a t e g y  (Aest = m in . )  would 

i n v o l v e  t h e  c o l l e c t i o n  o f  a sample over  t h e  whole y e a r  and a p r e c i s e  a n a l y s i s  o f  

t h i s  sample. 

preserved, i t  f o l l o w s  t h a t  i n  o rde r  t o  o b t a i n  a p r e c i s i o n  o f  0 .1 mg/l (average 

about  3 mg / l )  would i n v o l v e  t a k i n g  an ( i n t e g r a t e d )  sample eve ry  3 days. I f  no 

c o r r e l a t i o n  da ta  were known and one consequent ly had t o  assume a va lue  o f  zero  

f o r  T ~ ,  t h e  sampl ing f requency shou ld  be inc reased by rough ly  a f a c t o r  10, c l e a r l y  

i l l u s t r a t i n g  t h e  b e n e f i t  o f  an u phiahi knowledge 

I f  no p r e c i s e  method i s  a v a i l a b l e  o r  i f  t h e  samples cannot be 

concern ing  t h e  process. 

One f i n a l  remark shou ld  be made. There shou ld  be no doubt  about t h e  a pLo& 

knowledge o f  t h e  process be ing  the  same as t h e  a p o n t e , G o L  d e s c r i p t i o n  o f  t he  

process as d e r i v e d  from (a  l a r g e  number o f )  measurements made i n  t h e  pas t .  O f  

course, t h i s  remark n o t  o n l y  a p p l i e s  t o  t h i s  s e c t i o n  b u t  i s  a l s o  v a l i d  f o r  a l l  

a p p l i c a t i o n s  mentioned i n  t h i s  (and t h e  n e x t )  chap te r .  
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Chapter 27 

REQUIREMENTS FOR PROCESS C O N T R O L  

27 .1  INTRODUCTION 

The requirements f o r  the use of analysers f o r  process monitoring were considered 

in  Chapter 26. 

reconstructed from the measurements, even i f  the analyser does not respond 

i n f i n i t e l y  rapidly or when the process i s  sampled in te rmi t ten t ly .  

i n  indus t r ia l  p rac t ice  process var iables  have t o  be kept constant ,  o r  within 

cer ta in  l i m i t s ,  f o r  instance i n  order t o  manufacture a product o f  constant 

qua l i ty .  To t h i s  end, the process has t o  be control led and the control act ion 

of ten  has t o  be preceded by a measurement. The ana ly t ica l  chemist i s  often 

faced with the development of procedures or analysers  t o  be used, e i t h e r  on-line 

o r  o f f - l i n e ,  f a r  t h i s  purpose. 

a re  s e t  by the  nature of the  process, t h e  extent  t o  which the disturbances a re  

t o  be reduced by the control act ion and by the qua l i ty  of the c o n t r o l l e r .  

Van der Grinten (1963a, b ,  1965, 1966, 1973) has developed c r i t e r i a  t h a t  can 

serve as  a guide f o r  the ana ly t ica l  chemist who i s  faced with the problems of how 

prec ise ly ,  how rapidly and how f requent ly  t o  analyse in  order t o  make successful 

process control possible  o r  a t  l e a s t  t o  s e l e c t  the best procedure or analyser  

f o r  the  process cont ro l .  

I t  appeared t h a t  process var ia t ions i n  many instances can be 

However, of ten 

The requirements f o r  such procedures o r  analysers  

I f  a control act ion i s  t o  be based on the r e s u l t  o f  an analyt ical  measurement, 

the qua l i ty  of the control wil l  depend o n  the  qua l i ty  of the r e s u l t  of the 

measurement. Imprecise r e s u l t s  will lead t o  imprecise act ions and  a r e s u l t  t h a t  

comes too l a t e  f o r  the control action i s  use less .  

Van der Grinten has defined the qua l i ty  of the  cont ro l ,  the control e f f ic iency  

o r  the c o n t r o l l a b i l i t y  ( f a c t o r )  by the re la t ionship  
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(27 .1)  

where x ( t )  i s  t he  q u a n t i t y ,  f o r  i ns tance  a concen t ra t i on  i n  a p roduc t  stream, 

upon which the  c o n t r o l  a c t i o n  w i l l  be based. x ( t )  i s  taken w i t h  respec t  t o  t h e  

average va lue  which i s  equal  t o  the  des i red  va lue ,  t h e  s o - c a l l e d  s e t  p o i n t .  

x ( t ) 2  i s  t h e  average squared d e v i a t i o n  from t h a t  s e t  p o i n t .  

rep resen ts  the  va lue  f o r  t h e  u n c o n t r o l l e d  process, x c ( t )  re fe rs  t o  t h e  op t ima l  

c o n t r o l l e d  process. The c o n t r o l l a b i l i t y  r reaches a va lue  o f  u n i t y  i n  p e r f e c t  

c o n t r o l  (no d is tu rbances  l e f t  a f t e r  c o n t r o l ) .  When r = 0 the  c o n t r o l  a c t i o n  has 

no e f f e c t ,  so  u = u 

Thus 

Whereas x ( t )  

x x c '  

I n  p r a c t i c e ,  t h e  c o n t r o l l a b i l i t y  i s  determined by t h e  p a t t e r n  o f  t h e  

f l u c t u a t i o n s ,  here  aga in  assumed t o  be f i r s t  o r d e r  w i t h  an exponen t ia l  c o r r e l a t i o n  

f u n c t i o n  (see Chapters 10 and 26),  and by the  c h a r a c t e r i s t i c s  o f  t h e  c o n t r o l l e r ,  

o f  t h e  ana lyse r  and of  t h e  (chemical  o r  p h y s i c a l )  process. 

t h e  ana lyse r  t o  the  c o n t r o l  e f f i c i e n c y  w i l l  be i n d i c a t e d  by t h e  m e a s u r a b i l i t y  

( f a c t o r )  m. For  a p e r f e c t  c o n t r o l l e r  and process, t he  q u a l i t y  o f  t h e  c o n t r o l  l oop  

i s  l i m i t e d  o n l y  by the  " imper fec t i ons "  of  t he  ana lyser  ( p r e c i s i o n ,  dead t ime,  

e t c . ) .  I n  t h i s  case 

r = m  ( 2 7 . 2 )  

The c o n t r i b u t i o n  o f  

27.2. MEASURABILITY 

27.2.1. Dead t i m e  

The ( e x p o n e n t i a l )  au tocovar iance f u n c t i o n  (eqn. 26.5) can be cons idered as a 

I f  t h e  d e v i a t i o n  f u n c t i o n  t h a t  pe rm i t s  the  f o r e c a s t i n g  o f  f u t u r e  d is tu rbances .  

a t  t ime t = 0 i s  g i ven  by x(O),  t h i s  f o r e c a s t  o f  t h e  d i s tu rbance  x ( t )  can be 

made by 

- t / T X  
x ( t )  = x (0 )e  (27.3) 

I n  f a c t ,  x ( t )  i s  t h e  average o r  most p robab le  d i s tu rbance  t h a t  can be expected 
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a t  t ime  t when t h e  d i s tu rbance  a t  t = 0 i s  known t o  be x ( 0 ) .  

i l l u s t r a t e d  i n  F i g .  27.1. 

Th i s  behav iour  i s  

1 

0.37 

0 
0 0.5 1 1.5 2 

I \ I  t /7)( * 
0 0.5 1 1.5 2 

F i g .  27.1. Average change o f  d i s tu rbance  x ( t )  (van der  Gr in ten ,  1965). 

The d i s tu rbance  a t  t ime  t w i l l  be known a t  t ime t + td i f  a t  t ime  t t h e  process 

i s  sampled and t h e  dead t ime  o f  t he  ana lyse r  i s  td. Obv ious ly  t h e  c o n t r o l l e r  

shou ld  t h e r e f o r e  n o t  a c t  upon t h e  d i s tu rbance  a t  t ime  t, b u t  upon t h e  most 

p robab le  d i s tu rbance  a t  t ime  t + td. The e f f i c i e n c y  o f  t h e  c o n t r o l  a c t i o n  i s  

g i ven  by t h e  f o l l o w i n g  equat ion ,  express ing  t h e  f a c t  t h a t  o n l y  t h e  d e v i a t i o n s  

f rom t + td onwards can be accounted f o r  

(27 .4)  

The m e a s u r a b i l i t y  f a c t o r  md r e s u l t i n g  f rom a f i n i t e  dead t ime  decreases 

e x p o n e n t i a l l y  w i t h  t h a t  dead t i m e .  

sampl ing e i t h e r  con t inuous ly  o r  i n t e r m i t t e n t l y .  

Th i s  equa t ion  can be a p p l i e d  t o  ana lysers  

27 .2 .2 .  Sampling t ime  

An ana lyse r  w i t h  a sampl ing t ime  ta has a s i m i l a r  e f f e c t  upon t h e  c o n t r o l  

e f f i c i e n c y  as t h e  dead t ime td. 

i t  has t o  be based upon the  measurement o f  a sample taken a t  t ime  t - t ' .  

the  ana lyse r  i s  ready f o r  sampling, t '  w i l l  be zero .  It a l s o  can happen t h a t  

I f  a t  t ime  t a c o n t r o l  a c t i o n  shou ld  be taken, 

When 
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f o r  t h e  c o n t r o l  a c t i o n  the  sample compos i t ion  a t  t i m e  t - ta has t o  be used, 

i . e . ,  when t h e  ana lyse r  i s  a lmost  ready f o r  t h e  n e x t  sampl ing.  Accord ing  t o  

van de r  G r i n t e n  (1963a,b) t h e  b e s t  c o n t r o l  a c t i o n  consequent ly r e q u i r e s  a f o r e c a s t  

ove r  an average l e n g t h  o f  t i m e  - t 1 
2 a '  

Th is  leads t o  a m e a s u r a b i l i t y  f a c t o r  o f  

(27.5) 

Fo r  cont inuous sampling, ta reduces t o  zero  and thus  ma = 1 

27.2.3. P r e c i s i o n  

Owing t o  imprec i se  measurements w i t h  cont inuous ana lysers  , t h e  c o n t r o l  a c t i o n  

may be i 'n e r r o r .  

t o  van de r  G r i n t e n  (1963a,b) i s  g i v e n  approx imate ly  by 

The m e a s u r a b i l i t y  f a c t o r  due t o  such imper fec t i ons ,  accord ing  

m p % l - L  
X 

U 
(27.6) 

Apparent ly  m inc reases  w i t h  i n c r e a s i n g  p r e c i s i o n  (decreas ing  u)  and decreas ing  

t ime cons tan t  T ~ .  

than t h e  bandwidth o f  t h e  process v a r i a t i o n s  ( l / ~ ~ ) ,  i t  i s  p o s s i b l e  t o  decrease 

u by f i l t e r i n g  the  cont inuous  s i g n a l  ( t r u e  v a r i a t i o n s  and a n a l y t i c a l  no i se )  and 

s t i l l  r e t a i n  t h e  t r u e  v a r i a t i o n s .  

can never l e a d  t o  a no i se  r e d u c t i o n  sma l le r  than u i E  (eqn. 26.14). 

even a p e r f e c t  c o n t r o l l e r  cannot reduce the  d is tu rbances  t o  l e s s  than 

x c ( t ) 2  = u2 T / T  , which exp la ins  q u a l i t a t i v e l y  eqn. 27.6. 

P 
Fo r  (cont inuous)  ana lysers  w i t h  a bandwidth ( l / ~ ~ )  much l a r g e r  

However, t he  f i l t e r i n g  process f o r  T~ < T~ 

Thus, 

a x  

Eqn. 27.6 a p p l i e s  t o  cont inuous  ana lysers .  Fo r  p r a c t i c a l  purposes t h i s  

equa t ion  can a l s o  be used f o r  ana lysers  w i t h  i n t e r m i t t e n t  sampl ing ; then T~ 

i n  t h i s  equa t ion  has t o  be rep laced  by t h e  sampl ing t ime ta. 

27.2.4. The t o t a l  m e a s u r a b i l i t y  

The t o t a l  m e a s u r a b i l i t y ,  a p a r t  f rom some f a c t o r s  o f  minor  importance (samples 
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gathered d u r i n g  a c e r t a i n  in te rva .1  o f  t i m e  o r  i n t e g r a t e d  samples), i s  approx imate ly  

g i ven  by 

The m e a s u r a b i l i t y  as a f u n c t i o n  o f  t h e  c h a r a c t e r i s t i c s  o f  t h e  ana lyse r  i s  

represented  i n  F igs .  27.2 and 27.3. 

1.0 

t d / %  

\ 0.1 

0.01 

md*ma 
ir 

0.0 1 0 .I 1.0 
-----) qJzx 

F i g .  27.2. M e a s u r a b i l i t y  as a f u n c t i o n  o f  dead t ime  
f i r s t - o r d e r  processes. (van de r  G r i n t e n  and Leno i r ,  

0-/ o;, 

10.0 

1 .o 

0.1 

'?P 

and t ime  cons tan t  f o r  
1973).  

- 7a / TX 
F i g .  27.3. 
f i r s t - o r d e r  processes. (van der  G r i n t e n  and Leno i r ,  1973).  

M e a s u r a b i l i t y  as a f u n c t i o n  o f  p r e c i s i o n  and t ime  cons tan t  f o r  

These f i g u r e s  can be used f o r  e s t i m a t i n g  t h e  m e a s u r a b i l i t y  g r a p h i c a l l y .  

expected, t he  c o n t r o l  e f f i c i e n c y  decreases r a p i d l y  w i t h  i n c r e a s i n g  T ~ ,  ta, td 

As 

iranchembook.ir/edu

https://iranchembook.ir/edu


548 

and 0 .  It i s  c l e a r  t h a t  these cons tan ts  have t o  be cons idered i n  r e l a t i o n  t o  

t h e  p a t t e r n  o f  f l u c t u a t i o n s  (see equat ions  f o r  m and F igs .  27.2 and 27 .3) .  Even 

l a r g e  t ime  cons tan ts ,  e tc . ,  w i l l  n o t  p reven t  a s a t i s f a c t o r y  c o n t r o l  a c t i o n  o f  

a "s low" process and u l t i m a t e  p r e c i s i o n  u s u a l l y  i s  n o t  r e q u i r e d  f o r  t he  c o n t r o l  

o f  "no i sy "  processes. 

27.3. SOME APPLICATIONS 

van de r  Gr in ten  (1963a, b, 1965, 1966), van de r  G r i n t e n  and L e n o i r  (1973) 

and a l s o  Leemans (1971) descr ibed a number o f  a p p l i c a t i o n s  i l l u s t r a t i n g  c l e a r l y  

t h e  importance o f  t h e  above t o  the  a n a l y t i c a l  chemist .  We f e e l  t h a t  t h e  a n a l y t i c a l  

chemis t  shou ld  cooperate w i t h  the  c o n t r o l  eng ineer  i n  s e l e c t i n g  t h e  op t ima l  

ana lyse r .  A l though t h e  equat ions  t h a t  can be used f o r  comparing a n a l y t i c a l  

procedures f o r  process c o n t r o l  a re  f a i r l y  s imp le ,  t he  under l y ing  mathematics a r e  

complex and cannot be d e a l t  w i t h  i n  t h i s  chapter .  Because o f  t h i s  and a l s o  

because the  process v a r i a b l e s  a re  r e q u i r e d  f o r  making the  r i g h t  cho ice ,  t he  

problem can h a r d l y  be so l ved  by t h e  a n a l y t i c a l  chemis t  a lone.  The a p p l i c a t i o n s  

g i v e n  here  mere ly  serve as an i l l u s t r a t i o n  t h a t  t h e  a n a l y t i c a l  chemis t  shou ld  be 

aware o f  h i s  p o s s i b l e  c o n t r i b u t i o n s  t o  t h e  s o l u t i o n  o f  t he  k i n d  o f  problems 

desc r ibed  i n  t h i s  chapter .  

The a p p l i c a t i o n s  a l s o  i l l u s t r a t e  c l e a r l y  t h e  i n t e r a c t i o n  between t h e  t ime  

parameters and the  p r e c i s i o n .  

i s  n o t  always p o s s i b l e  because o f  t h e  l a c k  o f  a s a t i s f a c t o r y  model o f  t h e  process 

t o  be c o n t r o l l e d ,  t h e  p r i n c i p l e s  a re  g e n e r a l l y  v a l i d .  Almost every  a n a l y s i s  i s  

p a r t  o f  a c o n t r o l  l oop  and t h e r e  always has t o  be a balance between t ime  and 

p r e c i s i o n  of  t h e  a n a l y s i s .  

i t  has t o  be approached i n t u i t i v e l y .  Probably very  h e l p f u l  f o r  deve lop ing  such 

an i n t u i t i v e  approach w i l l  be the  s i m u l a t i o n  game descr ibed by van den Akker and 

Kateman (1976).  

I n  t h i s  con tex t ,  we a l s o  r e f e r  t o  a paper by Vandeginste and Janse (1977).  

A l though a r i g o r o u s  s o l u t i o n  o f  t h e  c o n t r o l  problem 

I f  t h e  op t ima l  s i t u a t i o n  cannot be c a l c u l a t e d  e x a c t l y ,  

Th is  game i s  based upon t h e  p r i n c i p l e s  descr ibed i n  t h i s  chapter .  

Van de r  G r i n t e n  and L e n o i r  (1973) desc r ibed  t h e  use o f  a process chromatograph 
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f o r  t h e  c o n t r o l  o f  a process w i t h  T~ = 250 min and ux = 5%. 

be measured has as r e t e n t i o n  t ime tR = 5.9 min, whereas t h e  t o t a l  chromatographic 

r u n  r e q u i r e d  20.7 min.  

t he  peak h e i g h t  w i t h  a p r e c i s i o n  o f  3% (u). 

a m e a s u r a b i l i t y  m 

F i g .  27.2. 

md = 0.98 and ma = 0.96 a r e  ob ta ined.  

m = 0.98 . 0.96 . 0.91 = 0.86, cor respond ing  i n  a r e d u c t i o n  o f  d is tu rbances  

f rom 5% t o  2.6%. 

The component t o  

The concen t ra t i on  o f  t he  component can be es t ima ted  f rom 

As t h e  sampl ing t ime  i s  20.7 min, 

= 0.91 can be c a l c u l a t e d  o r  determined g r a p h i c a l l y  f rom 
P 

Wi th  a dead t ime td = 5.9 and a sampl ing t ime  ta = 20.7, m e a s u r a b i l i t i e s  

Hence t h e  t o t a l  m e a s u r a b i l i t y  

The p r e c i s i o n  can be inc reased t o  v i r t u a l l y  ci = 0 and thus  m = 1 when t h e  
P 

peak area  o f  t he  component i s  normal ized  w i t h  respec t  t o  t h e  area  o f  a l l  peaks 

i n  t h e  chromatogram. 

consequent ly md decreases f rom 0.98 t o  0.93. 

a cor respond ing  r e d u c t i o n  o f  t h e  d is tu rbances  f rom 5% t o  2.3%, s l i g h t l y  b e t t e r  

than f o r  t he  a n a l y s i s  making use o f  t he  peak h e i g h t .  

between p r e c i s i o n  and speed. 

I n  Tab le  9 .1  and F i g .  9.1 a number o f  a n a l y t i c a l  procedures f o r  t h e  de te rm ina t ion  

o f  n i t r o g e n  were compared i n  cons ide r ing  t h e  c o s t  o f  t he  a n a l y s i s  (Leemans, 1971). 

The same procedures can be used f o r  a comparison when used f o r  c o n t r o l l i n g  a 

process f o r  t h e  manufacture o f  a n i t rogenous f e r t i l i z e r  w i t h  T~ = 66 min  and 

ux = 1.2% N .  

i s  p l o t t e d  i n  F i g .  27.4. 

inc reased by decreasing ta ( t a k i n g  samples more f r e q u e n t l y ) .  

f a c t o r s  f o r  a sampl ing t ime  ta = 30 min (ma = 0.80) a r e  g i v e n  i n  Table 27.1. 

Some conc lus ions  o f  Leemans can be summarized as f o l l o w s  

However, then td i s  inc reased f rom 5.9 t o  20.7 m in  and 

The r e s u l t i n g  m i s  then 0.89 w i t h  

C l e a r l y  t h e r e  i s  a t r a d e - o f f  

The c o s t  o f  t he  a n a l y s i s  i n  o r d e r  t o  reach a c e r t a i n  m e a s u r a b i l i t y  

Whereas md and m cannot be i n f l uenced ,  ma can be 
P 

The m e a s u r a b i l i t y  

(1) The c l a s s i c a l  d i s t i l l a t i o n  y i e l d s  t h e  s m a l l e s t  m e a s u r a b i l i t y  f a c t o r  i n  

s p i t e  o f  i t s  h i g h  p r e c i s i o n .  

a n a l y s i s .  

Th i s  i s  caused by t h e  l a r g e  dead t ime o f  t h e  

( 2 )  W i th  t h e  s a c r i f i c e  o f  @ a r t  o f )  t he  p r e c i s i o n ,  t h e  m e a s u r a b i l i t y  i s  

i nc reased  d r a m a t i c a l l y  by us ing  t h e  f a s t e r  au tomat ic  d i s t i l l a t i o n  procedure.  
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(3)  The b e s t  performance i s  ob ta ined  w i t h  a non -spec i f i c  imprec i se  procedure.  

I t  i s  an i d e a l  method f o r  o n - l i n e  c o n t r o l ,  n o t  o n l y  y i e l d i n g  t h e  h i g h e s t  

measurabi l i t y  b u t  a l s o  be ing  cheaper than a1 1 o t h e r  a n a l y t i c a l  procedures.  

Table 27.1 

M e a s u r a b i l i t y  o f  some A n a l y t i c a l  Techniques f o r  Ana lys i s  o f  N i t rogen  (adapted 
f rom Leemans, 1971) 

A sampl ing f requency o f  2 samples/h i s  assumed, which means t h a t  m = 0.80. 

C r i t e r i o n  and Dead ti me Standard d e v i a t i o n  
a n a l y t i c a l  techn ique o f  a n a l y s i s ,  o f  ana lys i s ,  

P 
m i  n % N md m m 

T o t a l  N ,  c l a s s i c a l  75 0.17 
d i s t i  1 l a t i o n  

T o t a l  N, DSM 12 0.25 
automated ana lyse r  

NO3-N, Technicon 15.5 0.51 
Autoanal y s e r  

NO -N, i o n - s e l e c t i v e  10 0.76 
e l z c t r o d e  

HH4N03 : CaCO r a t i o ,  8 0.8 
X-ray d i f f r a c z i o n  

T o t a l  W, f a s t  neutron- 5 0.17 
- a c t i v a t i o n  a n a l y s i s  

S p e c i f i c  g r a v i t y ,  1 0.64 
y - r a y  abso rp t i on  

0.32 

0.84 

0.79 

0.86 

0.89 

0.93 

0.98 

0.99 

0.97 

0.92 

0.85 

0.83 

0.99 

0.88 

0.24 

0.65 

0.58 

0.58 

0.59 

0.74 

0.69 
. .  

Undoubtedly t h e  c o s t  o f  a n a l y s i s  has t o  be r e l a t e d  t o  t h e  b e n e f i t  o f  t h e  

c o n t r o l  a c t i o n .  Th is  a c t i o n  leads  t o  a more cons tan t  p roduc t .  I n  t h i s  case, 

t h e  n i t r o g e n  con ten t  o f  t he  f e r t i l i z e r  shou ld  be 22%. 

o f  t h e  d is tu rbances  i s  uxc, the  s e t  p o i n t  o f  (22  + 2 uxc )% has t o  be chosen i n  

o r d e r  t o  guarantee w i t h  reasonable c e r t a i n t y  a p roduc t  c o n t a i n i n g  a t  l e a s t  

22% N. 

i n  F i g .  27.4. 

de f ines  t h e  op t ima l  procedure,  un less  o t h e r  s e l e c t i o n  c r i t e r i a  have t o  be taken 

i n t o  account.  

desc r ibed  i n  t h i s  s e c t i o n  i s  n o t  n e c e s s a r i l y  t h e  b e s t  procedure f o r  o t h e r  

processes. 

I f  t h e  s tandard  d e v i a t i o n  

An inc rease  i n  m t h e r e f o r e  reduces t h e  process cos ts ,  as i s  i l l u s t r a t e d  

The d i f f e r e n c e  between t h e  process cos ts  and a n a l y s i s  cos ts  

I t  shou ld  be observed t h a t  t h e  b e s t  procedure f o r  t h e  process 
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Fig .  27.4. Process cos ts  due t o  process f l u c t u a t i o n s  ( d o t t e d  l i n e )  and a n a l y s i s  
cos ts  ( f u l l  l i n e )  as a f u n c t i o n  o f  t h e  m e a s u r a b i l i t y  f a c t o r .  
l i n e s  ( w i t h  a r rows)  r e f e r  t o  t h e  f u l l y  automated techn iques  ( r e p r i n t e d  w i t h  
permiss ion  f rom Leemans, 1971. 

The h o r i z o n t a l  

Copy r igh t  American Chemical Soc ie ty ) .  
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Chapter 28 

ANALYTICAL CHEMISTRY AND SYSTEMS THEORY 

28.1. THE SCOPE OF ANALYTICAL CHEMISTRY 

A n a l y t i c a l  chemis t r y  can be regarded as a s c i e n t i f i c  d i s c i p l i n e ,  unique i n  

cha rac te r .  

such as spectroscopy and chromatography. 

chemis t ry  l eads  t o  the  o p i n i o n  t h a t  t h i s  b ranch o f  chemis t ry  i s  n o t h i n g  b u t  an 

a p p l i c a t i o n  o f  phys ics ,  phys i ca l  chemis t ry ,  mathematics, e t c .  , i n  o r d e r  t o  

a r r i v e  a t  methods s u i t a b l e  f o r  t a c k l i n g  a n a l y t i c a l  problems. Apparent ly  t h e  

d e f i n i t i o n  o f  a n a l y t i c a l  chemis t ry  depends on t h e  ang le  f rom which t h e  f i e l d  i s  

observed. Well over  twenty  d e f i n i t i o n s  o f  a n a l y t i c a l  chemis t r y  have been repo r ted ,  

r e f l e c t i n g  the  d i f f e r e n t  op in ions  about  t h i s  d i s c i p l i n e .  Wi th  these d i f f e r e n t  

p o i n t s  o f  v iew i n  mind, one i s  tempted t o  agree w i t h  the  s imp le  s ta tement  t h a t  

a n a l y t i c a l  chemis t ry  i s  what t h e  a n a l y t i c a l  chemis t  does. However, i t  i s  o f  

i n c r e a s i n g  importance t o  ques t i on  what the  a n a l y t i c a l  chemis t  i s  expected t o  do. 

I n  o u r  op in ion ,  t h e  answer i s  g i ven  by a combina t ion  o f  t h e  d e f i n i t i o n s  o f  

Go t t scha lk  (1972) and Ka ise r  (1974) , s t a t i n g  t h a t  a n a l y t i c a l  chemists have t o  

produce qua1 i f i e d ,  r e l e v a n t  i n f o r m a t i o n  about p roduc ts  and processes i n  an 

op t ima l  way. 

I t  can a l s o  be cons idered as be ing  t h e  sum o f  a s e t  o f  s u b - d i s c i p l i n e s  

Yet  another  way o f  l o o k i n g  a t  a n a l y t i c a l  

These d e f i n i t i o n s  have been s t i m u l i  i n  w r i t i n g  t h i s  book. 

The fo rmal  methods f o r  o p t i m i z a t i o n ,  s e l e c t i o n  and c l a s s i f i c a t i o n  as desc r ibed  

i n  the  preced ing  chapters  a re ,  a t  l e a s t  i n  p r i n c i p l e ,  g e n e r a l l y  a p p l i c a b l e .  

However, i n  o r d e r  t o  make use o f  t h i s  genera l  a p p l i c a b i l i t y ,  i t  i s  necessary t o  

s t r e s s  t h e  agreements r a t h e r  than the  d i f f e r e n c e s  between t h e  severa l  methods 

t h a t  a re  i n  use i n  a n a l y t i c a l  chemis t ry .  C e r t a i n l y ,  t h e r e  a r e  many d i f f e r e n c e s .  

For  ins tance,  chromatography has n o t  much i n  common w i t h  spectroscopy when one 

looks  a t  t h e  fundamentals u n d e r l y i n g  these methods. 

show a number o f  s t r i k i n g  agreements, p robab ly  even more than m i g h t  be seen a t  

a f i r s t  g lance. 

However, these methods a l s o  

A d i scuss ion  o f  t h e  common fea tu res  i s  t h e  aim o f  P a r t  V o f  
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t h i s  book. 

The most impor tan t  f a c t o r  t o  be borne i n  mind i s  t h e  reason f o r  a p p l y i n g  

a n a l y t i c a l  methods, which i s  t h e  s o l u t i o n  o f  a n a l y t i c a l  problems. A l l  a n a l y t i c a l  

methods, o r  r a t h e r  a1 1 we1 1 descr ibed a n a l y t i c a l  procedures,  serve  e s s e n t i  a1 l y  

the  same purpose. 

o f  compounds, elements o r  ions .  

They a re  i n  use f o r  de termin ing  the  i d e n t i t i e s  and/or amounts 

Procedures d i f f e r  i n  t h e  way the  de te rm ina t ion  i s  e f f e c t e d .  The way o f  

d e s c r i b i n g  the  performance o f  procedures i s ,  o r  r a t h e r  shou ld  be, t he  same f o r  

each procedure.  A judgement about t h e  a p p l i c a b i l i t y  i s  p o s s i b l e  o n l y  when t h e  

performance i s  g i v e n  i n  s tandard i zed  terms, such as accuracy,  p r e c i s i o n  and 

i n f o r m a t i o n .  C l a s s i f i c a t i o n ,  comparison, s e l e c t i o n ,  improvement and o p t i m i z a t i o n  

r e q u i r e  the  use o f  w e l l  d e f i n e d  and g e n e r a l l y  accepted c r i t e r i a .  

c h a r a c t e r i z a t i o n  parameters as descr ibed i n  P a r t  I can be and a r e  used as such. 

Performance o r  

Apar t  f rom t h e  common purpose o f  t h e  development and a p p l i c a t i o n  o f  a l l  

a n a l y t i c a l  procedures,  i . e . ,  t h e  s o l u t i o n  o f  a n a l y t i c a l  problems, i t  can be 

observed t h a t  t h e  genera l  s t r u c t u r e  o f  a l l  a n a l y t i c a l  procedures i s  e s s e n t i a l l y  

t he  same. Four s teps  can be d i s t i ngu ished ,  v i z . ,  t he  sampling, t h e  sample 

p r e p a r a t i o n  o r  clean-up r e q u i r e d  p r i o r  t o  t h e  n e x t  s tep ,  t h e  measurement(s), and 

f i n a l l y  t he  convers ion  o f  t h e  r e s u l t s  o f  t he  measurement(s) i n t o  t h e  a n a l y t i c a l  

r e s u l t s .  The a c t u a l  na tu re  o f  each o f  these f o u r  s teps  may va ry  w i d e l y  f rom 

procedure t o  procedure,  b u t  t he  f u n c t i o n  o f  each s tep  i s  e s s e n t i a l l y  t h e  same f o r  

eve ry  procedure.  

The e s s e n t i a l  aspects a re  c l e a r l y  recogn ized i f  t h e  a n a l y s i s  i s  descr ibed as 

f o l l o w s  : a s u f f i c i e n t l y  r e p r e s e n t a t i v e  sample (1) i s  t o  be t r e a t e d  ( 2 )  i n  such 

a way t h a t  t h e  measurement ( 3 )  can y i e l d  meaningful  a n a l y t i c a l  r e s u l t s  ( 4 ) .  The 

s t r u c t u r e  i s  g i ven  schemat i ca l l y  i n  F i g .  28.1. 

o r  a l l  f o u r  p a r t s  toge the r ,  shou ld  be sub jec ted  t o  a c o n t r o l  a c t i o n  i n  o r d e r  t o  

p r o v i d e  a n a l y t i c a l  r e s u l t s  o f  a g i ven  q u a l i t y .  One o f  t h e  c o n t r o l s  i n  t h e  

a n a l y t i c a l  l a b o r a t o r y  i s  a ( repeated)  c a l i b r a t i o n  o f  t h e  procedure.  T h i s  

p a r t i c u l a r  c o n t r o l  r e f e r s  t o  o n l y  one o f  t he  q u a l i t y  parameters, i . e . ,  t h e  

Each o f  t h e  p a r t s  o f  t he  procedure,  
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r e l i a b i l i t y  (Chapter 5 ) .  

o ther  c h a r a c t e r i s t i c s  such as  the precis ion.  Other control act ions a r e ,  f o r  

instance,  the maintenance of constant  temperature and pressure. 

Procedures have been developed f o r  the control of 

Fig. 28.1. Structure  of an analyt ical  procedure. 

The measurement(s) a s  p a r t  of  an ana ly t ica l  procedure can be considered as  the 

hear t  of the  procedure. 

ana ly t ica l  l i t e r a t u r e  deals  with the measurement, which t o  a large ex ten t  defines 

the p o s s i b i l i t i e s  and l imi ta t ions  f o r  solving ana ly t ica l  problems. 

the ana ly t ica l  measurement, whether based upon empirical f a c t s  o r  theore t ica l  

considerat ions,  i s  usually car r ied  o u t  by s p e c i a l i s t s ,  each using the language 

associated with the  sub-discipl ine.  I t  i s  therefore  n o t  surpr is ing t h a t  

s i m i l a r i t i e s  have of ten been obscured and differences have been augmented. 

I t  i s  therefore  not surpr is ing t h a t  the bulk of the 

The study of 

However, the outputs of widely d i f f e r e n t  instruments i n  use i n  the ana ly t ica l  

laboratory a r e  t o  a large extent  ident ical  i n  pr inc ip le .  

of the measurements i n t o  analyt ical  r e s u l t s  shows a paral le l ism between d i f f e r e n t  

procedures. 

Also, the transformation 

Basical ly ,  with only a few exceptions,the output appears as a spectrum 

(image), a two-dimensional p ic ture  showing peaks and val leys .  

e . g . ,  t i t r a t i o n s  and poJarography, the peaks emerge when p lo t t ing  the f i r s t  

der iva t ive  of the o u t p u t  s i g n a l ) .  

spectrum mark the i d e n t i t i e s  of the compounds, elements or ions present in  the 

(pre- t rea ted)  sample, whereas the peak heights or areas  a r e  cor re la ted  t o  the 

amounts  of these components. 

o r  gas chromatograms, the  information about the i d e n t i t i e s  i s  drawn from the 

locat ion o f  the  peaks. 

( I n  some ins tances ,  

Usually the posi t ions of the peaks i n  the 

Whether one considers in f ra red  spec t ra ,  polarograms 

Information about amounts i s  obtained from peak areas 
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o r  h e i g h t s  ( w i t h  some except ions ,  f o r  i ns tance  t i t r a t i o n  curves) .  

The r e d u c t i o n  o f  t h e  two-dimensional p i c t u r e  t o  mean ing fu l  a n a l y t i c a l  r e s u l t s  

f o l l o w s  some genera l  l i n e s .  These s i m i l a r i t i e s  c l e a r l y  emerge when d e a l i n g  

w i t h  automated da ta  p rocess ing  techniques such as smoothing, cu rve  f i t t i n g  and 

p a t t e r n  recogn i  t i  on, and a r e  genera l  l y  appl  i cab1 e t o  procedures produc ing  

two-dimensional  p i c t u r e s  ( two-dimensional  methods) ( K i e n i t z  and Ka iser ,  1968). 

Being aware o f  these s i m i l a r i t i e s  p robab ly  can save much e f f o r t  i n  research  and 

development as t h e  techniques developed f o r  o p t i m i z i n g  one method can o f t e n  

e a s i l y  be adapted f o r  use w i t h  another  a n a l y t i c a l  method. 

A two-dimensional  a n a l y t i c a l  procedure can o f t e n  be extended t o  a 

more-dimensional o r  reduced t o  a one-dimensional  a n a l y t i c a l  procedure.  Whereas 

i n  t h e  two-dimensional  a n a l y t i c a l  procedure t h e  o u t p u t  i s  measured as a f u n c t i o n  

o f  one v a r i a b l e  ( t ime,  wavelength, vo l tage ,  e t c . ) ,  measurement o f  t h e  o u t p u t  as 

a f u n c t i o n  o f  two ( o r  more) v a r i a b l e s  leads  t o  a s i m i l a r  b u t  somewhat more 

complex p i c t u r e .  Examples can be found i n  mass spec t romet ry ,  where t h e  i o n  

c u r r e n t  can be measured as a f u n c t i o n  o f  t he  magnet ic f i e l d  s t r e n g t h  and o f  t h e  

i o n i z a t i o n  energy, and i n  n e u t r o n - a c t i v a t i o n  a n a l y s i s  when t h e  i n t e n s i t y  o f  t h e  

r a d i a t i o n  i s  n o t  o n l y  measured as a f u n c t i o n  o f  t h e  energy o f  t h e  r a d i a t i o n  b u t  

a l s o  the  decay i s  taken i n t o  account.  

Reducing a two-dimensional  t o  a one-dimensional method makes sense when e i t h e r  

i n f o r m a t i o n  w i t h  respec t  t o  t h e  i d e n t i t i e s  o r  i n f o r m a t i o n  w i t h  respec t  t o  the  

amounts ( c o n c e n t r a t i o n s )  i s  a v a i l a b l e .  

wavelength can be used f o r  a q u a n t i t a t i v e  a n a l y s i s  i f  t h e  i d e n t i t y  o f  t h e  

component i s  known. 

one component i s  p resen t  (100%) i n  t h e  sample o r  f o r  a q u a n t i t a t i v e  a n a l y s i s  i f  

t h e  two components i n  t h e  sample a r e  known. 

i n  t h e  r o u t i n e  l a b o r a t o r y  one-dimensional procedures p l a y  an impor tan t  r o l e .  

A l i g h t  abso rp t i on  measured a t  one 

A r e f r a c t i v e  i ndex  can be used f o r  i d e n t i f i c a t i o n  i f  o n l y  

I t  i s  t h e r e f o r e  n o t  s u r p r i s i n g  t h a t  

Looking f o r  and s t r e s s i n g  t h e  s i m i l a r i t i e s  between d i f f e r e n t  a n a l y t i c a l  

procedures, t oge the r  w i t h  t h e  n o t i o n  t h a t  a l l  procedures a r e  t o  be used f o r  

s o l v i n g  problems, leads  t o  a genera l i zed  p i c t u r e  o f  a n a l y t i c a l  chemis t ry ,  

a n a l y t i c a l  procedures and (p robab ly )  a n a l y t i c a l  problems. The f u n c t i o n  of  
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a n a l y t i c a l  procedures and (p robab ly )  t h e  f o r m u l a t i o n  o f  t h e  a n a l y t i c a l  problem 

can be g i ven  i n  general  (mathematical)  terms, a l though p h y s i c a l l y  and chemica l l y  

l a r g e  d i f f e r e n c e s  e x i s t .  

techn iques  descr ibed i n  t h i s  book. 

I t  w i l l  undoubtedly f a c i l i t a t e  t h e  use o f  t he  

28.2. SYSTEMS THEORY 

The use o f  terms beg inn ing  w i t h  t h e  p r e f i x  "systems", j u s t  l i k e  terms such 

as i n f o r m a t i o n  and communication, l ooks  l i k e  being a new f a s h i o n  i n  a n a l y t i c a l  

chemis t ry .  The q u e s t i o n  a r i s e s  o f  whether the  use o f  systems theory ,  systems 

eng ineer ing ,  systems a n a l y s i s  and a systems approach adds a new dimension t o  

a n a l y t i c a l  chemis t ry  and whether i t  f a c i l i t a t e s  the  s o l u t i o n  o f  a n a l y t i c a l  

problems. To beg in  w i t h ,  i t  migh t  be concluded t h a t  many o f  t h e  thoughts  and 

methods p u t  f o rward  by t h e  advocates o f  systems theo ry  a r e  n o t  r e a l l y  new and 

can be regarded as new wrappings f o r  o l d  ways o f  t h i n k i n g  and s o l v i n g  problems. 

However, such a conc lus ion  would p robab ly  be an underes t imat ion  o f  t h e  va lue  o f  

systems theo ry  i n  modern sc ience and technology A t  p resent ,  i t s  r e a l  va lue  i n  

a n a l y t i c a l  chemis t ry  i s  d i f f i c u l t  t o  es t imate .  Reading t e x t s  on systems theory ,  

o f  which we s h a l l  ment ion o n l y  two by Von Ber ta  a n f f y  (1950, 1956), who proposed 

the  genera l  systems theory ,  i s  encouraging. 

w i l l  be t r e a t e d  i n  t h i s  s e c t i o n  ; i t  would r e q u i r e  too  many pages t o  g i v e  a 

d e t a i l e d  p i c t u r e .  

A few aspects t h a t  a r e  o f  importance 

I n  a way, modern sc ience can be c h a r a c t e r i z e d  by an eve r  i n c r e a s i n g  

s p e c i a l i z a t i o n ,  unavo idab le  because o f  t h e  i n c r e a s i n g  amount and d i v e r s i t y  of  

s k i l l s  and knowledge r e q u i r e d  f o r  t h e  s o l u t i o n  o f  problems. 

p r a c t i c e  a r e  becoming more complex. A huge amount o f  s c i e n t i f i c  l i t e r a t u r e  i s  

be ing  p u b l i s h e d  and has t o  be d iges ted  i n  o r d e r  f o r  workers t o  become f a m i l i a r  

w i t h  even r e l a t i v e l y  smal l  areas o f  s c i e n t i f i c  p rogress .  Communication between 

s c i e n t i s t s  i s  easy when they  a re  a c t i v e  i n  the  same ( s u b - ) d i s c i p l i n e  and 

confus ion  e a s i l y  a r i s e s  when workers f rom d i f f e r e n t  d i s c i p l i n e s  meet. 

"languages" and d i f f e r e n t  ways o f  t h i n k i n g  o f t e n  i n h i b i t  t h e  progress  o f  t h e  

Both theo ry  and 

D i f f e r e n t  

iranchembook.ir/edu

https://iranchembook.ir/edu


560 

i n t e r d i s c i p l i n a r y  research  t h a t  i s  r e q u i r e d  f o r  t h e  s o l u t i o n  o f  many problems 

i n  modern sc ience.  Systems theo ry  aims a t  p r o v i d i n g  a common language and 

o f f e r i n g  approaches t h a t  can be used i n  t h e  whole s c i e n t i f i c  wor ld .  

I n  a d d i t i o n  t o  t h e  f a c i l i t a t i o n  o f  i n t e r d i s c i p l i n a r y  approaches th rough the  

i n t r o d u c t i o n  o f  a common language, methods developed i n  one branch o f  sc ience 

m i g h t  e a s i l y  be adapted f o r u s e  i n  o t h e r  branches. 

Von B e r t a l a n f f y ,  problems o f  w i d e l y  d i f f e r e n t  na tures ,  and thus  t h e  s o l u t i o n s ,  

a r e  o f t e n  very  s i m i l a r  when one looks  a t  them more c l o s e l y .  

o f  p h y s i c a l  systems i n  a number o f  i ns tances  can be employed i n  soc io logy .  

Con t ro l  and o t h e r  aspects a re  met i n  t h e  l i v i n g  organism as w e l l  as i n  i n d u s t r i a l  

systems, e t c .  D u p l i c a t i o n  o f  research  e f f o r t s  can be avoided, p rov ided  t h a t  t h e  

problems and  s o l u t i o n s  are  presented  i n  a language f a m i l i a r  t o  a l l  s c i e n t i s t s .  

As has been s t ressed  by 

Fo r  ins tance,  models 

An i m p o r t a n t  aspec t  met i n  systems theory ,  systems eng ineer ing ,  e t c . ,  i s  t h e  

n o t i o n  t h a t  t h e  whole i s  more than the  sum o f  t h e  p a r t s .  

new dimension t o  many ways o f  t h i n k i n g .  

d e r i v e d  f rom t h e  behav iour  o f  t he  component elements un less  the  r e l a t i o n s h i p s  

between t h e  elements a re  known. 

I n  f a c t ,  i t  adds a 

The behav iour  o f  a system cannot be 

A few remarks shou ld  be made about some o t h e r  t h e o r i e s ,  methods and approaches 

w i t h  t h e  p r e f i x  "systems". 

d e f i n i t i o n s  cannot be g iven.  

eng inee r ing  and opera t i ona l  research .  Systems t h e o r e t i c a l  cons ide ra t i ons  can be 

l a r g e l y  verba l  o r  h i g h l y  mathematical  and a b s t r a c t  (see, f o r  i ns tance ,  Zadeh and 

Desoer, 1963).  The development o f  (mathemat ica l )  models f o r  general  use i s  

c h a r a c t e r i s t i c  of systems theory .  Systems eng ineer ing  can be regarded as a 

means o f  a t t a c k i n g  r e a l  problems and des ign ing  r e a l  systems by making use o f  

such models. I t  i s  cha rac te r i zed  by an i n t e g r a l  (systems) approach. The te rm 

opera t i ons  research  i s  u s u a l l y  reserved f o r  t h e  g e n e r a l l y  a p p l i c a b l e  techniques 

used i n  t h e  process o f  systems eng ineer ing .  

cybe rne t i cs ,  e t c . ,  a r e  u s u a l l y  n o t  cons idered as opera t i ons  research  techn iques ,  

a l though these t h e o r i e s  and assoc ia ted  techniques c l e a r l y  p l a y  an i m p o r t a n t  r o l e  

i n  sys tems engi  nee r i  ng . 

Owing t o  t h e  con fus ion  i n  t h e  l i t e r a t u r e ,  exac t  

Systems theo ry  appears t o  i n c l u d e  systems 

S t a t i s t i c s ,  i n f o r m a t i o n  theo ry ,  
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From these very concise remarks about systems theory and the remarks made 

about ana ly t ica l  chemistry in  t h e  preceding sec t ion ,  i t  i s  n o t  surpr i s ing  t h a t  

several workers in  analyt ical  chemistry have s t a r t e d  t o  explore the a p p l i c a b i l i t y  

of systems theory and re la ted  d isc ip l ines  to  ana ly t ica l  problems. The terms 

a n d  def in i t ions  used in  systems theory have been summarized a n d  made ava i lab le  

t o  the  analyt ical  chemist by the Arbei tskreis  "Automation i n  der Analyse", 

convener G .  Gottschalk (1971) (English t rans la t ion  by I . L .  Marr, 1973). These 

terms and def in i t ions  a r e  presented i n  Table 28.1. Unfortunately, the 

Table 28.1. 

Basic terms of systems theory - Definitions (from Arbei t skre is ,  1973) 

Sys ten1 demarcated arrangements o f  a s e t  of elements and a s e t  of 

Element given o r  chosen relevant  components of a s p e c i f i c  system 

Relationship 

re1 a t i  onships between these elements 

given o r  chosen coupling of the  elements o f  a s p e c i f i c  system 

Function behaviour pa t te rns  and e f f e c t s  o f  a system 

St ruc ture  known re la t ionships  between the  elements of a system which lead 
t o  s p e c i f i c  functions 

Organization breakdown of a system i n t o  subsystems with relevant  re la t ionships  
between them. 

Feedback function by means o f  a closed sequence of re la t ionships  

Black box system with s t r u c t u r e  u n k n o w n  a t  the time, b u t  with given 
magnitudes of input and o u t p u t  

filo de 1 system which represents i n  p a r t ,  functions and/or s t ruc tures  
of a real o r  an a b s t r a c t  or iginal  system 

Input-output method o f  elucidat ion of functions of a system based on 
analysis  invest igat ion of the re la t ionships  between the input  and outpAt 

Trial-and-error  method of stepwise elucidat ion of functional re la t ionships  i n  
method a system making use of es tabl ished f a c t s  

Simul a t i  on  

Subsystems can a l s o  have the appearance of elements 

copying of a s p e c i f i c  function of  a system by means o f  a 
functional model 

Arbei tskreis  "Automation i n  der Analyse" has i l l u s t r a t e d  the terms and def in i t ions  

by taking examples t h a t  a r e  not r e a l l y  re levant  to the ana ly t ica l  chemist. 

However, i t  should be borne i n  mind t h a t  a presentat ion of analyt ical  chemistry 

in terms of systems theory requires  a considerable e f f o r t .  Some r e s u l t s  of such 

e f f o r t s  have appeared in  the analyt ical  l i t e r a t u r e ,  t o  a large ex ten t  in  papers 
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by Go t t scha lk  (1972), Ma l issa  (1966, 1974), H a l i s s a  and J e l l i n e k  (1969) and the  

A r b e i t s k r e i s  (1972).  I n  the  work o f  o t h e r  a n a l y t i c a l  chemists,  systems 

t h e o r e t i c a l  thoughts  a r e  more i m p l i c i t  (see f o r  i ns tance ,  Ka iser ,  1973, and 

many papers d e a l i n g  w i t h  aspects o f  au tomat ion) .  

Looking a t  t he  problems i n  a n a l y t i c a l  chemis t ry ,  and more i n  p a r t i c u l a r  a t  

t h e  problems descr ibed i n  t h i s  book, we have t o  desc r ibe  two systems, v i z . ,  

t h e  a n a l y t i c a l  procedure and the  a n a l y t i c a l  l a b o r a t o r y .  I n  t h e  f o l l o w i n g  chapters  

we s h a l l  d iscuss  these systems. 
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Chapter 29 

THE ANALYTICAL PROCEDURE 

29.1. THE 

I n  t h e  

unknown ( 

R e f e r r i n g  

means tha  

BLACK BOX 

p reced ing  chapter ,  t h e  b lack  box was d e f i n e d  as a system w i t h  an 

n t e r n a l )  s t r u c t u r e ,  b u t  w i t h  g i v e n  magnitudes o f  i n p u t  and o u t p u t .  

t o  an a n a l y t i c a l  procedure o r  an a n a l y t i c a l  i ns t rumen t  as a b lack  box 

no th ing  i s  known about t h e  p h y s i c a l ,  chemical ,  mechanical o r  e l e c t r o n i c  

components o r  processes t h a t  conve r t  t h e  sample w i t h  an unknown compos i t ion  i n t o  

a sample w i t h  a known composi t ion.  A s u b s t a n t i a l  p a r t  o f  t he  research  e f f o r t  i n  

a n a l y t i c a l  chemis t ry  has been and s t i l l  i s  devoted t o  the  e l u c i d a t i o n  o f  t h e  

unknown s t r u c t u r e  o f  b lack  boxes o r ,  t o  p u t  i t  d i f f e r e n t l y ,  t o  t u r n  b l a c k  boxes 

i n t o  wh i te ,  o r  a t  l e a s t  g rey  boxes. Such an e l u c i d a t i o n  s a t i s f i e s  human c u r i o s i t y  

and o f t e n  leads  t o  a procedure w i t h  a s u p e r i o r  performance. However, f rom an 

a n a l y t i c a l  p o i n t  o f  view, procedures can be, and o f t e n  a c t u a l l y  a re ,  e q u a l l y  

use fu l  when t h e  i n t e r n a l  s t r u c t u r e  i s  n o t  ( f u l l y )  known t o  the  user.  

f o r  an a n a l y t i c a l  chemist  faced w i t h  w i d e l y  d i f f e r e n t  problems and procedures,  

i t  i s  v i r t u a l l y  imposs ib le  t o  be ( e n t i r e l y )  f a m i l i a r  w i t h  t h e  phys i ca l  and 

chemical p r i n c i p l e s  t h a t  u n d e r l i e  the  procedures and w i t h  t h e  d e t a i l s  o f  t h e  

des ign  o f  t h e  ins t ruments .  

some s c i e n t i s t s  they  may w e l l  appear t o  be b l a c k  boxes t o  o the rs .  

Moreover, 

Even if procedures and equipment a r e  w h i t e  boxes t o  

A b lack  box i s  u s e f u l  f o r  t h e  a n a l y s t  i f ,  and o n l y  i f ,  i t s  o u t p u t  can be used 

t o  a r r i v e  a t  the(approx imate)compos i t ion  o f  t h e  unknown sample. 

d i f f e r e n t l y ,  t h e  i n p u t - o u t p u t  r e l a t i o n  o r  t h e  c a l i b r a t i o n  f u n c t i o n  has t o  be 

known. However, every  a n a l y s t  i s  aware o f  t h e  i n f l u e n c e  o f  parameters ( a l s o  

c a l l e d  d e s c r i p t o r s  ; Kaiser ,  1973) such as temperature,  volume o f  reagen t  and 

wavelength on the  measurement. 

by the  i n p u t - o u t p u t  r e l a t i o n  between, t h e  compos i t ion  o f  t h e  sample and t h e  

measurement alone. 

To p u t  i t  

C l e a r l y  the  b lack  box i s  n o t  adequate ly  descr ibed 

Parameters t h a t  i n f l u e n c e  t h i s  r e l a t i o n  shou ld  be s p e c i f i e d ,  
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and o f t e n  k e p t  cons tan t ,  i n  o r d e r  f o r  u s e f u l  a n a l y t i c a l  r e s u l t s  t o  be ob ta ined.  

The a n a l y t i c a l  procedure as a b lack  box can be a d e s c r i p t i o n  i n  words o f  what 

has t o  be done i n  o r d e r  t o  determine t h e  compos i t ion  o f  t h e  sample ( t h e  a n a l y t i c a l  

r e c i p e ) .  Such a d e s c r i p t i o n  can be supplemented o r  rep laced  w i t h  a more 

schematic model as p resented  i n  F i g .  29.1. 

k z :  "1 " 

Fig .  29.1. The a n a l y t i c a l  procedure as a b lack  box 

Essen t ia l  f o r  t h i s  model a re  the  n a t u r e  ( u n i t s )  o f  t h e  i n p u t  v a r i a b l e s  

x1 

i d e n t i t i e s )  and o f  t h e  o u t p u t  v a r i a b l e s  yl, . . . , yjy . . . , y, rep resen t ing  t h e  

measurements ( vo l tages ,  read ings ) .  O f  ma jo r  importance a re  t h e  i n p u t - o u t p u t  

( x  - y )  r e l a t i o n s  t h a t  a r e  r e q u i r e d  i n  o r d e r  t o  a r r i v e  a t  t h e  a n a l y t i c a l  r e s u l t s  

from t h e  measurements. 

i n f l u e n c e  t h e  measurements and consequent ly the  x - y r e l a t i o n s .  

i n f l u e n c e  they  have t o  be c o n t r o l l e d  and a r e  c a l l e d  t h e  c o n t r o l l a b l e  v a r i a b l e s .  

I n p u t  v a r i a b l e s  t h a t  cannot be kep t  cons tan t  a r e  i n d i c a t e d  by zl. 

o f  these n o n - c o n t r o l l a b l e  v a r i a b l e s  i s  o f t e n  unknown. 

f l u c t u a t i o n s  i n  t h e  o u t p u t  v a r i a b l e s .  

. . . , x., . . . , xn rep resen t ing  t h e  compos i t ion  ( concen t ra t i ons ,  amounts, 
1 

The u v a r i a b l e s  t h a t  have t o  be s p e c i f i e d  a r e  those which 

Because o f  t h i s  

The o r i g i n  

They l e a d  t o  ( s t o c h a s t i c )  

The genera l  p i c t u r e  o f  F i g .  29.1 i s  reduced t o  a model w i t h  one x and one y 

v a r i a b l e  i n  a one-dimensional a n a l y s i s .  Usua l l y  such one-dimensional analyses 

can be used f o r  o n l y  one t ype  of  sample. 

c a l i b r a t i o n  f u n c t i o n .  I t  can be cons idered as a c o n t r o l l a b l e  v a r i a b l e .  

The type o f  sample i n f l u e n c e s  t h e  
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A c l o s e r  i n s p e c t i o n  o f  t h e  a n a l y t i c a l  procedure as a system, i . e . ,  a systems 

ana lys i s ,  r e v e a l s  severa l  t ypes  o f  i n p u t  and ou tpu t .  

and o u t p u t  v a r i a b l e s  t h a t  a r e  r e l e v a n t  when l o o k i n g  a t  t h e  c a l i b r a t i o n  f u n c t i o n .  

However, o t h e r  i n p u t s  and ou tpu ts  e x i s t .  

o u t  o f  t h e  apparatus and energy and s k i l l s  a r e  r e q u i r e d  t o  produce r e s u l t s .  

These aspects w i l l  n o t  be d e a l t  w i t h  here,  as they  a r e  l e s s  r e l e v a n t  i n  t h e  

c o n t e x t  o f  t h i s  book, a l t hough  they  a re  e s s e n t i a l  i n  the  des ign  o f  i ns t rumen ts ,  

t h e  o r g a n i z a t i o n  o f  t h e  l a b o r a t o r y ,  e t c .  

We a r r i v e d  a t  s e t s  o f  i n p u t  

Fo r  ins tance,  m a t e r i a l s  f l o w  i n  and 

A few remarks must be made about a p a r t i c u l a r  i n p u t  and ou tpu t ,  namely t h a t  

Some o f  t h e  p r i n c i p l e s  o f  i n f o r m a t i o n  t h e o r y  have connected w i t h  i n f o r m a t i o n .  

been i n t r o d u c e d  i n  Chapter 8. 

has been d e f i n e d  as t h e  d i f f e r e n c e  between t h e  u n c e r t a i n t y  p e r t a i n i n g  t o  t h e  

compos i t ion  b e f o r e  and a f t e r  a n a l y s i s .  

( p r e - i n f o r m a t i o n )  i s  an i n p u t  parameter and the  u n c e r t a i n t y  remain ing  a f t e r  t h e  

a n a l y s i s  i s  an o u t p u t  parameter.  

o f  t h e  sample, b u t  t o  t h e  (number o f )  p o s s i b l e  composi t ions.  

i n p u t - o u t p u t  r e l a t i o n ,  i .e. , t h e  d i f f e r e n c e  between t h e  u n c e r t a i n t i e s ,  cannot 

be used f o r  a r r i v i n g  a t  t he  compos i t ion  o f  t h e  sample. 

depending on t h e  a n a l y t i c a l  problem, t o  t h e  number o f  d i f f e r e n t  composi t ions t h a t  

can be d i s c r i m i n a t e d  by t h e  a p p l i c a t i o n  o f  t h e  a n a l y t i c a l  procedure.  

p a r a l l e l  t o  t h e  a p p l i c a t i o n  o f  i n f o r m a t i o n  theo ry  i n  communication 

t h e  d i s t i n c t i o n  between seve ra l  p o s s i b l e  messages when these a r e  t r a n s f e r r e d  

th rough a n o i s y  channel ( te lephone,  e t c . ) .  Represent ing  the  a n a l y t i c a l  procedure 

as a n o i s y  channel ,  t h e  process o f  a n a l y s i s  can be represented  by F i g .  29.2 ( f o r  

a comparison w i t h  a communication diagram, see Shannon and Weaver, 1949). 

compos i t ion  i s  coded as a ( p h y s i c a l )  p roper t y .  

no i se  i s  added. 

known and when the  r e l e v a n t  s i g n a l  i s  n o t  obscured by t h e  no ise .  

I n f o r m a t i o n  ob ta ined  from an a n a l y t i c a l  procedure 

The u n c e r t a i n t y  be fo re  a n a l y s i s  

These parameters do n o t  r e f e r  t o  the  compos i t ion  

The cor respond ing  

I t  mere ly  r e f e r s ,  

I t  runs  

theo ry ,  i .e. , 

The 

Th is  p r o p e r t y  i s  measured and 

Decoding i s  p o s s i b l e  when t h e  r e l a t i o n s h i p  between x and y i s  
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sample w i t h  
unknown 
compos i t ion  

us ing  phys i -  
c a l  o r  che- f u n c t i o n  compos i ti on 
m ica l  

F i g .  29.2.  The a n a l y t i c a l  procedure as a communication process. 

2 9 . 2 .  SOME INPUT AND OUTPUT VARIABLES AND THEIR RELATIONS 

L e t  us r e t u r n  t o  t h e  x and y v a r i a b l e s  t h a t  a re  r e l e v a n t  f o r  d e s c r i b i n g  the  

r e l a t i o n s  between t h e  measurements and t h e  compos i t ions .  The x v a r i a b l e s  can, i n  

q u a n t i t a t i v e  a n a l y s i s ,  be expressed as e i t h e r  concen t ra t i ons  o r  amounts. 

number o f  i ns tances  we have represented  t h e  v a r i a b l e s  xl, ..., x 

x, d e f i n i n g  t h e  compos i t ion  i n  t h e  space o f  composi t ions (Chapter 1 7 ) .  

p r e s e n t a t i o n  o f  x v a r i a b l e s  i n  q u a l i t a t i v e  ana lys i s  i s  more compl icated. 

c o n t r a s t  t o  the  q u a n t i t a t i v e  composi t ion,  t h e  i d e n t i t y  cannot be represented  by 

a s e t  o f  con t inuous  v a r i a b l e s .  The n-dimensional  space o f  q u a n t i t a t i v e  composi t ions 

( w i t h  t h e  n concen t ra t i ons  as coo rd ina tes )  as used i n  t h i s  book has t h e  p r o p e r t y  

t h a t  c l o s e l y  r e l a t e d  samples w i l l  correspond w i t h  ad jacent  p o i n t s  i n  t h a t  space, 

whereas w i d e l y  d i f f e r e n t  samples a r e  represented  by p o i n t s  separa ted  by l a r g e  

d i s tances .  Th is  p r o p e r t y  o f  t he  space o f  composi t ions i s  d e s i r a b l e  when cons ide r ing  

the  c a l i b r a t i o n  f u n c t i o n .  

I n  a 

by t h e  v e c t o r  n 
+ 

The 

I n  

Fo r  q u a l i t a t i v e  a n a l y s i s  i t  i s  d e s i r a b l e  t o  d e f i n e  a space o f  composi t ions 

( i d e n t i t i e s )  w i t h  the  same p r o p e r t y  (mix tu res  w i l l  n o t  be cons idered) .  

on the  a n a l y t i c a l  problem, each compos i t ion  shou ld  be represented  by a d i s t i n c t  

p o i n t  ( o r  v e c t o r )  o r  shou ld  c l u s t e r  w i t h  p o i n t s  rep resen t ing  s i m i l a r  composi t ions 

( f o r  i ns tance ,  a l l  a l c o h o l s  shou ld  be represented  by a c l u s t e r  o f  p o i n t s ) .  

severa l  reasons such a space i s  d i f f i c u l t  t o  de f i ne ,  b u t  o t h e r  means o f  ach iev ing  

the  same goal  a re  a v a i l a b l e .  These means a r e  t h e  seve ra l  "codes" t h a t  have 

Depending 

For  
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been invented t o  represent  the i d e n t i t y  of a chemical compound. 

The most widely used codes a re  the name o r  formula of the chemical compound. 

However, not a1 1 formulae and names ident i fy  chemical compounds unambiguously. 

The same molecular (elemental) formula, f o r  instance,  can represent d i f f e r e n t  

chemical compounds. Use of the systematic IUPAC nomenclature o r  the complete 

s t ruc tura l  formula can prevent ambiguities, b u t  these names and formulae a r e  

not e a s i l y  handled by computers. 

handling, i . e . ,  f o r  re t r ieva l  o f ,  in  p a r t i c u l a r ,  organic compounds, have been 

designed ( f o r  reviews, see Lynch e t  a l . ,  1971 ; Ash and Hyde, 1975).  

categories  of s t r u c t u r a l  representat ion can be dis t inguished.  

Other codes t h a t  a re  more s u i t a b l e  f o r  computer 

Three main 

The codes belonging t o  the f i r s t  category a r e  the  so-called fragmentation 

codes. These codes do n o t  describe the e n t i r e  s t r u c t u r e  of the molecule, b u t  

ra ther  ind ica te  the presence of cer ta in  portions of the s t r u c t u r e ,  f o r  instance 

functional groups. 

encode the several possible  s t ruc tura l  elements. The code of a chemical compound 

consis ts  of a combination of such elements. 

the several s t r u c t u r a l  elements i s  not  encoded. Consequently, i t  i s  impossible 

t o  obtain the  e n t i r e  s t r u c t u r e  from the code, b u t  i t  i s  easy t o  s e l e c t  from a 

s e t  of coded s t ruc tures  those which a re  s imi la r .  

Numbers o r  l e t t e r s ,  o r  t h e i r  combinations, a re  used t o  

However, the r e l a t i v e  posi t ion o f  

The second category of codes cons is t s  o f  connection (connect ivi ty)  tab les .  

Every atom, apar t  from hydrogen, i n  the  chemical s t r u c t u r e  i s  given an a r b i t r a r y  

number. 

nature of each atom, the numbers of neighbouring atoms and the  nature of the  

bonds ( s ing le ,  double, e t c . ) .  For  computer use the connection tab les  can be 

l inear ized  (sequence of symbols). 

equally important. The code does not lead to  a unique representat ion o f  chemical 

s t r u c t u r e s ,  although the introduct ion of a s e t  of rules  f o r  numbering the atoms 

can convert the  connection tab le  i n t o  a unique coding system. Usually, s t ruc tura  

elements cannot e a s i l y  be recognized when inspecting a connection tab le .  However 

computer programs have been developed f o r  recognizing cer ta in  s t ruc tura l  elements 

( t y p i c a l l y  not functional groups, b u t  ra ther  p a r t s  of  the skeleton) .  

I n  i t s  simplest form, the s t r u c t u r e  i s  represented by a t a b l e  with the  

I n  t h i s  code a l l  atoms are  considered t o  be 
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Frequen t l y  used are  t h e  s o - c a l l e d  l i n e a r  n o t a t i o n s ,  e s p e c i a l l y  t he  Wiswesser 

l i n e  n o t a t i o n  and t h e  IUPAC n o t a t i o n  developed by Dyson. 

a d e t a i l e d  s e t  o f  r u l e s  a compact code, t h a t  i s  economical t o  s t o r e ,  i s  achieved. 

I n  t h i s  code some impor tan t  chemical f ea tu res  a r e  h i g h l i g h t e d ,  e.g. ,  r i n g  

s t r u c t u r e s .  

eve ry  compound can be r e t r i e v e d  by i t s  code. 

those r e l a t e d  t o  t h e  encoding r u l e s ,  a re  e a s i l y  recognized. 

Through t h e  use o f  

Every s t r u c t u r e  i s  represented  by o n l y  one code and consequent ly  

Some s t r u c t u r a l  e lements,  e.g., 

I t  can be concluded t h a t  codes o t h e r  than t h e  common s t r u c t u r a l  formulae and 

names a r e  a v a i l a b l e  f o r  u n i q u e l y  rep resen t ing  mo lecu la r  s t r u c t u r e s .  

them can be conver ted  i n t o  each o t h e r .  

computer hand l i ng  o f  i n f o r m a t i o n  systems a l s o  enab le  one t o  search f o r  s t r u c t u r e s  

w i t h  common s t r u c t u r a l  f ea tu res .  The cod ing  systems have some p r o p e r t i e s  t h a t  

can  be compared w i th  t h e  space o f  composi t ions as i n t roduced  f o r  q u a n t i t a t i v e  

a n a l y s i s ,  a l t hough  they  a re  n o t  s t r i c t  mathematical  f o rmu la t i ons  o f  a "space 

o f  i den t i  ti es ' I  . 
The o u t p u t  v a r i a b l e s  t h a t  a re  o f  p r imary  i n t e r e s t  a re  the  y v a r i a b l e s  

Some o f  

The codes t h a t  have been developed f o r  

r e p r e s e n t i n g  t h e  r e s u l t s  o f  t he  measurements and t h a t  can be used t o  a r r i v e  a t  

t h e  compos i t ion  o f  t h e  sample. 

o r  p o i n t s  i n  a space o f  measurements, i n  bo th  q u a n t i t a t i v e  a n a l y s i s  (Chapter 17 )  

and q u a l i t a t i v e  a n a l y s i s .  

These v a r i a b l e s  can be represented  by vec to rs  

Fo r  q u a n t i t a t i v e  a n a l y s i s  the  p r i n c i p a l  i n p u t - o u t p u t  ( x - y )  r e l a t i o n  i s  t he  

c a l i b r a t i o n  f u n c t i o n .  

a n a l y t i c a l  procedure.  Fo r  a one-component q u a n t i t a t i v e  a n a l y s i s  t h i s  i n p u t - o u t p u t  

r e l a t i o n  u s u a l l y  i s  g i ven  as S = y / x ,  t h e  s e n s i t i v i t y  o f  t h e  a n a l y t i c a l  

procedure (Chapter 6 ) .  

useless,  a l t hough  a va lue  d i f f e r i n g  f rom zero does n o t  always cor respond t o  a 

u s e f u l  procedure.  

z v a r i a b l e s  upon t h e  x v a r i a b l e  ( n o i s e ) .  

To a l a r g e  e x t e n t  i t  de f ines  t h e  a p p l i c a b i l i t y  o f  t h e  

I f  the  s e n s i t i v i t y  i s  zero,  t h e  a n a l y t i c a l  procedure i s  

T h i s  i s  p a r t i c u l a r l y  so i f  t h e r e  i s  a l a r g e  i n f l u e n c e  o f  t h e  

The s e n s i t i v i t y  o f  a cont inuous procedure i s  e q u a l l y  de f i ned  by y l x .  However, 

t h e  x -y  r e l a t i o n  i s  t ime  dependent. For  a f i r s t - o r d e r  response, t h e  i n f l u e n c e  
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* r  

o f  x upon y i s  governed by t h e  s e n s i t i v i t y  S and f i r s t - o r d e r  t ime  cons tan t  T 

(Chapter 10).  

The concept o f  t h e  s e n s i t i v i t y  rep resen t ing  t h e  x-y r e l a t i o n s  can a l s o  be 

a p p l i e d  t o  mult i -component analyses and leads  t o  t h e  general  fo rmula  i n  m a t r i x  

n o t a t i o n  ( f o r  a more e l a b o r a t e  d e s c r i p t i o n ,  see Chapter 17, eqn. 17.20) 

SI1 . . . 

. . . sji . 

. 'mn 

. . . .  . 

. _ . . .  . 
* 

I s1  = 

1 
2 
- 

(29.1) 

where S . . a r e  p a r t i  a1 s e n s i t i v i t i e s  and I S  I i s  t h e  s e n s i t i v i t y  o f  t h e  

mult i -component procedure.  

method. The " q u a l i t y "  o f  t h e  procedure inc reases  w i t h  i n c r e a s i n g  s e n s i t i v i t y ,  

p rov ided  t h a t  t h e  number o f  dimensions (measurements) and the  e r r o r s  remain t h e  

same. As has been shown i n  Chapter 17, t h e  s e n s i t i v i t y  can be used as a c r i t e r i o n  

f o r  s e l e c t i n g  t h e  b e s t  s e t  o f  wavelengths f o r  a mult i -component spec t rophotomet r ic  

procedure.  

s e l e c t i o n .  

J 1  

Again, a s e n s i t i v i t y  o f  zero  corresponds t o  a use less  

I n  p r i n c i p l e ,  t h i s  method can be cons idered as a method o f  f e a t u r e  

An e q u i v a l e n t  o f  t h e  s e n s i t i v i t y  as d e f i n e d  by eqn. 29.1 f o r  q u a l i t a t i v e  

a n a l y s i s  does n o t  e x i s t ,  owing t o  t h e  l a c k  o f  a s t r i c t  mathematical  f o r m u l a t i o n  

o f  t h e  space o f  i d e n t i t i e s .  

q u a l i t a t i v e  a n a l y s i s  i s  more compl ica ted .  

chemical compounds represented  by t h e i r  names, formulae o r  codes t o g e t h e r  w i t h  

the  cor respond ing  spec t ra  o r  p h y s i c a l  o r  chemical  p r o p e r t i e s .  

t he  procedure i s  determined e s s e n t i a l l y  by t h e  e x t e n t  t o  which spec t ra  ( o r  

p h y s i c a l  p r o p e r t i e s )  can be used t o  i d e n t i f y  chemical compounds. I f  each compound 

has a un ique spectrum, an i d e n t i f i c a t i o n  i s  poss ib le .  I n  those ins tances  where 

s i m i l a r  compounds have s i m i l a r  spec t ra ,  c e r t a i n  s t r u c t u r a l  f ea tu res  can be 

d e r i v e d  from t h e  spectrum. 

Consequently, t h e  i npu t -ou tpu t  r e l a t i o n  f o r  a 

U s u a l l y  i t  c o n s i s t s  o f  a t a b l e  o f  

The q u a l i t y  o f  

I f  such s i m i l a r i t i e s  e x i s t ,  i n t e r p r e t a t i o n  r u l e s  o r  
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s t r u c t u r e  c o r r e l a t i o n  t a b l e s  can be used t o  a r r i v e  a t  t h e  i d e n t i t y  o f  chemical 

compounds from c e r t a i n  s p e c t r a l  f ea tu res .  

upon e i t h e r  t h e o r e t i c a l  cons ide ra t i ons  o r  exper ience.  Rules exp ress ing  t h e  

r e l a t i o n s h i p  between s p e c t r a l  f ea tu res  and s t r u c t u r a l  elements can a l s o  be 

e s t a b l i s h e d  by fo rmal  methods based upon t h e  s tudy  o f  c l u s t e r s  [pa t te rn  

( r e ) c o g n i t i o n ,  c l u s t e r  a n a l y s i s  ; see Chapters 16, 18 and 201 . Al though n o t  

e s s e n t i a l ,  t h e  use o f  l i n e a r  codes f o r  rep resen t ing  t h e  chemical s t r u c t u r e  w i l l  

f a c i  1 i t a t e  these s tud ies  , espec ia l  l y  when 1 arge numbers o f  spec t ra  a r e  used. 

The des ign  o f  such r u l e s  can be based 

The u v a r i a b l e s  were i n t roduced  because o f  t h e i r  i n f l u e n c e  upon t h e  measurements 

( f o r  cons tan t  x,  y v a r i e s  w i t h  u ) .  

knobs on t h e  apparatus.  

l i k e  t h e  volume o f  a p i p e t t e ,  t h e  amount and s t r e n g t h s  o f  reagents ,  e t c .  

obvious t h a t  each procedure has i t s  own s e t  o f  u v a r i a b l e s .  A l l  o f  these 

c o n t r o l l a b l e  v a r i a b l e s  s p e c i f y  the  c o n d i t i o n s  under which t h e  procedure has t o  

be c a r r i e d  ou t .  

procedure.  

e x i s t .  

v a r i a b l e s  t h a t  m igh t  i n f l u e n c e  the  measurements. Even then t h e  e x a c t  i n f l u e n c e  

may be unknown and consequent ly  the  op t ima l  s e t t i n g  o f  t h e  knobs (op t ima l  

c o n d i t i o n s )  i s  d i f f i c u l t  t o  p r e d i c t .  

were d iscussed t h a t  can be used t o  e s t a b l i s h  t h e  op t ima l  c o n d i t i o n s .  

I n  f a c t ,  t h e  u v a r i a b l e s  correspond t o  t h e  

The apparatus i t s e l f  a l s o  can be a u v a r i a b l e ,  j u s t  

I t  i s  

I n  f a c t ,  i t  i s  a d e s c r i p t i o n  o r  p a r t  o f  a d e s c r i p t i o n  o f  t h e  

I f  t h e  box i s  comple te ly  b lack ,  a l a r g e  number o f  p o s s i b l e  u v a r i a b l e s  

Some knowledge about the  b lack  box can be o f  h e l p  i n  s e l e c t i n g  t h e  

I n  P a r t  11, on exper imenta l  design, methods 

The e x a c t  v a r i a t i o n s  o f  t he  z v a r i a b l e s  i s  u s u a l l y  n o t  known and consequent ly 

t h e  z-y r e l a t i o n s  remain undetermined. Only t h e  v a r i a t i o n s  i n  y a r e  s t u d i e d  

by u s i n g  s t a t i s t i c a l  methods. 

2 9 . 3 .  THE COMBINATION OF BLACK BOXES 

I n  a number of i ns tances  i t  i s  advantageous t o  d i v i d e  t h e  b l a c k  box i n t o  a 

s e t  o f  b l a c k  boxes (subsystems).  

a n a l y t i c a l  procedure as shown i n  F i g .  28.1, f o u r  b l a c k  boxes can be d i s t i n g u i s h e d ,  

v i z . ,  t h e  sampling, t he  sample p repara t i on ,  t h e  rneasurement(s) and t h e  da ta  

I n  t h e  schematic r e p r e s e n t a t i o n  o f  t h e  
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hand l i ng .  Each o f  these subsystems has (an)  i n p u t ( s )  and (an) o u t p u t ( s )  and 

consequent ly (a  s e t  o f ) i n p u t  - output r e l a t i o n ( s ) .  

box i s  t h e  i n p u t  o f  t h e  nex t .  

can be c a l c u l a t e d  f rom t h e  i n p u t - o u t p u t  r e l a t i o n s o f  t h e  subsystems. T h i s  i s  

e s p e c i a l l y  h e l p f u l  f o r  t h e  design o f  a n a l y t i c a l  procedures f rom p a r t s  w i t h  known 

p r o p e r t i e s  o r  when l o o k i n g  a t  bo t t l e -necks  i n  t h e  cha in  o f  subsystems. 

The o u t p u t  o f  a c e r t a i n  b l a c k  

Some i n p u t - o u t p u t  r e l a t i o n s o f  t h e  whole system 

The t o t a l  s e n s i t i v i t y  o f  t he  procedure i s  equal  t o  t h e  p roduc t  o f  t h e  

s e n s i t i v i t i e s  o f  t h e  p a r t s ,  i . e . ,  S t  = S1.S2.S 3... 

i n  u n i t s  cor respond ing  t o  t h e  u n i t s  used f o r  t h e  r e l e v a n t  i n p u t  and o u t p u t .  

Thus the  s e n s i t i v i t y  o f  a d i l u t i o n  i s  s i d p l y  a cons tan t  (less than u n i t y ) .  

Whereas t h e  t ime l a g  o r  dead t ime,  tdy c l e a r l y  has a d d i t i v e  p r o p e r t i e s  

Each s e n s i t i v i t y  i s  expressed 

[thus td ( t o t a l )  = td (sampl ing)  + td (sample p r e p a r a t i o n )  + ...] , t h e  frequency 

o f  a n a l y s i s  o r  i t s  r e c i p r o c a l ,  ta, i s  n o t  u n i q u e l y  r e l a t e d  t o ,  f o r  i ns tance ,  t h e  

sampl ing f requency  o r ,  t h e  measuring f requency. 

procedure ( o r  o r g a n i z a t i o n  o f  a l a b o r a t o r y )  shou ld  obv ious l y  always l e a d  t o  t h e  

same f requenc ies  o f  sampl ing,  sample p repara t i on ,  e t c .  

f requenc ies  shou ld  be t h e  same. 

w i  t h  a 1 a r g e r  f requency than t h e  measuring f requency . 

However, t h e  des ign  o f  a 

A t  l e a s t  t he  average 

I t obv ious l y  makes no sense t o  ga the r  samples 

Time cons tan ts  o f  con t inuous  subprocedures can be used t o  p r e d i c t  t h e  t ime  

c o n s t a n t ( s )  o f  t h e  whole procedure.  

be d e a l t  w i t h  here .  However, i n  many ins tances  i t  i s  sa fe  t o  s t a t e  t h a t  t h e  

t ime  cons tan t  o f  t h e  whole procedure i s  equal  t o  t h e  l a r g e s t  t ime cons tan t  found 

i n  t h e  cha in  o f  subprocedures. 

The mathematics a re  compl ica ted  and cannot 

A l though t h e  e x a c t  z-y r e l a t i o n s  a r e  i n  p r i n c i p l e  unknown, and u s u a l l y  need 

n o t  be known, i t  o f t e n  i s  d e s i r a b l e  t o  d e t e c t  t h e  sources o f  t h e  z f l u c t u a t i o n s .  

For  t h i s  d e t e c t i o n ,  use can be made o f  t h e  a d d i t i v e  p r o p e r t y  o f  t h e  var iance,  

v i z . ,  u ( t o t a l )  = u (sampl ing)  + u (sample i n t r o d u c t i o n )  + ... Thus t h e  

var iance o f  t he  ou tpu t  y can be d i v i d e d  i n t o  p a r t s  t h a t  can be asc r ibed  t o  t h e  

seve ra l  sources. 

as i t  i s  p o s s i b l e  t o  determine from a s e t  o f  exper iments t h e  var iance c o n t r i b u t e d  

2 2 2 

ANOVA (Chapter 4)  can be used t o  es t ima te  these c o n t r i b u t i o n s  
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by t h e  measurement, t h e  sum o f  t h e  var iances  o f  t h e  measurement and t h e  sample 

p r e p a r a t i o n  and t h e  t o t a l  var iance.  

t o  es t ima te  t h e  var iances  o f  t h e  subsystems d i r e c t l y .  

I t  i s  c l e a r l y  imposs ib le ,  and n o t  necessary, 

I n  t h e  preced ing  p a r t s  t h e  t o t a l  system has been regarded as a s e t  o f  

subsystems t h a t  a r e  connected i n  s e r i e s .  

boxes i n  p a r a l l e l .  

a n a l y s i s  : a procedure f o r  t h e  de te rm ina t ion  o f  a c e r t a i n  element i s  combined 

w i t h  a procedure s u i t a b l e  f o r  e s t i m a t i n g  another .  

f a c t ,  behave independent ly  (however, i n  a l a b o r a t o r y  o r g a n i s a t i o n  they  cannot 

be cons idered as independent,  see Chapter 30) .  

s i t u a t i o n  a r i s e s .  

a p a r t i a l  i d e n t i f i c a t i o n ,  may be r e q u i r e d  f o r  a f u l l  i d e n t i f i c a t i o n .  Fo r  such 

combinat ions t h e  c o r r e l a t i o n  between t h e  p h y s i c a l  p r o p e r t i e s  o r  spec t ra  ob ta ined  

f rom t h e  i n d i v i d u a l  procedures has t o  be taken i n t o  account.  

t h e o r e t i c a l  s t u d i e s  p e r m i t  t h e  e v a l u a t i o n  o f  t h e  use fu lness  o f  t h e  combined 

system f o r  i d e n t i f i c a t i o n  purposes. 

t h e  t o t a l  amount o f  i n f o r m a t i o n  i s  n o t  equal  t o  t h e  i n f o r m a t i o n  ob ta ined  f rom 

t h e  i n d i v i d u a l  procedures.  

I t  i s  a l s o  p o s s i b l e  t o  connect  b lack  

For  q u a n t i t a t i v e  a n a l y s i s  t h i s  represents  a mult i -component 

Such combined systems, i n  

For  q u a l i t a t i v e  a n a l y s i s  a d i f f e r e n t  

The combina t ion  o f ,  f o r  i ns tance ,  two procedures,  each y i e l d i n g  

I n f o r m a t i o n  

As has been shown i n  Chapters 8 and 17, 

29.4. AN EXAMPLE 

A1 though the  use o f  b l o c k  diagrams t o  rep resen t  schemat i ca l l y  s t r u c t u r e s  t h a t  

a r e  n o t  e a s i l y  descr ibed i n  words i s  widespread i n  sc ience and technology, 

a n a l y t i c a l  rec ipes  a r e  u s u a l l y  desc r ibed  i n  words r a t h e r  than i n  diagrams. 

d e s c r i p t i o n  of a n a l y t i c a l  r e c i p e s  us ing ,  o r  supplement ing them w i t h ,  such 

diagrams has c e r t a i n  advantages. 

complexometr ic de te rm ina t ion  o f  i r o n  (111) as used by Ma l i ssa  and J e l l i n e k  (1969) 

t o  i l l u s t r a t e  the  use of a symbol ic  language (see t h e  n e x t  s e c t i o n ) .  

procedure ( o f  V o r l i l l e k  and Vydra) i s  descr ibed conc ise l y  as f o l l o w s  : 

Remove m e t a l l i c  i r o n  by t r e a t i n g  the  powdered sample (Renn s l a g )  (1 g )  f o r  

20 h w i t h  FeC13 s o l u t i o n  (6%) (50 m l ) .  

The 

L e t  us cons ider  the  r e c i p e  f o r  t h e  

The 

F i l t e r  t h e  m ix tu re ,  wash t h e  res idue  
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w i t h  h o t  wa te r  (100 m l )  and hea t  i t  i n  a p l a t i n u m  c r u c i b l e  w i t h  HC1-HF ( 1 : l )  

f o r  1-2 h on a sand-bath ; repea t  t h e  procedure,  i f  necessary. D i l u t e  t h e  

r e s u l t i n g  s o l u t i o n  w i t h  doubly d i s t i l l e d  wa te r  (oxygen f r e e )  t o  150 m l ,  add 

H3B03 (2-3 g )  and a d j u s t  t h e  pH t o  1.5-2  by adding NaOH s o l u t i o n  (10%). Heat 

t h e  s o l u t i o n  a t  60-70" and t i t r a t e  w i t h  0.05 M EDTA i n  a n i t r o g e n  atmosphere, 

p o t e n t i o m e t r i c a l  l y  o r  by t h e  dead-stop method. 

T h i s  d e s c r i p t i o n  has a l a r g e  number o f  u v a r i a b l e s ,  v i z . ,  v a r i a b l e s  t h a t  

( a p p a r e n t l y )  i n f l u e n c e  t h e  c a l i b r a t i o n  f u n c t i o n .  These u v a r i a b l e s  a r e  t h e  

na tu re  and amount o f  sample, t he  p re - t rea tmen t  o f  t h e  sample (powder ing) ,  t h e  

amount and s t r e n g t h  o f  t h e  FeC13 so lu t io r r ,  t h e  t ime r e q u i r e d  f o r  removal o f  

m e t a l l i c  i r o n ,  t h e  m a t e r i a l  o f  t h e  c r u c i b l e ,  t h e  amount and temperature o f  t h e  

wa te r  t o  be used f o r  washing t h e  res idue,  e t c .  

c o n t r o l  l a b l e  v a r i a b l e s .  

A l t o g e t h e r  t h e r e  a r e  about 30 

Rep lac ing  the  d e s c r i p t i o n  i n  words by a l i s t  o f  u v a r i a b l e s  p rov ides  a check 

l i s t  o f  v a r i a b l e s  t h a t  i n f l u e n c e  t h e  performance c h a r a c t e r i s t i c s .  I n f o r m a t i o n  

w i t h  respec t  t o  t h e  course o f  a n a l y s i s  i s  l o s t  un less  t h e  a n a l y t i c a l  procedure 

i s  s p l i t  i n t o  p a r t s  and f o r  each p a r t  t h e  cor respond ing  u v a r i a b l e s  a r e  g i v e n  

(see t h e  n e x t  s e c t i o n ) .  

E s s e n t i a l l y  t h i s  d e s c r i p t i o n  i s  a b l a c k  box, p r o v i d i n g  i n f o r m a t i o n  about t h e  

c o n t r o l l a b l e  f a c t o r s .  

i n f o r m a t i o n  on t h e  performance c h a r a c t e r i s t i c s  o f  t h e  procedure ( s e n s i t i v i t y ,  

p r e c i s i o n ,  d e t e c t i o n  l i m i t ,  t ime  parameters) and as such t h e  d e s c r i p t i o n  i s  

n o t  complete. 

desc r ibed  when a iming  a t  t h e  a p p l i c a t i o n  o f  t h e  procedure,  i t  i s  t o  be cons idered 

as incomple te  f o r  t h e  purpose o f  comparison w i t h  o t h e r  procedures. Fo r  t h e  

a n a l y s t  f a m i l i a r  w i t h  r e l a t e d  procedures,  t he  box probab ly  i s  n o t  comp le te l y  

b lack  and he may be a b l e  t o  es t ima te  t h e  performance c h a r a c t e r i s t i c s  f rom h i s  

exper ience w i t h  r e l a t e d  procedures.  Communicating an a n a l y t i c a l  procedure t o  

those who a r e  n u t  f a m i l i a r  w i t h  the  p r i n c i p l e s  o f  t h e  procedure i s  p o s s i b l e  w i t h  

a b l a c k  box, p rov ided  t h a t  a c a r e f u l  d e s c r i p t i o n  i s  g i ven .  

A l though i t  migh t  e a s i l y  be i nc luded ,  i t  does n o t  p r o v i d e  

A l though t h i s  b l a c k  box can be cons idered t o  be adequate ly  
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29.5. SOME OTHER WAYS OF DESCRIBING ANALYTICAL PROCEDURES 

The course o f  t h e  a n a l y s i s  i s  obscure when the  procedure i s  represented  by 

the  model i n  F i g .  29.1. More d e t a i l s  about  t h e  course o f  t h e  procedure can be 

i n c l u d e d  when the  system i s  d i v i d e d  i n t o  subsystems. A ve ry  r i g o r o u s  d i v i s i o n  

i n t o  subsystems has been proposed by Ma l i ssa  and J e l l i n e k  (1969) and by Ma l i ssa  

and Simeonov (1978).  

i n f o r m a t i o n  r e q u i r e d  f o r  pe r fo rm ing  the  procedure.  

o f  t h e  procedure descr ibed i n  the  p rev ious  s e c t i o n  i s  shown i n  F i g .  29.3. It 

resembles the  r e p r e s e n t a t i o n  o f  a procedure by F ig .  28.1, a l though t h e r e  a r e  

sane impor tan t  d i f f e r e n c e s .  

i n f o r m a t i o n  on t h e  severa l  u parameters and a re  i n  f a c t  rep resen ta t i ons  o f  t h e  

u n i t  ope ra t i ons  t h a t  a r e  r e q u i r e d  f o r  pe r fo rm ing  t h e  a n a l y s i s  (heat ing ,  

f i l t r a t i o n ,  e t c . ) .  

The whole scheme i s  designed t o  y i e l d  t h e  same i n f o r m a t i o n  as t h e  w r i t t e n  t e x t .  

T h e i r  symbol ic language i s  aimed a t  r e t a i n i n g  a l l  

The symbol ic r e p r e s e n t a t i o n  

The symbols i n  F i g .  29.3 a re  b l a c k  boxes t h a t  y i e l d  

I n p u t  and o u t p u t  o f  m a t e r i a l s  a r e  c l e a r l y  i n d i c a t e d  by arrows. 

RkI3 $0 
F i g .  29.3. Symbolic r e p r e s e n t a t i o n  o f  a complexometr ic t i  t r a t i o n  procedure.  

I n  o r d e r  t o  be a b l e  t o  desc r ibe  a wide v a r i e t y  o f  procedures,  a l a r g e  number 

o f  symbols unambiguously rep resen t ing  the  va r ious  u n i t  ope ra t i ons  a r e  r e q u i r e d  

( t h e  semant ics o f  t h e  symbol ic  language).  

designed i n  o rde r  t o  connect t h e  va r ious  u n i t  ope ra t i ons  ( t h e  grammar). 

op in ion ,  f o r  a f u l l  d e s c r i p t i o n  o f  a n a l y t i c a l  procedures a r a t h e r  comp l i ca ted  

language i s  r e q u i r e d  and f o r  t h a t  reason we doubt  whether e v e n t u a l l y  t h e  goal  

o f  more s imp ly  and c l e a r l y  rep resen t ing  a n a l y t i c a l  procedures w i  11 be reached. 

I n  a d d i t i o n ,  a s e t  o f  r u l e s  has t o  be 

I n  ou r  
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Own exper ience i n d i c a t e s  t h a t  such a symbol ic  language i s  u s e f u l  f o r  wet  chemical 

ana lys i s ,  b u t  f a i  1 s when ins t rumen ta l  and more dimensional  procedures a r e  

cons idered.  

has been g i v e n  by Go t t scha lk  (1972) and by Or tne r  and Scherer (1977). 

Examples o f  t h e  comparison o f  procedures u s i n g  t h e  symbol ic  language 

Ma l i ssa  and J e l l i n e k  (1969) d iscussed another  (computer)  language, a iming  a t  

a f a c i l i t a t i o n  o f  t h e  au tomat ion  ( compu te r i za t i on )  o f  a n a l y t i c a l  procedures.  The 

same r e c i p e  f o r  de termin ing  i r o n  (111) i r o n  i n  t h a t  language i s  shown i n  Table 

29.1. 

r e p r e s e n t a t i o n  o f  t h e  procedure i s  a b l a c k  box. 

I t  i s  easy, even w i t h o u t  an exp lana t ion ,  t o  read Table 29.1. Again,  t h e  

Table 29.1. 

A n a l y t i c a l  procedure i n  computer language (Mal issa  and J e l l i n e k ,  1969) 

Step 

0 START 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

12 
13 

SAMPL S 1  
ADD L1 

FILT 
WASH L2 
ADD L3 
HEAT (100;60) 
DILUT L4 (150) 
ADD S2 
ADD L5 
I F  (PH.LT.2.0) 

SOLV (1200) 

GO TO 10 
TITR L6 (70)  
END 

L1 : FeC13 s o l u t i o n  (6%) ; 50 m l  
L2 : Water ; 100°C ; 100 m l  
L3 : HCl/HF s o l u t i o n  (1:l)  
L4 : Water ; doubly d i s t i l l e d  
L5 : NaOH (10%) 
L6 : EDTA (0.05 M) 
S 1  : Sample ; 1 g 
S2 : H3B03 ; 3 g 

Another computer language aimed a t  l a b o r a t o r y  au tomat ion  has been descr ibed 

However, t h e  f u t u r e  a p p l i c a t i o n  o f . t h e s e  languages i s  by Toren e t  a l .  (1972).  

u n c e r t a i n .  

o f  t h e  i n t r o d u c t i o n  o f  mic roprocessors .  

Labora to ry  au tomat ion  may w e l l  develop a long o t h e r  l i n e s  as a r e s u l t  

29.6. QUALITY CONTROL 

Ana lys ing  i s  a process, e i t h e r  cont inuous o r  d iscont inuous ,  t h a t  has t o  be 

k e p t  under c o n t r o l .  The " q u a l i t y "  o f  t h e  a n a l y t i c a l  r e s u l t s  produced by t h a t  
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process has t o  be guaranteed. 

a c t i o n s  have been inc luded .  

i n  a s p e c i f i e d  way i n  o r d e r  t o  p reven t  t h e  p r o d u c t i o n  o f  i n c o r r e c t  r e s u l t s .  

many a n a l y t i c a l  procedures t h i s  t y p e  o f  c o n t r o l  i s  n o t  s u f f i c i e n t  t o  a v o i d  

( sys temat i c )  e r r o r s .  

s p e c i f i e d .  

Cons ider ing  t h e  problem f rom t h a t  ang le ,  t h e  process o f  c a l i b r a t i o n  i s  a c o n t r o l  

a c t i o n .  Several  o t h e r  methods have been developed t o  keep t h e  ana lys ing  process 

under c o n t r o l ,  f o r  i ns tance ,  t he  use o f  c o n t r o l  c h a r t s  (Chapter 5 ) .  

There fore ,  i n  t h e  scheme i n  F i g .  28.1 c o n t r o l  

U s u a l l y  t he  u v a r i a b l e s  a r e  k e p t  cons tan t  o r  v a r i e d  

Fo r  

Apparent ly  i n  such cases n o t  a l l  u v a r i a b l e s  have been 

I n  such ins tances  a more o r  l e s s  f requen t  c a l i b r a t i o n  i s  requ i red .  

29.7. THE ANALYTICAL PROCEDURE AS A SUBSYSTEM 

A n a l y t i c a l  procedures a r e  used f o r  s o l v i n g  a n a l y t i c a l  problems. Some o f  these 

(genera l i zed )  problems have been d iscussed i n  P a r t  I V .  

r e s u l t s  a r e  r e q u i r e d  i n  o r d e r  t o  be ab le  t o  make dec i s ions .  

he lps  one t o  decide whether a c t i o n s  shou ld  be taken. 

t he  c l i n i c a l  l a b o r a t o r y  w i l l  o r  w i l l  n o t  be f o l l o w e d  by therapy  ; i n  t h e  

research  l a b o r a t o r y ,  r e s u l t s  w i l l  be o f  h e l p  i n  gu id ing  the  research, e t c .  

I n  genera l  , a n a l y t i c a l  

A n a l y t i c a l  chemis t ry  

A n a l y t i c a l  r e s u l t s  f rom 

A l though we have cons idered t h e  a n a l y t i c a l  procedure as a separa te  system, i t  

c l e a r l y  shows i n t e r a c t i o n s  w i t h  t h e  environment.  

i n t e r a c t i o n s  i s  n o t  a v a i l a b l e ,  a l t hough  t h e r e  a r e  s t r o n g  i n d i c a t i o n s  t h a t  every  

a n a l y t i c a l  procedure i s  p a r t  of a c o n t r o l  l oop  and thus  he lps  t o  r e g u l a t e  processes, 

whether these processes be t h e  therapy  o f  p a t i e n t s  o r  research  a c t i v i t i e s .  

genera l  goal  o f  t h e  a n a l y s i s  w i l l  be t o  o p t i m i z e  these processes. 

A genera l  model f o r  these 

The 

D e f i n i n g  such o p t i m i z a t i o n  problems r e q u i r e s  conununication w i t h  s c i e n t i s t s  

o f  o t h e r  d i s c i p l i n e s .  

by b l a c k  boxes. 

i n  t h i s  chap te r  a re  c e r t a i n l y  more impor tan t  than t h e  i n t e r n a l  elements o f  and 

r e l a t i o n s h i p s  w i t h i n  t h e  b l a c k  box. 

procedure presented  i s  f a r  from complete, i t  i s  wor th  s t i m u l a t i n g  t h e  development 

o f  genera l  i zed p i c t u r e s  . 

I n  t h a t  con tex t ,  a n a l y t i c a l  procedures shou ld  be represented  

Fo r  t h a t  purpose, t h e  f u n c t i o n  and c h a r a c t e r i s t i c s  as desc r ibed  

A l though t h e  p i c t u r e  o f  t he  a n a l y t i c a l  
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Chapter 30 

T H E  A N A L Y T I C A L  LABORATORY 

30.1. INTRODUCTION 

The ana ly t ica l  laboratory i s  a complex system. Although t h i s  complex system 

i n  a way resembles the  analyt ical  procedure - samples en ter  i n t o  and ana ly t ica l  

r e s u l t s  emerge from the system - i t  i s  impossible t o  improve o r  optimize the 

ana ly t ica l  laboratory by merely looking a t  the inputs ( x  var iab les )  and outputs 

(y  v a r i a b l e s ) ,  changing the  cont ro l lab le  u var iables  and seeing whether the 

performance of the  laboratory improves. 

a black box when aiming a t  optimization. 

the in te rna l  s t r u c t u r e  or the organization of the analyt ical  laboratory.  

The laboratory cannot be considered as  

I t  i s  inevi tab le  t h a t  one must consider 

The performance c h a r a c t e r i s t i c s  t h a t  a r e  t o  be used f o r  laboratory optimization 

a r e  usually the same as those used f o r  optimizing the  analyt ical  procedure. 

However, there  can be differences.  For instance,  the time t h a t  e lapses  between 

the acceptance of a sample by the laboratory and the  termination of the  analysis  

i s  usually not equal t o  the time lag of the ana ly t ica l  procedure (Chapter 2 1 ) .  

The r a t e  of a r r i v a l  of the  samples, espec ia l ly  with i r r e g u l a r  ra tes  of a r r i v a l ,  

has a pronounced influence on the length of the queue and consequently on the 

waiting times. 

ana lys i s .  I n  some instances the re la t ionships  between the performance 

c h a r a c t e r i s t i c s  a n d  the corresponding c h a r a c t e r i s t i c s  of the  laboratory a r e  simple, 

b u t  in  many o ther  instances they a r e  complicated o r  even obscure. 

I t  a l so  i s  c l e a r  t h a t  such e f f e c t s  wil l  influence the cos t  per 

The performance c h a r a c t e r i s t i c s  of a laboratory a r e  s t rongly influenced by 

the s t r u c t u r e  of the  system. 

many elements o r  sub-systems : analy t ica l  procedures and instruments of d i f f e r e n t  

kinds, personnel with d i f f e r e n t  tasks  and s k i l l s  and nowadays a l so  laboratory 

computers. Between the procedures and people, several in te rac t ions  ( re la t ionships)  

e x i s t ,  f o r  instance a manual procedure does n o t  produce information without a 

Usually the complex laboratory system cons is t s  of 
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t e c h n i c i a n .  The whole s e t  o f  elements and r e l a t i o n s h i p s ,  i .e. t h e  o r g a n i z a t i o n  

o f  men and machines, l a r g e l y  i n f l u e n c e s  t h e  performance o f  t he  l a b o r a t o r y .  

S tud ies  o f  t h i s  performance o r  a t tempts  t o  op t im ize  i t  r e q u i r e  t h e  c o n s t r u c t i o n  

o f  a l a b o r a t o r y  model, i n  p a r t i c u l a r  a model t h a t  can p r e d i c t  t h e  e f f e c t  o f  a 

change i n  the  o r g a n i z a t i o n .  

t oo  c o s t l y  and can l e a d  t o  disappointments.  

i ns t rumen ts  w i t h  t h e i r  c h a r a c t e r i s t i c s ,  human behav iour  and i n t e r a c t i o n s  between 

procedures,  between people and between procedures and people have n o t  been 

desc r ibed  i n  t h e  a n a l y t i c a l  l i t e r a t u r e ,  a l though some aspects have been s tud ied ,  

such as communications between the  i n d i v i d u a l s  i n  a research  l a b o r a t o r y  ( A l l e n ,  

1971 ; F r o s t  and Whi t ley ,  1971). The i n c r e a s i n g  need f o r  a n a l y t i c a l  i n f o r m a t i o n  

i n  many s e c t o r s  o f  sc ience and s o c i e t y  can o n l y  be met i f  i t  i s  produced more 

economica l l y  (and i f  t h e  need i s  thorough ly  ques t i oned) .  I t  t h e r e f o r e  i s  n o t  

s u r p r i s i n g  t h a t  a t tempts  have been made ( b u t  p robab ly  n o t  always pub l i shed)  t o  

c o n s t r u c t  s i m p l i f i e d  models t h a t  rep resen t  some aspects o f  t he  a n a l y t i c a l  

l a b o r a t o r y  and t h a t  can y i e l d  a va luab le  c o n t r i b u t i o n  t o  the  problem o f  l a b o r a t o r y  

o p t i m i z a t i o n .  As has been remarked i n  Chapter 21, t he  very  c o n s t r u c t i o n  o f  

such s i m p l i f i e d  models can c o n t r i b u t e  t o  a b e t t e r  unders tand ing  o f  what i s  

Exper imenta t ion  w i t h  t h e  r e a l  l a b o r a t o r y  o f t e n  i s  

Models compr is ing  procedures and 

n the  l a b o r a t o r y  and consequent ly t o  a b e t t e r  o r g a n i z a t i o n .  

NOTES ON THE ORGANIZATION OF THE LABORATORY 

happening 

30.2. SOME 

I n  a paper on a n a l y t i c a l  l a b o r a t o r y  o r g a n i z a t i o n a l  design, Cook (1976) uses 

t h e  f o l l o w i n g  d e f i n i t i o n  o f  an a n a l y t i c a l  l a b o r a t o r y  o r g a n i z a t i o n  : "An 

a n a l y t i c a l  chemis t ry  l a b o r a t o r y  o r g a n i z a t i o n  i s  t he  r a t i o n a l  c o o r d i n a t i o n  o f  t he  

a c t i v i t i e s  o f  a number o f  people f o r  t h e  achievement o f  some common e x p l i c i t  

analyses o r  a n a l y t i c a l  goa ls ,  through d i v i s i o n  o f  l abour  and f u n c t i o n  and th rough 

a h i e r a r c h y  o f  a u t h o r i t y  and r e s p o n s i b i l i t y " .  Th is  d e f i n i t i o n  i s  a m o d i f i c a t i o n  

o f  one g i ven  by Schein (1970), who comments : "The o r g a n i z a t i o n  i s  a complex 

s o c i a l  system which must be s t u d i e d  as a t o t a l  system". 
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Al though we can observe t h a t  t h e  d e f i n i t i o n  i s  c l e a r l y  i n  l i n e  w i t h  t h e  

systems approach, i t  obv ious l y  r e f e r s ,  as do many o t h e r  d e f i n i t i o n s  o f  o r g a n i z a t i o n ,  

p redominant ly  t o  the  persona l  aspects,  i .e., t h e  f u n c t i o n s ,  tasks  and 

r e s p o n s i b i l i t i e s  t o  be assigned i n  r e l a t i o n  t o  t h e  o b j e c t i v e s  o f  t h e  l a b o r a t o r y .  

For  l a b o r a t o r y  o p t i m i z a t i o n ,  a d e f i n i t i o n  compr is ing  a l l  elements, equipment 

and personnel  i s  requ i red ,  b u t  obv ious l y  i s  more d i f f i c u l t  t o  handle.  

a d i scuss ion  o f  a l a b o r a t o r y  o r g a n i z a t i o n  i n  a r e s t r i c t e d  sense i s  p o s s i b l e  and 

f r u i t f u l  . 

Never the less ,  

Fo r  an o r g a n i z a t i o n  change ( o r  des ign)  t o  be succes fu l ,  accord ing  t o  Cook 

(1976),  t h e  o b j e c t i v e s  o f  t h e  proposed change must be c l e a r l y  de f i ned .  The 

o b j e c t i v e s  can be grouped i n t o  t h r e e  areas, corpora te ,  personnel  and government : 

co rpo ra te  : 

- management a t t i t u d e  towards r e o r g a n i z a t i o n  

- changing co rpo ra te  goa ls  and o b j e c t i v e s  

- s h o r t -  and long- te rm economic f o r e c a s t s  o f  ma jor  business 

- computing c a p a c i t y  a v a i l a b l e  f o r  au tomat ion  

- r e c o g n i t i o n  o f  t h e  na tu re  o f  t h e  co rpo ra te  business one suppor ts  - manufac tur ing ,  

p i l o t  p l a n t  and/or research  

personnel  : 

- s t a f f  requ i rements  - age d i s t r i b u t i o n  

- new breed o f  s p e c i a l i s t s  

- j o b  r o t a t i o n  

- j o b  p rog ress ion  

- psycho log ica l  c o n t r a c t  

government : 

- government r e g u l a t i o n s .  

I t  i s  e v i d e n t  t h a t  t h e  op t ima l  l a b o r a t o r y  o r g a n i z a t i o n  s t r o n g l y  depends on 

t h e  environment o f  t h e  l a b o r a t o r y  ( i n d u s t r y ,  government, u n i v e r s i t y ) .  

t h e r e  a re  as many l a b o r a t o r y  o r g a n i z a t i o n s  as t h e r e  a r e  a n a l y t i c a l  l a b o r a t o r i e s ,  

a l t hough  i t  i s  p o s s i b l e  t o  d i s t i n g u i s h  between some main types.' Cook discusses seven 

op t i ons ,  rang ing  f rom smal l  t o  l a r g e  l a b o r a t o r i e s  and from r o u t i n e  ( c o n t r o l )  t o  

Probably 
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research  l a b o r a t o r i e s .  

Labora tory  o rgan iza t i ons  a r e  o f t e n  represented  by schematic b lock  diagrams 

rep resen t ing  f u n c t i o n s ,  tasks  and r e s p o n s i b i l i t i e s  o f  t he  severa l  departments 

and/or people.  

taken i n t o  account,  l a b o r a t o r y  o p t i m i z a t i o n  from the  p o i n t  o f  v iew o f  o r g a n i z a t i o n  

(even i n  t h i s  r e s t r i c t e d  sense) i s  r a t h e r  compl ica ted  and by and l a r g e  cannot 

be comple te ly  t a c k l e d  w i t h  fo rmal  o p t i m i z a t i o n  techniques. 

Cons ider ing  t h e  number and na tu re  o f  f a c t o r s  t h a t  shou ld  be 

However, Goulden (1974) discusses seve ra l  management s t u d i e s  and techn iques  

t h a t  may be h e l p f u l  i n  a n a l y t i c a l  research, development and s e r v i c e .  He cons iders  

- more o r  l e s s  i n  p a r a l l e l  w i t h  Cook - t h r e e  e s s e n t i a l  components : the  work o r  

tasks  t o  be undertaken, t h e  o r g a n i z a t i o n  necessary t o  e f f e c t  t h a t  work and t h e  

people by whom t h e  work w i l l  be done. He draws a t t e n t i o n  t o  some more o r  l e s s  

fo rmal  methods t h a t  a r e  o f  use i n  p lann ing  ( p r o j e c t  s e l e c t i o n ,  e v a l u a t i o n  and 

c o n t r o l ) ,  t o  t h e  severa l  views on o r g a n i z a t i o n  and t o  f a c t o r s  t h a t  a r e  r e l a t e d  

t o  peop le  ( t h e i r  s k i l l s ,  mo t i va t i on ,  e t c . ) .  

Because o f  t h e  d i f f i c u l t y  o f  app ly ing  fo rmal  techniques t o  o r g a n i z a t i o n a l  

models o f  t he  a n a l y t i c a l  l a b o r a t o r y ,  we s h a l l  r e f r a i n  f rom an ex tens i ve  d i scuss ion  

o f  t h i s  t o p i c .  

o r g a n i z a t i o n  t o  be o f  minor  importance. 

w i t h  r e l i a b l e  a n a l y t i c a l  equipment and h i g h l y  s k i l l e d  techn ic ians  b u t  p o o r l y  

o rgan ized w i l l  produce a n a l y t i c a l  i n f o r m a t i o n  i n e f f i c i e n t l y .  

Th i s ,  o f  course, does n o t  imp ly  t h a t  we cons ide r  t h e  l a b o r a t o r y  

I t i s  beyond doubt t h a t  a l a b o r a t o r y  

30.3. METHODS FOR SIMULATING THE ANALYTICAL LABORATORY 

Even i f  t h e  o r g a n i z a t i o n a l  aspects ment ioned i n  t h e  preced ing  s e c t i o n  a r e  n o t  

considered, t h e  a n a l y t i c a l  l a b o r a t o r y  i s  a complex system. I t  c o n s i s t s  o f  

elements o r  sub-systems, t h e  a n a l y t i c a l  procedures and/or i ns t rumen ts .  Each o f  

t h e  sub-systems has a c e r t a i n  f u n c t i o n ,  i . e . ,  t h e  a b i l i t y  t o  produce a n a l y t i c a l  

i n f o r m a t i o n .  Th is  a b i l i t y  i s  c h a r a c t e r i z e d  by the  performance c h a r a c t e r i s t i c s .  

U s u a l l y  t he re  i s  a r e l a t i o n s h i p  between t h e  procedures and/or i ns t rumen ts .  

two o r  more procedures are  used t o  produce t h e  r e q u i r e d  i n f o r m a t i o n .  I f  one 

Of ten  
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method f a i l s ,  another has t o  be used. Relationships a l so  e x i s t  between two 

procedures i f  there  i s  only one technician in  charge of b o t h .  

t h a t  d i f f e r e n t  procedures in  the same laboratory have e s s e n t i a l l y  the same 

funct ion,  b u t  d i f f e r  in  some respects ,  with the r e s u l t  t h a t  i n  some s i t u a t i o n s  

i t  may be a t t r a c t i v e  t o  use one method ( f o r  instance,  a manual method when there  

a re  few samples t o  analyse) whereas i n  o ther  s i t u a t i o n s  i t  may be preferable  t o  

use another (automated procedures f o r  a la rge  number of samples). All of these 

aspects f a l l  under the heading of organizat ion,  although they are  d i f f e r e n t  from 

the aspects mentioned i n  sect ion 30.2.  

I t  i s  a l s o  possible  

A laboratory model consis t ing of the procedures and instruments, probably 

together  with t h e i r  operators ,  the functions and the re1 at ionshi  ps, again i s  a 

s implif ied p ic ture  of r e a l i t y .  The important aspects of human behaviour a r e  

largely neglected, or a t  l e a s t  introduced as a kind of average human behaviour. 

When keeping t h i s  i n  mind, such models can contr ibute  t o  the eff ic iency in  the 

ana ly t ica l  laboratory.  I t  goes without saying t h a t  these models should a l so  

account f o r  the in te rac t ion  with the laboratory environment. 

Some aspects  of such laboratory models, and of the formal optimization 

techniques t h a t  can be applied t o  these models, have been discussed i n  t h i s  book, 

most notably in  the chapters on operational research methods (Chapters 2 1 - 2 4 ) ,  

b u t  a l s o  i n  Par t  IV where some aspects of the in te rac t ion  with the environment 

were discussed. 

I n  sect ion 21.3 on queueing theory, i t  was observed t h a t  i n  many instances the 

theory cannot be applied i f  the r a t e  of a r r i v a l  of the  samples cannot be 

described adequately mathematically and/or i f  the laboratory system i s  too 

complicated. 

the  (proposed) real laboratory s i tua t ion .  A laboratory model of t h a t  kind was 

described by Schmidt (1976, 1977). 

in  GPSS-FORTRAN and i s  espec ia l ly  designed f o r  simulating the c l i n i c a l  laboratory,  

although i t  probably can be e a s i l y  adapted t o  o ther  rout ine (cont ro l )  aborator ies  

Another model f o r  simulating the  c l i n i c a l  laboratory,  LABSIMU, a l so  wr t t e n  i n  

GPSS-FORTRAN, was designed by VaBnanen e t  a l .  (1974). 

Then one should t r y  t o  construct  models s u i t a b l e  f o r  simulation of 

This simulation model, SIM-LAB, was wri t ten 
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Without underestimating the complexity o f  c l i n i c a l  l abora tor ies  i n  general ,  

these labora tor ies  a re  probably l e s s  complex than many other  ana ly t ica l  

l abora tor ies .  As the  bulk of the analyses i n  the c l i n i c a l  laboratory concerns 

r e l a t i v e l y  few types of sample, the (quant i ta t ive)  analyt ical  procedures used 

a re  usually well standardized and  the ana ly t ica l  problems t o  be solved are  usually 

well spec i f ied  ( t h e  medical problem may be n o t ) .  However, even the complexity 

of such a system i s  considerable. 

r e a l i s t i c  image of r e a l i t y  i n  order  t o  optimize the laboratory,  using f o r  instance 

laboratory costs  o r  cost  per analysis  o r  the average waiting time as  a c r i t e r i o n .  

The model described by Schmidt (1976, 1977) can be used f o r  such optimization 

s tudies .  

f o r  d i s t r i b u t i n g  the samples over the  instruments t h a t  a r e  ava i lab le .  

aspects  of the model wil l  be described here. 

Obviously the model should be a s u f f i c i e n t l y  

I t  can a l so  be used f o r  determining a t  any moment the  optimal s t ra tegy  

Some 

I t  goes without saying t h a t  the model should include options f o r  a var iable  

The influence o f  t h i s  r a t e  on the performance r a t e  of a r r iva l  of the samples. 

o f  the laboratory has already been observed. 

I n  many c l i n i c a l  l abora tor ies  there  a re  several instruments avai lable  f o r  the 

same ana lys i s ,  with d i f f e r e n t  capac i t ies .  

the instances i n  which a p a r t i c u l a r  instrument has t o  be used. Sometimes the 

same instrument - f o r  instance a f t e r  changing a module - can be used f o r  

d i f f e r e n t  analyses. The laboratory model should allow f o r  changing a n  instrument 

from one determination t o  another and indicat ing when and how often such a change 

should be made. 

Decisions have t o  be made concerning 

I n  many instances c l i n i c a l  laborator ies  are  p a r t i a l l y  equipped with 

mu1 ti-(n-)channel instruments s u i t a b l e  f o r  the  simul taneous determination o f  

several ( n )  components. I f  a sample i s  fed i n t o  such an instrument, the r e s u l t s  

of a l l  n determinations become avai lable  even i f  fewer determinations a r e  

required. Nevertheless, i t  may be advantageous t o  use a multi-channel apparatus 

r a t h e r  than performing the analyses separately.  Again with the model one should 

be able  t o  make such decis ions.  
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F i n a l l y ,  b u t  no l e s s  impor tan t ,  i s  t h e  i n e v i t a b l e  assignment o f  p r i o r i t i e s  

t o  the  samples. 

t h e  performance o f  t he  l a b o r a t o r y .  

A l l o w i n g  f o r  p r i o r i t i e s  u s u a l l y  has a pronounced i n f l u e n c e  upon 

From t h e  l i t e r a t u r e  a v a i l a b l e  a t  p resent ,  i t  appears t h a t  p r e d i c t i o n s  about  

l a b o r a t o r y  c o s t  and w a i t i n g  t imes can be made f o r  severa l  l a b o r a t o r y  o r g a n i z a t i o n s  

(number and t y p e  o f  equipment) ,  b u t  i t  i s  n o t  c l e a r  whether t h e  r e s u l t s  ob ta ined  

by us ing  s i m u l a t i o n  models have been conf i rmed i n  a c t u a l  p r a c t i c e .  

expect t h a t  f o r  r o u t i n e  l a b o r a t o r i e s  and a h igh  degree o f  automat ion t h e  

agreement between p r e d i c t i o n s  ob ta ined  f rom t h e  model and p r a c t i c e  w i l l  be 

reasonable as t h e  f a c t o r s  account ing  f o r  human i n t e r f e r e n c e  w i l l  be l e s s  impor tan t  

o r  a t  l e a s t  more o r  l e s s  cons tan t .  However, some c l i n i c a l  chemists seem t o  have 

doubts about t h i s  constancy o f  t h e  human f a c t o r s ,  and probab ly  they  a r e  r i g h t .  

When keeping i n  mind t h e  i n t e r a c t i o n s  n o t  o c c u r r i n g  i n  t h e  model and thus  r a t i n g  

these models a t  t h e i r  t r u e  values, a va luab le  c o n t r i b u t i o n  t o  l a b o r a t o r y  

o p t i m i z a t i o n  can be ob ta ined  f rom s imu la ted  l a b o r a t o r y  o rgan iza t i ons .  

One m igh t  

To conclude, we s h a l l  make some remarks about t h e  a n a l y t i c a l  l a b o r a t o r y  and 

systems theo ry .  

t h e  a n a l y t i c a l  l a b o r a t o r y .  

be s t u d i e d  i n  o r d e r  t o  improve t h e  performance o f  t h e  system. 

formal approaches u s u a l l y  can o n l y  be a p p l i e d  t o  i s o l a t e d  p a r t s  o f  t he  e n t i r e  

system. 

l a b o r a t o r y  does n o t  always run  p a r a l l e l  w i t h  an o p t i m i z a t i o n  o f  t he  e n t i r e  

l a b o r a t o r y .  

I n  r e a l i t y ,  o p t i m i z a t i o n  o f  t he  l a b o r a t o r y  has t o  be cons idered as a 

sub -op t im iza t i on  becawe of i t s  i n t e r a c t i o n  w i t h  t h e  environment. 

sub -op t im iza t i on  i s  n o t  t h e  same as o p t i m i z i n g  t h e  l a r g e r  system o f  wh ich  t h e  

l a b o r a t o r y  i s  o n l y  a p a r t .  

sense shou ld  go toge the r  when s tudy ing  and t r y i n g  t o  improve t h e  performance o f  

1 abo ra to r ies .  

Apparent ly  t h e  b lack  box concept i s  o f  l i t t l e  use i n  s t u d i e s  o f  

The s t r u c t u r e  o r  o r g a n i z a t i o n  o f  t h e  system has t o  

Mathematical  o r  

One shou ld  always keep i n  mind t h a t  o p t i m i z a t i o n  o f  p a r t  o f  t h e  

O p t i m i z a t i o n  o f  t h e  l a b o r a t o r y  d e f i n i t e l y  r e q u i r e s  a systems approach. 

Such a 

For  the  t ime being, formal techniques and common 
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APPENDIX 

Table I 

The normal d i s t r i b u t i o n  

a .  The cumulative frequency d i s t r i b u t i o n  function 

x F (x )  x F ( x )  
0.0 0.5000 2.0 3.9772 
0.1 0.5398 2.1 0.9821 
0.2 0.5793 2.2 0.9861 
0.3 0.6179 2.3 0.9893 
0.4 0.6554 2.4 0.9918 
0.5 0.6915 2.5 0.9938 
0.6 0.7257 2.6 0.9953 
0.7 0.7580 2.7 0.9965 
0.8 0.7881 2.8 0.9974 
0 .9  0.8159 2.9 0.9981 
1.0 0.8413 3.0 0.9987 
1.1 0.8643 3.1 0.9990 
1.2 0.8849 3.2 0.9993 
1.3 0.9032 3.3 0.9995 
1.4 0.9192 3.4 0.99966 
1.5 0.9332 3.5 0.99977 
1.6 0.9452 3.6 0.99984 
1.7 0.9554 3.7 0.99989 
1.8 0.9641 3.8 3.99994 
1.9 0.9713 3.9 0.99997 

F ( x )  i s  equal t o  the area under the normal probabi l i ty  d i s t r i b u t i o n  function t o  

the l e f t  o f  x. 

As  the  normal probabi l i ty  d is t r ibu t ion  function i s  symmetric around 0 the 

value of F(x)  f o r  a negative x i s  given by : 

F (x )  = 1 - F ( -X )  

b. The inverse cumulative frequency d is t r ibu t ion  function 

X F - l ( x )  

0.500 0.0000 
0.600 0.2533 
0.700 0.5244 
0.750 0.6745 
0.800 0.8416 
0.853 1.0364 
0.900 1.2816 

0.950 1.6449 
0.960 1.7507 
0.970 1.8808 
0.975 1.9600 
0.980 2.0537 
0.993 2.3263 
0.995 2.5758 
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x i s  t h e  p r o b a b i l i t y  t h a t  t h e  va lue  o f  t he  normal v a r i a b l e  be l e s s  than F- ' (x) .  

The p r o b a b i l i t y  t h a t  t h e  normal v a r i a b l e  be l a r g e r  than F - l ( x )  i s  1 - x. When 

an i n t e r v a l  must be found, f o r  which t h e  p r o b a b i l i t y  o f  be ing  o u t s i d e  must be a 

i t  i s  assumed t h a t  t h e r e  i s  a p r o b a b i l i t y  o f  a/2 o f  be ing  t o  t h e  l e f t  o f  t h e  

i n t e r v a l  and a/2 o f  be ing  t o  the  r i g h t  o f  t h e  i n t e r v a l .  

i n t e r v a l  a re  g i v e n  by : 

The two extremes o f  t h e  

F-l (?) c1 and F - l  ( 1  - $) 

The second o f  these va lues  can be found i n  t h e  t a b l e  above and t h e  f i r s t  i s  g i v e n  

by t h e  fo rmu la  : 

Table I1  

The c h i  -square d i s t r i b u t i o n  

The i n v e r s e  cumula t ive  f requency d i s t r i b u t i o n  f u n c t i o n  

2 

0.01 0.05 3.10 0.25 0.50 0.75 0.90 0.95 0.99 

1 
2 
3 
4 
5 

6 
7 
8 
9 

1s 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

0.00016 0.0039 0.0158 0.102 
0.0201 0.103 0.211 0.575 
0.115 0.352 0.584 1.21 
0.297 0.711 1.06 1.92 
0.554 1.15 1.61 2.67 

0.872 1.64 2.20 3.45 
1.24 2.17 2.83 4.25 
1.65 2.73 3.49 5.07 
2.09 3.33 4.17 5.90 
2.56 3.94 4.87 6.74 

3.57 5.23 6.30 8.44 
4.11 5.89 7.04 9.30 
4.66 6.57 7.79 10.2 
5.23 7.26 8.55 11.0 

5.81 7.95 9.31 11.9 
6.41 8.67 10.1 12.8 
7.01 9.39 10.9 13.7 
7.63 10.1 11.7 14.6 
8.26 10.9 12.4 15.5 

3.05 4.57 5.58 7.58 

0.455 
1.39 
2.37 
3.36 
4.35 

5.35 
6.35 
7.34 
8.34 
9.34 

10.3 
11.3 
12.3 
13.3 
14.3 

15.3 
16.3 
17.3 
18.3 
19.3 

1.32 
2.77 
4.11 
5.39 
6.63 

7.84 
9.04 

10.2 
11.4 
12.5 

13.7 
14.8 
16.0 
17.1 
18.2 

19.4 
20.5 
21.6 
22.7 
23.8 

2.71 
4.61 
6.25 
7.78 
9.24 

10.6 
12.0 
13.4 
14.7 
16.0 

17.3 
18.5 
19.8 
21.1 
22.3 

23.5 
24.8 
26.0 
27.2 
28.4 

3.84 
5.99 
7.81 
9.49 

11.1 

12.6 
14.1 
15.5 
16.9 
18.3 

19.7 
21.0 
22.4 
23.7 
25.0 

26.3 
27.6 
28.9 
30.1 
31.4 

6.63 
9.21 

11.3 
13.3 
15.1 

16.8 
18.5 
20.1 
21.7 
23.2 

24.7 
26.2 
27.7 
29.1 
30.6 

32.0 
33.4 
34.8 
36.2 
37.6 
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21  8.90 11.6 13.2 16.3 20.3 24.9 29.6 32.7 38.9 
22 9.54 12.3 14.0 17.2 21.3 26.0 30.8 34.0 40.3 
23 10.2 13.1 14.8 18.1 22.3 27.1 32.0 35.2 41.6 
24 10.9 13.8 15.7 19.0 23.3 28.2 33.2 36.4 43.0 
25 11.5 14.6 16.5 19.9 24.3 29.3 34.4 37.7 44.3 

~ 

Table I 1 1  

The t d i s t r i b u t i o n  

The i n v e r s e  cumu la t i ve  f requency  d i s t r i b u t i o n  f u n c t i o n  

k 0.60 0.75 0.90 0.95 0.975 0.99 0.995 

1 0.33 
2 0.29 
3 0.28 
4 0.27 
5 0.27 

6 0.27 
7 0.26 
8 0.26 
9 0.26 

10 0.26 

11 0.26 
12 0.26 
13 0.26 
14 0.26 
15 0.26 

16 0.26 
17 0.26 
18 0.26 
19 0.26 
20 0.26 

30 0.26 
40 0.25 
60 0.25 

120 0.25 
m 0.25 

1.00 
0.82 
0.76 
0.74 
0.73 

0.72 
0.71 
0.71 
0.70 
0.70 

0.70 
0.69 
0.69 
0.69 
0.69 

0.69 
0.69 
0.69 
0.69 
0.69 

0.68 
0.68 
0.68 
0.68 
0.67 

3.08 
1.89 
1.64 
1.53 
1.48 

1.44 
1.42 
1.40 
1.38 
1.37 

1.36 
1.36 
1.35 
1.34 
1.34 

1.34 
1.33 
1.33 
1.33 
1.32 

1.31 
1.30 
1.30 
1.29 
1.28 

6.31 
2.92 
2.35 
2.13 
2.02 

1.94 
1.90 
1.86 
1.83 
1.81 

1.80 
1.78 
1.77 
1.76 
1.75 

1.75 
1.74 
1.73 
1.73 
1.72 

1.70 
1.68 
1.67 
1.66 
1.65 

12; 71 
4.30 
3.18 
2.78 
2.57 

2.45 
2.36 
2.31 
2.26 
2.23 

2.20 
2.18 
2.16 
2.15 
2.13 

2.12 
2.11 
2.10 
2.09 
2.09 

2.04 
2.02 
2.00 
1.98 
1.96 

31.82 
6.97 
4.54 
3.75 
3.37 

3.14 
3.00 
2.90 
2.82 
2.76 

2.72 
2.68 
2.65 
2.62 
2.60 

2.58 
2.57 
2.55 
2.54 
2.53 

2.46 
2.42 
2.39 
2.36 
2.33 

63.66 
9.93 
5.84 
4.60 
4.03 

3.71 
3.50 
3.36 
3.25 
3.17 

3.11 
3.06 
3.01 
2.98 
2.95 

2.92 
2.90 
2.88 
2.86 
2.85 

2.75 
2.70 
2.66 
2.62 
2.58 

Table I V  

The F d i s t r i b u t i o n  

The i n v e r s e  cumula t ive  f requency  d i s t r i b u t i o n  f u n c t i o n .  

I n  t h e  f o l l o w i n g  t a b l e  values o f  t h e  i n v e r s e  cumula t ive  f requency  d i s t r i b u t i o n  

f u n c t i o n  o f  t h e  F d i s t r i b u t i o n  a r e  g i ven  f o r  severa l  va lues  o f  k and m, respec t i ve l ,  

t h e  number of degrees o f  freedom o f  t he  numerator and denominator. 

correspond t o  values where t h e  cu inu la t i ve  f u n c t i o n  i s  equal  t o  0.975. 

The va lues  
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Table V 

The Kolmogorov-Smirnov d i s t r i b u t i o n  

C r i t i c a l  values f o r  the  maximum dis tance 0 in  the Kolmogorov-Smirnov one sample t e s t .  

Sample s i z e  n 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

15 
20 
25 
30 
35 

over 35 

Level of s ignif icance a 

0.10 0.05 0.01 

.95 .98 .99 

.78 .84 .93 

.64 .71 .83 

.56 .62 .73 

.51 .57 .67 

.47 .52 .62 

.44 .49 .58 

.41 .46 .54 

.39 .43 .51 

.37 .41 .49 

.30 .34 .40 

.26 .29 .36 

.24 .27 .32 

.22 

. 2 1  
1.22 __ 
m 

.24 

.23 
1.36 - 
v? 

.29 

.27 
1.63 __ 
fl 

Adapted from Massey F . J .  J r . ,  J .  Amer. S t a t i s t i c a l  Ass., 46 (1951) 70. 
permission from the American S t a t i s t i c a l  Association. 

With 

Table VI 

The Wilcoxon d is t r ibu t ion  

In the following tab le  c r i t i c a l  values a r e  given f o r  T in  the klilcoxon two 

sample t e s t .  

Reduced sample 
s i z e  no 

6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

Level of s ignif icance a 
.05 .02 .01 

0 
2 0 
4 2 0 
4 3 2 
8 5 3 

11 7 5 
14 10 7 
17 13 10 
2 1  16 13 
25 20 16 
30 24 20 
35 28 23 
40 33 28 
46 38 32 
52 43 38 

- - 
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2 1  59 49 43 
22 66 56 49 
23 73 62 55 
24 8 1  69 61  
25 89 77 68 

Adapted f rom Table G o f  t h e  appendix f rom S. S iege l ,  Nonparametr ic S t a t i s t i c s  f o r  

t h e  Behav io ra l  Sciences, McGraw-Hill Book Company, 1956. 
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SUBJECT I N D E X  

Page numbers t h a t  a r e  u n d e r l i n e d  r e f e r  t o  t h e  f i r s t  page o f  a chapter  o r  s e c t i o n  
on t h e  s u b j e c t .  

accuracy,  1, 3, 87 
a l l o c a t i o n  problems, 435 
a n a l y s i s  o f  covar iance I A I I C O V A I ,  , -  

108, 317 
- o f  va r iance  (ANOVA), g7, 219, 316 
(see a l s o  f a c t o r - .  f a c t o r i a l -  and 
' p r i n c i p a l  components a n a l y s i s )  

a n a l y t i c a l  chemis t ry ,  555 
- l a b o r a t o r y ,  417, 450, 463, 579 
- procedure, 555, 563 

atomic  abso rp t i on  spectrometry,  19, 
236, 440 

average, moving - 130 
weighted  -, 13 i  

average l i n k a g e  a lgo r i t hm,  367 

Bayes theorem, 170, 507, 509 
b ias ,  8, fi 

b i t ,  167 
b l a c k  box, 215, 561, 563 
Bode d iaqran ,  204 

l a b o r a t o r y  -, 8 ,  12 ,  16, 45, 136 
method -, 14, 42 

branch and bound method, 357, 469 

c a l i b r a t i o n  (curve ,  ma t r i x ) ,  143, 145, 
157, 195, 203, 326, 568 

char t ,  ( c o n t r o l  - ) ,  19, 127 
chemometrics, 311 
c l a s s i f i c a t i o n ,  313, 361, 412, 467, 

c l i n i c a l  l abo ra to ry ,  46, 88, 98, 135, 

c l u s t e r ,  310, 361, 467 
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d e t e c t a b i l i t y ,  154 
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s t a t i s t i c a l  -. 60 

d r i f t ,  1 1 7 ,  196 
dynamic behaviour, 202 

- programming, 481 

economic funct ion,  435, 465, 470 
eigenval ue, 356, 388 

- vector, 356, 388 
- vector ana lys i s ,  386 

e lec t rode ,  ion s p e c i f i c ,  162 
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t o t a l  -, 16, 21 

506 

experimental design, see design 
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informing power, 178 
infrared spectronetry,  335 
input-output r e l a t i o n s ,  553, 566 
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rank -, 103 
r u n  -, 135 
s i g n  -, 47 
s t a t i s t i c a l  -, 
Studen t ' s  ( t )  - 42 84 
two sample -, 14 -' 
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se r ies ,  130, 207 

365, 375 

i n t e r a r r i v a l  -, 447 
sampl ing -, 191, 545 
s e r v i c e  -, 447 
w a i t i n g  -, 446 

t r a c k i n g  s igna l ,  132 
t r a i n i n g  se t ,  410 
t r a n s f o r m a t i o n  - Four ie r ,  199, 529, 535 
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